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Fixed Point on Complete M—Metric Spaces via
F (¢, p)-Contraction Mappings and Application to
Periodic Differential Equation

S. Petwal, A. Tomar*, M. Joshi

Abstract. We demonstrate the presence of a single fixed point on M — metric spaces for
generalized F'(v, p)-contractions using a—admissibility and C—class functions. Further,
we provide an answer to an open problem regarding the existence and uniqueness of a
fixed point of a classical Chatterjea contraction on an M—metric space, which is still
open. Our obtained results are the extensions, unifications and generalizations of some
of the well known previous results. Also, we furnish some illustrative examples and an
application to validate the findings.
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1. Introduction and Preliminaries

Distance is one of the earliest perceptions appreciated by human. Euclid was
the first to formulate the notion of distance. Maurice René Frechét 7] consid-
ered the general and more axiomatic form of distance and named it “L-space”.
Felix Hausdorff [10] reviewed it as a metric space which has been refined, dis-
cussed and generalized in numerous ways. Latterely, Asadi et al. [4] exhibited
the idea of an M-metric space as an improvement of a partial metric space intro-
duced by Mathews [13]. Acknowledging the works of Ansari [2] and Samet et al.
[16], we familiarize with generalized F'(1, ¢)-contraction using C-class functions
and a-admissibility in complete M-metric spaces to set up adequate conditions
for the presence of possibly unique fixed point. Further we prove Theorem 3.3
of Asadi et al. [4], which is still an open problem and whose partial answer
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is provided in Kumrod and Sintunavarat [12] and Monfared et al. [14]. Kum-
rod and Sintunavarat [12] assumed additional conditions: o, (7 ug, T™uy) <
O (T g, T Mug) and 0 (T Hug, T 1ug) < o (Tug, TMug) to give two
partial answers and left two challenging open questions for further work related
to using additional conditions used in providing partial answers. Monfared et
al. [14] proved the result when k € [0, @], instead of k € [0,1) to prove a
fixed point. However, we do not assume any additional conditions on Chatterjea
contraction mappings in M-metric spaces for proving a single fixed point of a
discontinuous mapping. In the sequel, we also answered the two challenging open
problems posed by Kumrod and Sintunavarat [12]. The validity of results are
substantiated by suitable examples and an application in solving periodic dif-
ferential equation. Motivation behind this application is significance of periodic
differential equations in celestial mechanics, the theory of nonlinear oscillators or
in population dynamics with seasonal effects.

Definition 1. [}]. A distance function o, : U x U — RY on a nonempty set U
is an M-metric if

(oml) u=10%S op(u,u) = op(u,0) = op(o,0),
(om3) om(u,0) = op(o,u),

(0md) om (U, 0) = Omy, < O (U, 10) = Oy + T (10,0) — Oy
where o, = min{o,, (u,u), oy (0,0)}.

A pair (U, o) is an M— metric space.

We denote oy, = max{o,,(u,u),on(v,0)}. It is interesting to see here that
Omuw = OMy = Om(u,u),u,0 € Y. Further, one may notice that (o,,1) may be
obtained from (0,,4) and metric (d) = partial metric (p) = M—metric (o).
However reverse implication is not applicable.

Remark 1. [4] 1. 0 < opr, + Omyy = Om (U, 1t) o (0,u), 2. 0 < 0y — Oy =
|0'm(U,U) - O'm(U, U)|, 3. O Muw — Tmuy < OMuw — Tmuw + O My — Oty 0 € u.

Example 1. Let U = [0,00). Then oy, (u,0) = *32 on U is an M-metric.
Observe that it is not a partial metric as 0y,(5,5) = 5 £ 04,(6,2) = 4.

Example 2. Let U = {1,3,5}. Define 0,,(1,1) =1, 0(3,3) = 10, 01, (5,5) =
12,0 (1,3) = o (3,1) =8, 0 (1,5) = 04, (5,1) = 6, 0,,(3,5) = 0, (5,3) = 12.
So oy, is an M-metric, however it is not a partial metric as oy, (5,5) = 12 £
om(1,5) = 6.
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Remark 2. [4]. Fach M-metric 0,, onlU give rise to a Ty topology T onU. The
set {By,,(u,€) :u € U,e > 0}, where By, (u,€) = {o €U : 0y (u,0) < Oy, + €},
forms the base of 1, .

