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On a Generalized Difference Sequence Space

M. Et, R. Çolak*

Abstract. In this work using the generalized difference operator ∆n
m, we generalize the

sequence space m (φ) to sequence space m (φ, p, β) (∆n
m), give some topological properties

about this space and show that the space m (φ, p, β) (∆n
m) is a BK−space by a suitable

norm. The results obtained generalizes some known results.
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1. Introduction

Some sequence spaces so called the difference sequence spaces ∆(X) first was
presented by Kizmaz in 1981 [15] and then many mathematicians studied on these
kind of sequences and obtained some generalized difference sequence spaces. Et
and Çolak [8] have established these kind of spaces ∆n(X) as follows.

Given a sequence space X and a number n ∈ N, the space ∆n(X) is defined
as

∆n(X) = {x = (xk) : (∆nxk) ∈ X},

where ∆nxk = ∆n−1xk − ∆n−1xk+1 and so that ∆nxk =
∑n

v=0 (−1)v
(
n
v

)
xk+v

for every k ∈ N. Et and Çolak [8] showed that ∆n(c0), ∆n(c) and ∆n(`∞) are
BK−spaces with the norm

‖x‖∆1
=

n∑
i=1

|xi|+ ‖∆nx‖∞ ,

where the notations c0, c and `∞ symbolize the spaces of null, convergent and
bounded sequences, respectively and w symbolize the space of all sequences.
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Then, using a new operator ∆n
m, (m,n ∈ N) Tripathy et al. ([5],[6],[24]) have

defined another and new type difference sequence space ∆n
m(X) as

∆n
m(X) = {x = (xk) : (∆n

mxk) ∈ X},

where ∆0
mx = x,∆1

mx = (xk − xk+m) ,∆n
mx = (∆n

mxk) =
(
∆n−1
m xk −∆n−1

m xk+m

)
and so ∆n

mxk =
∑n

v=0 (−1)n
(
n
v

)
xk+mv, and give some topological properties

about this space and show that the space ∆n
m(X) is a BK−space by the norm

‖x‖∆2 =
mn∑
i=1

|xi|+ ‖∆n
mx‖∞

for X = c0, c and `∞. In recent times, these kind of sequences have been examined
in many studies such as ([1], [2], [3], [7], [9],[10], [11], [12], [13], [14], [16], [21],
[22]) and in many others.

2. Main Results

We devote this section to construct and examine a space of sequences. The
notation m (φ, p, β) (∆n

m) will be used to indicate the class we are talking about.
Then some containment relations and topological properties of the space will be
given. The obtained results are more general than those of Et et al. ([4],[11]),
Sargent [20] and, Tripathy and Sen [23] .

Assume that (φn) is a sequence such that φn ≤ φn+1, nφn+1 ≤ (n+ 1)φn and
φn > 0 for every n ∈ N and we will use the notation Φ to indicate the class of
this type of sequences (φn).

The spaces

m (φ) =

{
x = (xk) ∈ w : sup

s≥1, σ∈ϕs

1

φs

∑
k∈σ
|xk| <∞

}
,

for p > 0 :

m (φ, p) =

{
x = (xk) ∈ w : sup

s≥1, σ∈ϕs

1

φs

∑
k∈σ
|xk|p <∞

}

were introduced by Sargent [20], Tripathy and Sen [23], respectively, and then
they were studied by Mursaleen et al. ([17],[18],[19]), where ϕs is the class of
subsets of N, which has no more than s elements.
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Let m,n ∈ N, 0 < β ≤ 1 and p > 0. We define

m (φ, p, β) (∆n
m) =

{
x = (xk) ∈ w : sup

s≥1, σ∈ϕs

1

φβs

∑
k∈σ
|∆n

mxk|
p <∞

}
.

Clearly we see that m (φ, p, β)
(
∆0
m

)
= m (φ, p, β) and m (φ, 1, 1)

(
∆0
m

)
= m (φ)

in this definition. We shall write m (φ, p, β) (∆n) in place of m (φ, p, β) (∆n
m) for

m = 1 and we shall write m (φ, β) (∆n
m) in place of m (φ, p, β) (∆n

m) for p = 1. The
sequence space m (φ, p, β) (∆n

m) contains some unbounded sequences for m,n ≥
1, 0 < β ≤ 1 and p > 0. For example the sequence (xk) = (kn) is an element of
m (φ, p, β) (∆n

m) for m = 1, β = 1 but is not an element of `∞.

Remark 1. i) If n = 0 and β = 1, then m (φ, p, β) (∆n
m) reduces to m (φ, p)

which was defined by Tripathy and Sen in [23].

ii) If n = 0, p = 1 and β = 1, then m (φ, p, β) (∆n
m) reduces to m (φ) which

was defined by Sargent in [20].

iii) If m = 1, then m (φ, p, β) (∆n
m) reduces to m (φ, p, β) (∆n) which was

defined by Et and Karakaya in [11].

iv) If m = 1 and β = 1, then m (φ, p, β) (∆n
m) reduces to m (φ, p) (∆n) which

was defined by Çolak and Et in [4].

