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On a Generalized Difference Sequence Space

M. Et, R. Colak*

Abstract. In this work using the generalized difference operator A}, we generalize the
sequence space m (¢) to sequence space m (¢, p, §) (A”,), give some topological properties
about this space and show that the space m (¢, p, 8) (A) is a BK —space by a suitable
norm. The results obtained generalizes some known results.
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1. Introduction

Some sequence spaces so called the difference sequence spaces A(X) first was
presented by Kizmaz in 1981 [15] and then many mathematicians studied on these
kind of sequences and obtained some generalized difference sequence spaces. Et
and Colak [8] have established these kind of spaces A"(X) as follows.

Given a sequence space X and a number n € N, the space A™(X) is defined

AMX) ={x = (z1) : (A"zx) € X},

where A"z, = A" 1y, — A" gy and so that A"z, = >0 (—1)" (Z)xkﬂ
for every k € N. Et and Colak [8] showed that A"™(cp), A™(c) and A™({s) are
BK —spaces with the norm

n
Izl a, = Y Lol + 1A 2] o
=1

where the notations ¢y, ¢ and £, symbolize the spaces of null, convergent and
bounded sequences, respectively and w symbolize the space of all sequences.
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Then, using a new operator A (m,n € N) Tripathy et al. ([5],[6],[24]) have
defined another and new type difference sequence space A% (X) as

An(X) = {z = (z) : (A1) € XY,

where A)z = 2, AL,z = (2 — Thsm) , Az = (Alay) = (AL tay — A 2p )
and so Az, = >0 (=1)" (?)@k4me, and give some topological properties
about this space and show that the space Al (X) is a BK—space by the norm

mn
Izl a2 = D lail + AT 2]l
i=1

for X = ¢p, c and .. In recent times, these kind of sequences have been examined
in many studies such as ([1], [2], [3], [7], [9],[10], [11], [12], [13], [14], [16], [21],
[22]) and in many others.

2. Main Results

We devote this section to construct and examine a space of sequences. The
notation m (¢, p, 8) (A7) will be used to indicate the class we are talking about.
Then some containment relations and topological properties of the space will be
given. The obtained results are more general than those of Et et al. ([4],[11]),
Sargent [20] and, Tripathy and Sen [23] .

Assume that (¢,) is a sequence such that ¢, < ¢pt1, ndpt1 < (n+ 1) ¢, and
¢n > 0 for every n € N and we will use the notation ¢ to indicate the class of
this type of sequences (¢y,).

The spaces

m () = {xzuk)ew: sup =3 [ <oo},

s>1, o€ps keo

forp>0:

m (6,p) = {m — g ew: sp — S |wl < oo}

s>1, o€ps @bs kco

were introduced by Sargent [20], Tripathy and Sen [23], respectively, and then
they were studied by Mursaleen et al. ([17],[18],[19]), where 5 is the class of
subsets of N, which has no more than s elements.
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Let m,n € N,0 < 8 <1 and p > 0. We define

m (9,0, ) (AL) = {a: —@)ew: swp 5 AL < oo}

s>1, o€ps ¢5 keo

Clearly we see that m (¢, p, 3) (A?n) =m(¢,p, ) and m (¢,1,1) (A?n) = m ()
in this definition. We shall write m (¢, p, ) (A™) in place of m (¢, p, 5) (A},) for
m = 1 and we shall write m (¢, 8) (A7) in place of m (¢, p, 8) (A}) for p = 1. The
sequence space m (¢, p, 3) (Al) contains some unbounded sequences for m,n >
1,0 < f <1 and p > 0. For example the sequence (zj) = (k") is an element of
m (¢, p, B) (AlL) for m = 1,5 = 1 but is not an element of {

Remark 1. i) If n = 0 and § = 1, then m (¢, p, ) (A},) reduces to m (¢, p)
which was defined by Tripathy and Sen in [23].

it) If n = 0,p =1 and § = 1, then m (¢, p, B) (AL) reduces to m (¢p) which
was defined by Sargent in [20].

i) If m = 1, then m (¢, p, ) (Al) reduces to m (p,p, ) (A™) which was
defined by Et and Karakaya in [11].

w) If m =1 and B =1, then m (¢, p, B) (AL,) reduces to m (¢, p) (A™) which
was defined by Colak and Et in [}].

Theorem 1. m (¢, p, 5) (A}) is a Banach space with the norm

el a, = Zmu sup (Zmnxup) L 1<p<oo, (1)

s>1, oEgos keo

and a complete p—normed space by

T

lzlla, =D |zl + sup o8 Z [Anzel”, 0<p<1, (2)

i=1 s21,0€0s Os jeq
where r = mn form > 1,n > 1.