Definition 2. [4]. In an M-metric space (U, on,), for m,n € N.
1. A sequence converges to u € U iff lim,, .o (am(un,u) - O'munyu) =0.
2. A sequence {uy} is oy,-Cauchy if limy, m— oo (Um(un,um) — O'mun’um) and
limy, 00 (O‘M(umum) - Umun,um) exist (finitely).

3. (U,om) is complete if each o,,-Cauchy sequence {u,} in U converges with
respect to Ty, tou € U, id.e., limym_oeo (Um(un, u) — Umun,u) =0 and
limn,m—)oo (UM(un,u) - O-munyu) = O‘
Lemma 1. [4]. Let (U, M) be an M-metric space. Assume that u, — u and
v, >0 asn —oo,u, 0 €U andn € N. Then we have

1. lim, oo (om(un, 0n) — Umun,nn) =om(U,0) — Oy, -
2. liMp o0 (0m (Un, ) = Oy, o) = O (U, 0) = Oy,

3. 3re€[0,1), om(tnt, tn) < rom(Up, Up—1), then (i) imy, oo o (U, Up—1) =
0. (4i) imy, o0 0 (U, up) = 0. (444) limyy, p—so0 O (U, Un11) = 0. (1v) {u,}
is an o,,-Cauchy sequence.

4. om(u,0) = oy, . Further if o, (u,u) = o (0,0), then u = v.
Definition 3. [16]. A function f : U — U is called an a-admissible if there
exists a function o : U x U — (0,00) so that a(u,v) > 1 implies o fu, fo) > 1,
woveU.
Example 3. Let U = {A,B,C,D,E} C R?, where A = (0,0), B = (1,0),
C = (1,2, D= (,3), E = (1,4). Let f : U — U be defined as fu =

' E
{C, if ue U\{E} . Let « U XxU — (0,00) be given by a(u,0) =

D, ifu=F
_ i» lf u, v e U\{E} . Ifu € U\{E}, then a(fu, fv) = o(C,C) =1 and
9 ’Lf u=F

if u=FE then a(fu, fo) = a(D,D) =1, u, v € U. Using Definition 3, f is an
a-admissible.

Example 4. Let U = [0,5] be the subset of R. Define f : U — U so that
fu=sinu. If an a : U x U — (0,00) is given by a(u,v) = " and a(u,v) =
"t > 1,u, v € U. Then we have a fu, fo) = elHf° = gsinutsine > 1 Therefore
all the conditions of Definition 3 are fulfilled. So, f :U — U is an a-admissible.
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Definition 4. [11] Let ¥ be the set of functions 1 : [0,00) — [0,00) so that (i)
Y is lower semicontinuous and strictly increasing. (i) ¥ (t) =0 iff t = 0.

Definition 5. [2]. An wultra altering distance function is a nondecreasing and
continuous mapping ¢ : [0,00) — [0,00) so that p(t) > 0, for all t > 0. For in-
stance, p(t) = kt,k € (0,1). ® is the class of the ultra altering distance functions.

Definition 6. [2]. A continuous mapping F : [0,00) x [0,00) — R is a C-class
function if
(1) F(u,0) <w, (i) F(u,0) = u implies that eitheru =10 orv =0, u,v € [0,00).

Example 5. [2]. Suppose that F : [0,00) X [0,00) — R be a C-class function.
Then following are elements of C: (i) F(u,0) =u—v, (i) F(u,0) =pu, 0 < p <
1, (i) F(u,0) = ﬁ, s € (0,00), (i) F(u,0) =uy(u), v:1[0,00) = (0,1) s
a continuous function,

(v) F(u,0) =u— (fi‘;)n, (vi) F(u,0) = /In(1 + un).

2. Main Results

First we familiarize the class of generalized F(v,¢)—contractions using
a—admissibility and C—class functions to investigate the fixed points on M —metric
spaces.