Theorem 1. m (φ, p, β) (∆n
m) is a Banach space with the norm

‖x‖∆3
=

r∑
i=1

|xi|+ sup
s≥1, σ∈ϕs

1

φβs

(∑
k∈σ
|∆n

mxk|
p

) 1
p

, 1 ≤ p <∞, (1)

and a complete p−normed space by

‖x‖∆4
=

r∑
i=1

|xi|p + sup
s≥1, σ∈ϕs

1

φβs

∑
k∈σ
|∆n

mxk|
p , 0 < p < 1, (2)

where r = mn for m ≥ 1, n ≥ 1.

Proof. To see that m (φ, p, β) (∆n
m) is a normed space with norm (1) is

straightforward for finite p ≥ 1 . Assume that
(
xl
)

is a Cauchy sequence, where
xl = (xlk)

∞
k=1 =

(
xl1, x

l
2, ...

)
∈ m (φ, p, β) (∆n

m) for each l ∈ N. Then for any ε > 0
there exists a number n0 ∈ N such that

∥∥∥xl − xt∥∥∥
∆3

=

r∑
i=1

∣∣∣xli − xti∣∣∣+ sup
s≥1, σ∈ϕs

1

φβs

(∑
k∈σ

∣∣∣∆n
m

(
xlk − xtk

)∣∣∣p) 1
p

< ε (3)
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for every l, t > n0. Hence ∣∣∣xli − xti∣∣∣ < ε

for all i = 1, 2, ..., r and

1

φβs

(∑
k∈σ

∣∣∣∆n
m

(
xlk − xtk

)∣∣∣p) 1
p

< ε

for s ≥ 1, σ ∈ ϕs and so ∣∣∣∆n
m

(
xlk − xtk

)∣∣∣ ≤ ε
for all l, t > n0. On the other hand we have

∣∣∣xlk+nm − xtk+nm

∣∣∣ ≤ ∣∣∣∣∣
n∑
v=0

(−1)v
(
n

v

)(
xlk+mv − xtk+mv

)∣∣∣∣∣+

∣∣∣∣(n0
)(

xlk − xtk
)∣∣∣∣ ...

+

∣∣∣∣(−1)v
(

n

n− 1

)(
xlk+m(n−1) − x

t
k+m(n−1)

)∣∣∣∣ .
Hence for each k ∈ N we obtain ∣∣∣xlk − xtk∣∣∣→ 0

as l, t → ∞. This means that (xlk)
∞
l=1 =

(
x1
k, x

2
k, ...

)
is a Cauchy with complex

terms and the completeness of C gives the convergence of that sequence.

lim
l
xlk = xk

say, for each k ∈ N. Let us define x = (xk) . From (3) we have

r∑
i=1

∣∣∣xli − xti∣∣∣ < ε

and

1

φβs

(∑
k∈σ

∣∣∣∆n
m

(
xlk − xtk

)∣∣∣p) 1
p

< ε

for s ≥ 1, σ ∈ ϕs and for all l, t > n0. Hence we have

lim
t

r∑
i=1

∣∣∣xl − xti∣∣∣ =

r∑
i=1

∣∣∣xli − xi∣∣∣ < ε
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and

lim
t

1

φβs

(∑
k∈σ

∣∣∣∆n
m

(
xlk − xtk

)∣∣∣p) 1
p

=
1

φβs

(∑
k∈σ

∣∣∣∆n
m

(
xlk − xk

)∣∣∣p) 1
p

< ε

for s ≥ 1, σ ∈ ϕs and for each k ∈ N and for all l > n0. Hence we get

∥∥∥xl − x∥∥∥
∆3

=

r∑
i=1

∣∣∣xli − xi∣∣∣+ sup
s≥1, σ∈ϕs

1

φβs

(∑
k∈σ

∣∣∣∆n
m

(
xlk − xk

)∣∣∣p) 1
p

< ε

for all l ≥ n0. This shows that
(
xl
)
→ x as l→∞. Hence xl − x =

(
xlk − xk

)
k
∈

m (φ, p, β) (∆n
m) . Since xl − x, xl ∈ m (φ, p, β) (∆n

m) and m (φ, p) (∆n
m) is a linear

space, we have x = xl −
(
xl − x

)
∈ m (φ, p, β) (∆n

m) . Hence m (φ, p, β) (∆n
m) is

complete.

Taking 0 < p < 1, one may prove that the space m (φ, p, β) (∆n
m) is p− normed

by (2). J

Theorem 2. m (φ, p, β) (∆n
m) is a BK−space.