Proof. To see that m (¢,p,3) (A}) is a normed space with norm (1) is
straightforward for ﬁnite p > 1. Assume that (xl) is a Cauchy sequence, where
ol = (2})5, = (24,2}, ...) € m(¢,p, B) (A%) for each | € N. Then for any € > 0
there exists a number ng € N such that

l t
) 7

”
A3_Z

1
+52187ugp6% ¢B ( ‘An ( —x};) ‘p>p <e (3)
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for every [,t > ng. Hence

foralli=1,2,...,r and

¢1§ <Z ‘A% (mfk — xi)‘p> <e

keo

D=

for s > 1,0 € s and so
55, (h—) <

for all I, > ng. On the other hand we have

n
l t v (T ! ¢
Lhtnm — 3jk+nm} < ‘Z (_1) <U> (karmv - 'rkerv)
v=0

v n
+ ’(_1) <TL N 1> ('Té:—i-m(n—l) - mz—km(n—l)) ‘ :

Hence for each £ € N we obtain

‘xfk—xf@‘ —0

109

as [,t — oo. This means that (xi;)loil = (m,{;,xi, ) is a Cauchy with complex

terms and the completeness of C gives the convergence of that sequence.

lilm xfyg = xy

say, for each k € N. Let us define = (z) . From (3) we have

l t
T; —T;

§
> <e

i=1

and A
(:B <kz ‘Aﬁl (mﬁc - 1:};) ‘p> <e
s co

for s > 1,0 € s and for all [,t > ng. Hence we have

T T
limg ‘xl—lf = E
t

=1

i=1

l

<e€
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and

1 1

1 p\? 1 p\?

h?ﬁ(Z‘A%(ﬁi’_m%)‘) :B<Z‘Aﬁz(a@ﬁc—mk)‘> <e
¢3 k€o (bs k€o

for s > 1,0 € s and for each & € N and for all [ > ng. Hence we get

1
+ sup iﬁ (Z ‘A”m (g;fc _ xk))p> P <e
Ps keo

s>1, o€ps

l
xi—$i

-
A3:Z

|+ ==

for all [ > ng. This shows that (acl) — z as | — oo. Hence 2! — 2 = (grrf€ — a:k)k S

m (¢, p, B) (A7) . Since 2! — z, 2t € m (¢, p, B) (A7) and m (¢, p) (A7) is a linear
space, we have z = z! — (xl — :1;) € m(o,p, ) (ALL) . Hence m (¢, p, B) (AL) is
complete.

Taking 0 < p < 1, one may prove that the space m (¢, p, 8) (AZ,) is p— normed
by (2). «

Theorem 2. m (¢,p, ) (A}) is a BK—space.

Proof. We know that m (¢, p, ) (A},) is a Banach space by Theorem 1. Now
let ||z! — azHAg — 0 (I = o0) and € > 0 be given. Then there exists a ng € N
such that

Hazl - $‘ <eg
Ag
for all [ > ng. Hence we have
1
1 p\*
sup  — Z‘A”m (xé—xk)‘ <k,
s>1, o€ps ¢5 kco

and so
‘l‘%c — a:k} < 6(}5[13,
for all I > ng and for each k € N. Consequently this means that m (¢, p, 8) (A,)

is a Banach space with continuous coordinates (that is, Hxl — xH As 7 0 implies
{xfﬂ — ZEk’ — 0, for each k € N, as | — o0) and this completes the proof. <

Theorem 3. Although m (¢, p, 5) is solid and monotone, the space m (¢, p, B) (ALL)
s not solid, is not monotone, is not sequence algebra and is not symmetric, for
m,n>10<8<1andp>0.
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Proof. Let x € m (¢, p, ) be given and y = (y») be a sequence with |z,,| < |yy|
for each n € N. Then we get

1 1
sup  — Z znl” < sup  — Z |ynl”
5>1, 0€ps o neo s>1, 0€ps P neo

Hence m (¢, p, #) is solid and hence monotone.
For the proof of the other parts of the Theorem, we may use the examples
given below. <«

Example 1. m (¢, p, 5) (A}) is not a sequence algebra. Indeed z,y € m (¢, p, f)
(AL), but zy ¢ m(¢,p,B) (A%) for z = (k"2), y = (k" 2), where m =1 and
B=1.

Example 2. m (¢,p, 5) (AlL) is not solid too. Indeed x € m (¢, p, ) (AL,), but
(axar) & m(6,p,8) (A%) if @ = (k1) and (a) = ((~1)*) for m = 1 and
B=1.

Example 3. We have that u = (u;) € m(¢,p,8) (A%) if (ug) = (K"7'), m=1
and B =1. Let (vg) be a rearrangement of (ug) which is defined as follows:

(vg) = (u1,uz2, ug, us, ug, Us, U1e, U, U25, UT, U36, US, U49, U10, ---) -
Then v & m (¢,p, 5) (Al). Hence m (¢, p, B) (A}) is not symmetric.
The next result is an outcome of Theorem 3.
Corollary 1. m (¢, p, ) (Al is not perfect, form,n>1,0< <1 and p > 0.