Theorem 1. Let T : U — U be a continuous mapping of a complete M-metric
space (U, on,) satisfying

(77/1 (Um(Tu, TU)) + l)Oc(u,Tu)a(n,Tn)
< |arF (¥ (om(u, ), @(om(u,0))) + a2 F (¢ (om(u, Tu)), o(om(u, Tu)))

+ a3 F (¢ (om (0, T0)), p(om (0, T0))) + asF (Y (om(u, T0)), p(0m(u, To)))
B(u,Tu)B(v,To)

+ asF(¢(om(v, Tu)), o(om(v, Tu))) +1, (1)

u,vel, 1 <leR, a; (i=1tob) are nonnegative constants with Z?:l a; <1
and B : [0,00) x [0,00) — [0, k] a function such that k € (0,1). We also assume
that

(1) T is a-admissible, (it) there exists a ug € U so that o(ug, Tug) > 1.

Then T has a unique fixed point in U.
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Proof. Consider uy € U so that a(ug, Tug) > 1. Construct a sequence {u,}
so that u, = Tu,—1, n € N. Since a(ug,u;) = a(ug, Tup) > 1 and a(ug,ug) =
a(Tug, TTug) > 1. Continuing these steps, we obtain a(u,,u,411) > 1, n €
N U {0}. If for some n, op(ty,tupt1) = 0, then u, is a fixed point of 7. Let
Uy # upy1, n € NU{0}. Applying (1) for u = u,—1 and v = u,,

(’l/}(o'm(Tun_l’ Tun) + l)) S (w(o'm(Tun_l,Tun)) + l)a(unfl,Tunfl)a(un,TUn)

+ agF (Y (om(Un—1, Tn—1)), e(m(up_1, Tty_1)))
+ a3 F (Y (om (un, Tun)), p(m(uy, Tuy)))
+ a4F(¢(0m(un—1a Tun))v (P(Um(un—la Tun)))

+1

ﬁ(un—lyTun—l)ﬁ(un,Tun)
+ a5 F (Y (om(Un, Tun-1)), o(0m (U, Tun—l)))]

a1 F(Y(om(un—1,un)), 0(0m(Un—1,un)))

+ a2 F(Y(om(Un—1,un)), o(0m(Un—1,un)))
+ azF'(Y(om(un, tnt1))s p(0m (Un, Unt1)))

+ a4F(¢(0m(un,1, un+1))a SD(O'm(unflv unJrl)))
] 5(un717un)ﬁ(un7unfl)

+ a5 F (Y (0 (uns un)), 9(0m (tn, un))) + 1 (2)

Let us assume that o, (4,1, Up4+1) = Ayy. Therefore, we have
Auu = Um(un—la un—l—l) = Um(un—la un+1) - UmunilunJrl + Jm“n—lunJrl
< Um(un—h un) “ Omy,_jun + Um(unu un—i—l) ~ O, + Omu, _qup gy (3)

Since, om,, iy < Omuy qun T Omunun .,y — Omugu, - Lhen (3) implies,

Om (un—la un—i—l) < O'm(un—lv un)"‘Um (una un—i—l) “Omuy up Using Definition 1 (Um2)
in above inequality, we have

Um(un—17 un—l—l) < Um(un—la un) + Um(un7 un—l—l) - Um(uny un)- (4)
Using (2) and (4),

(w(am(unaun—kl)) + l) = (¢(0m(7’un—177-un)) + l)
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= (¢(0m(7'un,1,7’un)) + l)a(un_l’Tu"—l)a(un,Tun)

+as F(Y(om(tn—1,un)), p(Om(Un—1,un)))
+azF (Y (om(Un, 4nt1)), 9(0m (M, Uny1))) + aaF (Y (0m (W1, u,)
+Um(un7 un-‘,—l) - Um<un7 un))7 @(Um(un—la un) + Um(un7 un-‘,—l)

5(un—1:un)ﬁ(un»un—l)

=0 (Uny Un))) + a5 F (P (0m (tn, tn)), o(0m (U, tn)))

I

ie.