Proof. We know that m (φ, p, β) (∆n
m) is a Banach space by Theorem 1. Now

let
∥∥xl − x∥∥

∆3
→ 0 (l → ∞) and ε > 0 be given. Then there exists a n0 ∈ N

such that ∥∥∥xl − x∥∥∥
∆3

< ε

for all l > n0. Hence we have

sup
s≥1, σ∈ϕs

1

φβs

(∑
k∈σ

∣∣∣∆n
m

(
xlk − xk

)∣∣∣p) 1
p

< ε,

and so ∣∣∣xlk − xk∣∣∣ < εφβ1 ,

for all l > n0 and for each k ∈ N. Consequently this means that m (φ, p, β) (∆n
m)

is a Banach space with continuous coordinates (that is,
∥∥xl − x∥∥

∆3
→ 0 implies∣∣xlk − xk∣∣→ 0 , for each k ∈ N, as l→∞) and this completes the proof. J

Theorem 3. Although m (φ, p, β) is solid and monotone, the space m (φ, p, β) (∆n
m)

is not solid, is not monotone, is not sequence algebra and is not symmetric, for
m,n ≥ 1, 0 < β ≤ 1 and p > 0.
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Proof. Let x ∈ m (φ, p, β) be given and y = (yn) be a sequence with |xn| ≤ |yn|
for each n ∈ N. Then we get

sup
s≥1, σ∈ϕs

1

φβ

∑
n∈σ
|xn|p ≤ sup

s≥1, σ∈ϕs

1

φβs

∑
n∈σ
|yn|p

Hence m (φ, p, β) is solid and hence monotone.
For the proof of the other parts of the Theorem, we may use the examples

given below. J

Example 1. m (φ, p, β) (∆n
m) is not a sequence algebra. Indeed x, y ∈ m (φ, p, β)

(∆n
m), but xy /∈ m (φ, p, β) (∆n

m) for x =
(
kn−2

)
, y =

(
kn−2

)
, where m = 1 and

β = 1.

Example 2. m (φ, p, β) (∆n
m) is not solid too. Indeed x ∈ m (φ, p, β) (∆n

m) , but

(αkxk) /∈ m (φ, p, β) (∆n
m) if x =

(
kn−1

)
and (αk) =

(
(−1)k

)
for m = 1 and

β = 1.

Example 3. We have that u = (uk) ∈ m (φ, p, β) (∆n
m) if (uk) =

(
kn−1

)
, m = 1

and β = 1. Let (vk) be a rearrangement of (uk) which is defined as follows:

(vk) = (u1, u2, u4, u3, u9, u5, u16, u6, u25, u7, u36, u8, u49, u10, ...) .

Then v /∈ m (φ, p, β) (∆n
m) . Hence m (φ, p, β) (∆n

m) is not symmetric.

The next result is an outcome of Theorem 3.

Corollary 1. m (φ, p, β) (∆n
m) is not perfect, for m,n ≥ 1, 0 < β ≤ 1 and p > 0.

Theorem 4. m (φ, β) (∆n
m) ⊂ m (φ, p, β) (∆n

m) for each m,n ≥ 1, 0 < β ≤ 1 and
p ≥ 1.

Proof. Omitted. J

Theorem 5. Let 0 < β ≤ γ ≤ 1 and p ≥ 1. Then m (φ, p, β) (∆n
m) ⊂ m (ψ, p, γ) (∆n

m)

iff sup
s≥1

(
φβs
ψγs

)
<∞.

Proof. Assume that sup
s≥1

(
φβs
ψγs

)
< ∞. Then we have φβs ≤ Kψγs for some

K > 0 and for each s. If x ∈ m (φ, p, β) (∆n
m) , then

sup
s≥1, σ∈ϕs

1

φβs

(∑
k∈σ
|∆n

mxk|
p

) 1
p

<∞.
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So we have

sup
s≥1, σ∈ϕs

1

ψγs

(∑
k∈σ
|∆n

mxk|
p

) 1
p

< K sup
s≥1 σ∈ϕs

1

φβs

(∑
k∈σ
|∆n

mxk|
p

) 1
p

<∞.

Hence x ∈ m (ψ, p, γ) (∆n
m) .