Theorem 4. m (¢, 5) (A},) C m(¢,p,B) (A}) for each m,n>1,0< <1 and
p=> 1

Proof. Omitted. «

Theorem 5. Let0 < f <~y <1andp > 1. Thenm (¢,p,B) (AL) C m (¢, p,7v) (AL)
. 93
iff sup | —= | < oc.
ﬁ 3211) <¢;Y
B

Proof. Assume that sup gb—‘: < o0. Then we have qb’? < K1)J for some

s>1 s
K > 0 and for each s. If x € m (¢, p, 5) (A},), then

1
1 P
sup  — <Z |A"mxk|p> < o0.

s21, o€ps st keo
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So we have

1
1 P
sup  — Z AT xiP ] <K  sup Z |AT xk\p < 0.
s kco z

s>1, o€ps s>1 o€ gos keo

Hence z € m (¢, p,v) (A7)
Conversely assume that m (¢, p, 8) (A,) C m (¢, p,~) (A},) and suppose that
B
SUPg>1 <Z‘;> = o0o. Then under this supposition we can establish a sequence
S
5 . N
~ | = oo. Given K € R™, there

Si

(si) of positive integers that provides lim (
7

¢sz

57,

exists 19 € N with > K whenever s; > ig. This yields that cZ)’B > K1, and

. Then we can write

K
"sz ¢si
1

WZIA" x|’ > Z’A"%’p

% keo Sl keo

for all s; > 7. Taking supremum on both sides over s; > ig and o € 5 we get

K
sup = S IALalP > sup o ST ALl (4)

8; 210, O€EPs 1/]81 keo 8210, 0E€EPs Si ko

for z = (zx) € m (4, p, B) (A?) . Since (4) holds and K € RT, we have

sup  —& Z]A xElf = o0
8;>10, O€Ps stl keo

whenever z € m (¢, p, 3) (A}},) with

1
0< sup —BZ|A%$k\p<oo.
s>1, 0€ps gbs keo

Hence x ¢ m (¢, p,v) (A}) . This contradicts to m (¢, p, B) (AL) C m (¢, p,v) (ALL) .
<4

The next result is an outcome of Theorem 5.

Corollary 2. Let 0 < <y <1 and p > 1, then
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77[)7 s>1

i) m (¢, p, B) (An,) = m (¥, p, B) (Ap,) iff 0 < inf ( 8) <Sup<

. "y oF ok
i) m(¢,p, ) (AR) = m (¥, p,7) (AR,) 4ff 0 < inf ( ) < sup <¢
o

s>1

s>1

B)

o
iti) m (¢, p, ) (Ar) = m(¢,p,7) (Ar,) iff 0 < inf <¢§> <sup | s )
) .

Theorem 6. m (¢, p, ) (Aﬁfl) C m(¢,p,B) (A}) and the inclusion is strict,
formn>10<p<1andp>1.

8
w) m(¢,p, B) (Ap) = m (¢, p) (AR) iff 0 < inf (z ) < sup (

s s>1

v) m(9,p) (A%) = m (,p) (A},) iff 0 < inf (:Z) < sup (w)

s>1

Proof. As is known the inequality |u+ v’ < 2P (|ul? + |[v|?) is satisfied for
any numbers u, v and 1 < p < oco. Hence, if x € m (¢,p,3) (A”m_l), then for
1<p<o

1 1
prd Z |A? 2P < 2P <¢ﬁ Z | AR ]+ " Z }A"m_lka}p)
S ko S keo S keo

and thus z € m (¢, p, 5) (A}) . <«

For the strictness of the inclusion we may use the example given below.

Example 4. If ¢, =1, foralln e Nm=1,=1 and x = (k‘”*l) , then © €
0y (AP)\G, (A1) | (Actually, if w = (k") then A"~ (z) = ((—)’H (n— 1)!)
and A™ (z) = 0).

Theorem 7. We have £, (A},) C m(¢,p,B) (A}) C los (AT) .

Proof. The first inclusion is clear. Now if z € m (¢, p, ) (AlL), then

1
1 P
sup  — Z AT zpP ] < o0
21,0605 Ps \ ey

and so |Alxi| < K qﬁf , for each k € N and at least a positive number K. Thus
x €l (A)).

Theorem 8. m (¢,p, 3) (A},) C m(9,q,8) (A},) if ¢ >p > 0.
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Proof. Tt follows by using the inequality

1
n q n
(zmmkw) < (zmw)
k=1 k=1

1
P

which is satisfied under condition ¢ > p > 0. <«
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