Y(om (U, un+1)) < [alw(am(unlaun)) + a2t (om (tn—1,1n))

Fag(om(un, Unt1)) + as (@b(am(un—lv Up) + o (Un, Unt1) — Um(umun)))

+a5d}(o-m(un> un)) (al + as + a4)'¢(0'm(un717 un))“‘

] /B(un—lyun),@(unyun—l)

ﬂ(un—l’un)/ﬁ(unvun—l)
(a3 + a4)w(am(um un—i—l)) + (a5 - a4)w(0m(un7un))]

(5)
Since, f : [0,00) — [0, k] is a function, where k € (0,1). Then (5) becomes
Q;Z)(O'm(una unJrl)) = (al + as + a4)¢(0m(unflaun))
+<a3 + a4)w(0m(un7un+l)) + (a5 - a4)w(am<unvun)) . (6)

Similarly, applying (1) with u = u,11 and v = u,,, we obtain

((0m(ttni1,10)) + 1) = (Y(0m (Ttty, Tt 1)) +1)
< (¥(0m (T, Titgy)) 4 1)t Tt Ten)
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< a1 F(Y(om(tn, tn—1)), o(0m (tn, n—1)))

+ GQF(w(O'm(una Tun))a (p(O'm(un, Tun)))
+ a3 F (Y (om(n—1, Ttn-1)), p(om(Wn—1, Tthy—1)))
+ a4F(¢(0m(una Tun—l))a W(Um(um Tun—l)))

+1

B(un,Tun),B(unflyTunfl)
+ a5F(¢(Jm(un—1a Tun))v (P(O'm(un—lg Tun)))]

a1 F (Y (om(un, un-1)), 0(0m(tn; tn-1)))

+ aa F (Y (om (tn; Un+1)), P(0m (tns Unt1)))
+ a3 F (Y (0 (Un—1,un)), P(om(Un—1,1n)))
+ aa F (Y (07 (4n, un)), 9(0m (tn, un)))

+1

(7)

B(un7un—1)ﬁ(un—17un)
+ QSF(@Z)(O’m(unfly un+1))a (P(O'm(unfla un+1)))]

Let oy, (Up—1,Up+1) = By, we have

Bun = Um(un—lyun—l—l) = Um<un—17 un—i—l) ~ Omy,_ unt1 + Umunilun+1

< om(Un-1,Un) = Omy 0, + Om(Un, Uny1) — Ty + Ty s

(8)
Since, om,, Ly < Omuy qun T Omunun,y — Omugu, - Lherefore (8) becomes
Om(Un—1,4n11) < O (Un—1,8n) + om (U, Ung1) — Oy, un, -
Using Definition 1 (0,,2) in above inequality, we obtain
Om(Un—1,Un11) < T (Un—1,Up) + 0 (Un, Unp1) — O (U, Up). 9)

Using (7) and (9),

Y(om(tnt1,un)) < | a1 F (Y (om(un, un-1)), p(0m (tns tn—1)))

+ a2 F(Y(0m (Un, tnt1)), 0(0m (Un, nt1)))
+ a3 F(Y(om(un—1,un)), o(0m(Un—1,un)))



36 S. Petwal, A. Tomar, M. Joshi

+ as F(Y(om(Un—1,Un) + Om (Un, Upi1) — o (U, Up)), (10)
(P(O'm(un—ly un) + Um(un7 un—i—l) - Um(unaun)))

B(un tn—1)B(n—1,4n)
+a4F(¢(0m(unaun>)7@(Jm(unuun)))] ’ (11)
ie.,
Y(Om(tnr1,8n)) < [alw(am(umun—l))
+ aﬂb(am(um un—i—l)) + a3¢(am(un—la un)) + ay (w(gm(uny un)
/B(un»un—l)ﬁ(un—l,un)
+ Um(un+17 un) - Um(una un))) + a5w(0m(un—1> un))]
= [(a1 + a3 + a5)Y(om(Un, un—1)) + (a2 + a5)Y(0m (W11, un))
Bunsin—1)B(un—1,un)
+ (a4 — a5)¢(0’m(un,un))] (12)
Since S : [0,00) — [0, k] is a function, where k € (0,1)
Y(om(Unt1,un)) = | (a1 + a3 + a5)Y(om (tn, Un—1))
+(az + a5)(om(Unt1, Un)) + (as — a5)(om (Un, tn)) | - (13)

On adding (6) and (11), we obtain

w(am(unyun+1)) < )\F(@/}(Um(un—lyun))a(P(Um(un—laun)) < )\w(m(un—lyun)()7 )
14

: __ 2a1+as+aztas+as
with 0 < A\ = 5 {as —as tasras) < 1. Now, we assert that oy, (U, Up+1) — 0 as

n — oo. If for some ng € N, up, = up,41, then by (12)
0 S Um(un0+17un0+2)