Conversely assume that m (φ, p, β) (∆n
m) ⊂ m (ψ, p, γ) (∆n

m) and suppose that

sups≥1

(
φβs
ψγs

)
= ∞. Then under this supposition we can establish a sequence

(si) of positive integers that provides lim
i

(
φβsi
ψγsi

)
= ∞. Given K ∈ R+, there

exists i0 ∈ N with
φβsi
ψγsi

> K whenever si ≥ i0. This yields that φβsi > Kψγsi and

so
1

ψγsi
>

K

φβsi
. Then we can write

1

ψγsi

∑
k∈σ
|∆n

mxk|
p >

K

φβsi

∑
k∈σ
|∆n

mxk|
p

for all si ≥ i0. Taking supremum on both sides over si ≥ i0 and σ ∈ ϕs we get

sup
si≥i0, σ∈ϕs

1

ψγsi

∑
k∈σ
|∆n

mxk|
p > sup

si≥i0, σ∈ϕs

K

φβsi

∑
k∈σ
|∆n

mxk|
p (4)

for x = (xk) ∈ m (φ, p, β) (∆n
m) . Since (4) holds and K ∈ R+, we have

sup
si≥i0, σ∈ϕs

1

ψγsi

∑
k∈σ
|∆n

mxk|
p =∞

whenever x ∈ m (φ, p, β) (∆n
m) with

0 < sup
s≥1, σ∈ϕs

1

φβs

∑
k∈σ
|∆n

mxk|
p <∞.

Hence x /∈ m (ψ, p, γ) (∆n
m) . This contradicts tom (φ, p, β) (∆n

m) ⊂ m (ψ, p, γ) (∆n
m) .

J

The next result is an outcome of Theorem 5.

Corollary 2. Let 0 < β ≤ γ ≤ 1 and p ≥ 1, then
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i) m (φ, p, β) (∆n
m) = m (ψ, p, γ) (∆n

m) iff 0 < inf
s≥1

(
φβs
ψγs

)
< sup

s≥1

(
φβs
ψγs

)
<∞,

ii) m (φ, p, β) (∆n
m) = m (ψ, p, β) (∆n

m) iff 0 < inf
s≥1

(
φβs

ψβs

)
< sup

s≥1

(
φβs

ψβs

)
<∞,

iii) m (φ, p, β) (∆n
m) = m (φ, p, γ) (∆n

m) iff 0 < inf
s≥1

(
φβs
φγs

)
< sup

s≥1

(
φβs
φγs

)
<∞,

iv) m (φ, p, β) (∆n
m) = m (ψ, p) (∆n

m) iff 0 < inf
s≥1

(
φβs
ψs

)
< sup

s≥1

(
φβs
ψs

)
<∞,

v) m (φ, p) (∆n
m) = m (ψ, p) (∆n

m) iff 0 < inf
s≥1

(
φs
ψs

)
< sup

s≥1

(
φs
ψs

)
<∞.

Theorem 6. m (φ, p, β)
(
∆n−1
m

)
⊂ m (φ, p, β) (∆n

m) and the inclusion is strict,
for m,n ≥ 1, 0 < β ≤ 1 and p ≥ 1.

Proof. As is known the inequality |u+ v|p ≤ 2p (|u|p + |v|p) is satisfied for
any numbers u, v and 1 ≤ p < ∞. Hence, if x ∈ m (φ, p, β)

(
∆n−1
m

)
, then for

1 ≤ p <∞

1

φβs

∑
k∈σ
|∆n

mxk|
p ≤ 2p

(
1

φβs

∑
k∈σ

∣∣∆n−1
m xk

∣∣p +
1

φβs

∑
k∈σ

∣∣∆n−1
m xk+1

∣∣p)

and thus x ∈ m (φ, p, β) (∆n
m) . J

For the strictness of the inclusion we may use the example given below.

Example 4. If φn = 1, for all n ∈ N,m = 1, β = 1 and x =
(
kn−1

)
, then x ∈

`p (∆n
m) \`p

(
∆n−1
m

)
. (Actually, if x =

(
kn−1

)
then ∆n−1 (x) =

(
(−)n−1 (n− 1)!

)
and ∆n (x) = 0).

Theorem 7. We have `p (∆n
m) ⊂ m (φ, p, β) (∆n

m) ⊂ `∞ (∆n
m) .

Proof. The first inclusion is clear. Now if x ∈ m (φ, p, β) (∆n
m), then

sup
s≥1, σ∈ϕs

1

φβs

(∑
k∈σ
|∆n

mxk|
p

) 1
p

<∞

and so |∆n
mxk| < Kφβ1 , for each k ∈ N and at least a positive number K. Thus

x ∈ `∞ (∆n
m) . J

Theorem 8. m (φ, p, β) (∆n
m) ⊂ m (φ, q, β) (∆n

m) if q > p > 0.
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Proof. It follows by using the inequality(
n∑
k=1

|∆n
mxk|

q

) 1
q

≤

(
n∑
k=1

|∆n
mxk|

p

) 1
p

which is satisfied under condition q > p > 0. J
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[9] M. Et, M. Karakaş, V. Karakaya, Some geometric properties of a new dif-
ference sequence space defined by de la Vallée-Poussin mean, Appl. Math.
Comput., 234, 2014, 237–244.
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