< F(w(am(unovuno-&-l))’ (,O(Jm<un0,un0+1))) < w(am(unovuno-l-l))v

ie, om(Up,upt1) = 0, n > ng. Thus op(Uy, Upt1) — 0 as n — oco. Now
let op(Un,Uns1) > 0, n € N. Inequality (12) gives that (o, (Uup, tpt1)) <
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A (o (Up—1,1,)). It follows that sequence {o,(un,un+1)} is decreasing. So,
there exists m € R and limy, o0 0 (Up,tpt1) = m. Now we will assert that
m = 0. If possible, let m > 0. Using (12),

lim Supw(am(unaun—kl)) SA lim SupF(w(O’m(un—laun))aSp(o'm(un—laun))

n,Mm—00 n,Mm—00

<A lim  sup¢(om(tp—1,up)).

7,1M—+00

Hence we get, 1)(m) < AF (¢(m), p(m)) < Mp(m). Since A € (0,1). So ¢(m) =0
or ¢(m) =0, i.e., m = 0, a contradiction. So

Om(Un,Upg1) — 0 as n — oo. (15)

Next we submit that {u,} is a 0,,,-Cauchy sequence. We have, lim, ;o0 0, (U, U 41)
:.0, 0 < Omupuyyy < Om(Un, Ung1) = iy 00 Oy, ,, = 0 and om, =
min{oy, (Un, Un), Om (Ung 1, Ung 1)} = LMy o0 0 (Up,up) = 0. Also o, =
min{o, (Un, Up), Om (W, W)} = My, moyeo Om (Un, Uy) = 0. Hence, limy, m_soo
(T sy, = Oy yy) = 0. We show that limy, ;oo (0m (U, Wn) — Omy, ., ) = 0.
Suppose o+ (U, 0) = op(U,0) — Oy, YU, 0 € Ul I limy, 100 oare (Un, W) #
0, there exists € > 0 and {l;} C N, op=(u,—1,up,) < €. Now from Defini-
tion 1 (O’m4), we get, € < UM*(ulk,unk) < JM*(ulk,ulk,l) + JM*(ulk,l,unk) +
om=(uy,,u;,—1) + €. Therefore limy_,oc opr+(u,, 1y,) = €, which means that
limg_y 00 (Um(ulk’unk) — Jmulk’u%) = ¢. On the other hand limy_,o Ty, samy, = 0,
so we have

lim oy, (uy,, u,,) = €. (16)

k—o0
Again by Definition 1 (0,,4), we get
o (g, ey ) < onps (U, Ug11) + Oars (U1, Ung+1) + Tars (Ung 41, Uny )

and
O as (U115 Uy 1) < Oape (U, Wy 1) F0 e (W, Wny )+ (W 115Uy, ), as k — oo,
together with (13) and (14), we have

lHm o (U, 41, Up,+1) = € (17)

k—o0
Using (13), (14) and (15), we get

m 7T m n 7T n
(¢(0m(umk+1,unk+1)) + l) < (¢(0m(Tumk,Tunk)) + l)a(u ol W k)Oé(u ol W k)

S /\F(w(o—m(ummunk))a (p(am(umk,unk)) +l S A¢(am(umk,unk)) + L.
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Therefore, ¥ (omUmyt1,Ung41)) < AF (W (0m (W, Uny ), @(Om (g, ) <
)‘w(o—m(umkaunk))a Where )‘ € (Ov 1) AS k — o0, ¢(€) S F(¢(6)790(6>) S w(ﬁ)
Using the property of F', ¢ and ¢, ¥(€) =0 or p(e) =0, i.e., e = 0, a contradic-
tion. So, {u,} is a g,,-Cauchy sequence.

Using completeness of U, u,, — u, u € U in the 7, topology, i.e.,

731—{20 (om(up,u) — oy, ) =0 and 7}1_)rr010 (OMuy w = Omuya) = 0.

However, limy, 00 01m,,,, = 0. Hence lim;,, o0 0 (ty, ) = 0 and by Remark 1,
om(u,u) = 0.

(a) By using continuity of 7, limy, e (am(Tun, Tu) — mTun,Tu) =0,

ie., limy, o0 (om(unH, Tu)—amunﬂju) = 0. Also, lim,, 00 Oy 70 = 0. Hence,
limy, 00 O (W41, Tu) = 0 and by Remark 1, o, (Tu, Tu) = 0. Also u,, — u as
n — o0o. Therefore by Lemma 1, we obtain

(om (i, TW) — Oy, 1) = (Om(u, TU) = Oy, ) = Om(u, Tu), neN.

But (0 (1, TW) — 0y, 7o) — 0. Thus o, (u, Tu) = 0.
Therefore oy, (u, Tu) = o (Tu, Tu) = o4, (u,u) = 0 and by Definition 1 (0,,1),
we get Tu=u.

(b) By using conditions (i), (ii) and (12)

(¥ (m(Tttn, Tw)) +1) < () (0 (Tatg, Tw)) + 1) 2T 20T
< AE (Y (0m (tn, 1)), 0(0m (tn, 1) + 1 < AD(0p (1, 1)) + 1,

where A € (0,1), i.e., w(am(Tun,Tu)) < AF (Y (om(un,u)), o(om(un, 1)) <

A (0 (Un, 1)), so we get o (T, Tu) — 0 asn — co. Also 0 < oy, 7, <

Om(Tu,, Tu) — 0 as n — oo. Thus Tu, — Tu in the 7, topology. Hence
Tu = u follows as in (a).
Next we assert that the fixed point u is unique. Let v be also a fixed point of

T. Using (1), we get

($(om(,0) +1) < ($(om(Tu,To)) +1) < (Y(om(Tu, To)) +1)*ETIET)

+azF (¢ (m(v,Tv)), o(om(0,T0))) + asF (¢ (om(u, T0)), p(om(u, Tv)))
B(u, Tu)B(0,Tv)
+a5F(¢(m(Ua7’u)),W(Um(anu))) +1
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= |1 F(¢(om(u,0)), (0m(u, 0))) + azF ((om (1, 1)), p(om(u, 1))

+azF (4 (m(v,0)), p(0m(0,0))) + a1 F (¢ (om (1, 0)), p(om(u, v)))
Bu,u)B(v,0)
+asF (¢ (m(o,u)), p(om (v, 1)) +1,

i.e., ¥(om(u,0)) < Xp(om(u,0)), where X € (0,1), a contradiction. Hence u = v.
<

Following example is given to appreciate the effectiveness of the M—metric
space and to validate the result proved herein. Here, it is fascinating to point
out that this example can not be used in the context a partial metric space and
consequently, Theorem 1 is a genuine extension and improvement using C—class
function that envelops a huge class of contractions and a—admissible mappings
in an M —metric space.

Example 6. LetU = {1,2,3} and usual M-metric space be defined as oy, (1,1) =
6,0m(2,2) = 1,0m(3,3) = 1,0m(1,2) = 0m(2,1) = 3,0m(1,3) = on(3,1) =
5,0m(2,3) = on(3,2) = 1. Let T : U — U be defined as Tu = u, u € Y.
1, ifu, veld
0, otherwise,
@, ¥ :[0,00) = [0,00) by p(t) =t,¥(t) =L, 1=1and B : [0,00) x [0, 00) — [0, k]
be a function such that for k € (0,1), B(u,0) = % Taking u = 2, v = 3,
a1:a2:a3:a4:% and%z%o in (1), we get

[¥(0m(2,3) +1)]

Next, we define a function o : U x U — (0,00) as a(u,v) = {

2,2)a(3,3)

< alF(w(Jm(Z 3))’ SO(O-m(Z 3))) + a2F(w(0‘m(23 2))a QD(O-m(Z 2)))

+azF((0m(3,3)), (0 (3,3))) + asF (¢ (0m(2,3)), p(om(2,3)))
],3(2’2),3(313)

+Q5F(¢(0m(372))’90(0'771(372))) +1,

i.e.

Ll

1 1 1 1 1
(1 (1 (1 (1 —(1
S0(1) + 36(1) + (1) + £9(1) + ()
Also a(Tu, To) = a(u,0) > 1, for allu €U, i.e., T is a-admissible. Each one of
the postulates of Theorem 1 is fulfilled and T has a unique fized point at u = 1
mU.

W(1) < +1.
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Theorem 2. Theorem 1 is true if inequality (1) is replaced by (16).

a(u, Twa(v, T0) [ (00 (Tu, T) + 1)]

Fa3F (Y (om(v, T0)), p(om(0,T0))) + asF (1 (om(u, T0)), p(om(u, Tv)))
B(u,Tuw)B(u,Tu)
+asF(¢Y(om(0,Tw)), p(om(v, Tu))) + 1. (18)

Proof. Proof follows the pattern of Theorem 1. «

Now we furnish an illustrative example which cannot be used in the context
partial metric space and consequently, Theorem 2 is an extended, improved,

sharpened and generalized result using a—admissibility and C—class functions in
an M-metric space.

Example 7. LetU = {1, 2,3} and usual M-metric space be defined as op,(1,1) =
1L, om(2,2) =9, 0m(3,3) =5, om(1,2) = 0m(2,1) = 1, opn(1,3) = o (3,1) = 7,
om(2,3) = om(3,2) = 7. Let a continuous self-mapping T : U — U be defined
as Tu = u, u € U. Let function « : U x U — (0,00) be given by a(u,v) =

{1, ifu, veld

Lo ¥ [0,00) = [0,00) by @(t) =t Y(t) = 5, 1 =1 and
0, otherwise

B:[0,00) x [0,00) — [0,k] be a function such that for k € (0,1), B(u,v) = 1.
Takingu =1, v =2 a1:a2:a3:a4:% anda5:1—10 in (16), we get

o1, 1)a(2,2) [(om(1,2) + 1)] < | a1 F(om(1,2)), p(om(1,2)))

a2 F(Y(om(1,1)),0(om(1,1))) + azF (¢ (om(2,2)), p(om(2,2)))

] 6(1»1)6(2»2)

+asF (¢ (om(1,2)), p(om(1,2) + as F (¥ (om(2, 1)), p(om(2,1))) +1,

i.e.
1
4

+ 1.

Y1) < | (1) + (1) + 56(9) + 561 + 79(1)

Also a(Tu, To) = a(u,v) > 1, for allu € U, i.e., T is a-admissible. Each one of
the postulates of Theorem 2 is fulfilled and T has a fixed point at u =1 in U.
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Theorem 3. Theorem 1 remains true if inequality (1) is replaced by following
inequality

a(u, Tu)a(v, T0) [t (00 (T, To) +1)]
< B, Tw)B(o, To) | a1 F((om(u, 0)), o(om(u, v)))
+agF((om(u, Tw)), o(om(u, Tw)) + azF (¢ (om (0, T0)), p(om(v, T0)))
a4 F (Y (om(u, T0)), o(om(u, To))) + as F((om(v, Tw)), p(om (0, Tw)) | +1.

Theorem 4. Theorem 1 remains true if inequality (1) is replaced by following
inequality

[, Tu)a(v, To) — 1+ 1]V THT < B T0AETo) Ao,

where,

Apuo = a1 F(¢(om(u,0)), o(om(u,0))) + a2 F (¢ (om (1, Tu)), o(om(u, Tu)))

Fa3F (¢ (om(0,T0)), (0m (0, T0))) + asF (¢ (om(u, T0)), p(om(u, Tv)))
+as F (Y (om(0,Tu)), p(om (b, Tu))).

Now we solve Theorem 3.3, left as an open problem in Asadi et al. [4]
Theorem 5. Let T : U — U be a self mapping of a complete M—metric space
(U, o) satisfying

Oon (T, TW) < ko (1, T0) + o (Tu0)] ,3 & € [0, %), woeld.  (19)

Then T has a unique fixed point.

Proof. Consider uy € U. We construct a sequence {u,} so that u, = Tu,_1,
n € N. If for some n, u, = u,1, then u, is a fixed point of 7. Let u, # uyy1,
n € NU{0}. Using (17) for u = u,,—1 and v = u,,

Um(una un—l) = Um(Tun—la Tun—Q) < k[am(un—la Tun—2) + am(un—Qa Tun—l)}

= k[am(unflyunfl) + O'm(unf% un)]
Since,

Um(un—27 un) = Um(un—2a un) ~ Omy,_sun + Omy,,_,

Un
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< O'm(un—Za un—l) ~ Omuy, gu,_, + Um(un—la un) - Um(un—17 un) + Omu,, _oqun
(20)
From Definition 1 (¢,,3), we have, O,y = O, w1 T0mu,_un ~ O, -

Inequality (19) becomes 0, (Uy—2, Up) < O (Up—2, Up—1)+F 0 (Up—_1, Uy)
Using Definition 1 (0,,2) in above inequality,

_O-mun—l’un—l :

1)

(2
By using (20) in (18), we get o (tn, Up—1) < Ao (Un—1,U,—2), where, 0 < X =
k
— < L.
—F

Um(un—27 un) < Um(un—%un) + Um(uny un—l) - Um(un—la un—l)-

By Lemma 1, {u,} is a Cauchy sequence and using completeness of U, u, — u,

for some u € U. Therefore oy, (Un, 1) — Oy, — 0, Oar(Un,u) — Oy, — 0, since

Ty = 0, Om(ty,u) — 0 and oy, , — 0. Using Remark 1, oy (u,u) = 0 =

O s Om(Ungt, TW) = o (T, Tu) < k[om (tn, Unt1) + o (u, Tu)], therefore

Om (U, Upy1) — 0. Since, limy, o0 SUP 0y (W41, TU) = limy, 00 SUP 0 (T Uy, Tut) <
kom (u, Tu). Also o (1, Tw) — 0my 7y < Om (U, 8n) + 0 (U, TU), Le., o (1, Tu) <

limy, 00 SUP (T (8, Un ) +0m (U, TU)) < ko (u, Tu), since oy, ,, = 0 and oy, (1, 1)
— 0. So oy (u, Tu) = 0. By using inequality (17), o (Tu, Tu) < 2kop,(u, Tu) =

0, therefore o, (u, Tu) = 0 = op(u,u) = 04, (Tu, Tu), i.e., u = Tu by Definition

1 (oml).

Now we assert that the fixed point of 7 is unique. Let Tu = u and 7o = v,

however, u # v. From (17), we get

Um(uv U) = Um(Tua TU) < k[Um(ua TU) + Um(nv Tu)] - 2k0m(ua U)?
which is impossible. Hence u =1v. <«
Following examples support the open problem:

Example 8. Let U = [0,3) and om(u,0) = “E° be an M-metric. Consider
T:U—-Uas: Tu=u, ucl. Foru= i, b= %, using (19), we have

1 1 2 11 11 2 1

—, =) < Zom(=, — — .= == 2).

i616) = 513 3g) T omGg )l k=g elg)
Each one of the postulates of Theorem 5 is fulfilled and T has a unique fized point
atu=01inU.

Example 9. Let U = {1,2,4} and an M-metric be defined as o, (1,1) = 1,
om(2,2) = 9, om(4,4) = 5, o (1,2) = om(2,1) = 7, om(1,4) = op(4,1) = 2,
om(2,4) = on(4,2) = 7. Consider T : U — U as: Tu=u, u € U. Foru=1
v =2 ,using (19), we have

om(1,4) < klom(1,4) + om(1,2)],k = § € [0,3). Each one of the postulates of
Theorem 5 is fulfilled and T has a unique fived point at u =1 in U.

Tm(

l
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Example 10. Let U = [0,3) and op(u,0) = 52 be an M-metric. Consider

1
T:U—-Uas: Tu=< 10"
{5, if wels, )

Case (i) When u,v € |0, %), foru= i, b= %, using (17), we have

o5 15) < 3 lom(G 75) + om0 1)
Case (ii) When u,b € [%, %), foru= %, b= %, using (17), we have
Tnlze9) < 2 lom(G 3+ om(g 3]
Case (iii) When eitheru € [0,3) orv € [3,1), foru= 1, 0= 3, using (17), we
have
T3 ) < lom(r ) +om(ig 16))

k= % € [o, %], Yu,v € U. Each one of the postulates of Theorem 5 is fulfilled and
T has a unique fized point at u = % mU.

Remark 3. 1. Theorem 5 is an extension and generalisation of classical Chat-
terjea result [6] to an M-metric space which is an improvement of a partial
metric space. One may observe that the self mapping need not be continu-
ous for the existence of a fized point of Chatterjea contraction in M-metric
spaces. In the sequel, we have provided a solution to open problems posed
by Asadi et. al [4] and Kumrod and Sintunavarat [12] without assuming
additional condition on a mapping.

2. It is worth mentioning here that on changing the elements of C' [2], different
type of contractions, which are already present in the literature, may be
found. Theorems 1, 2, 3, 4 and 5 still holds if we replace inequality under
consideration by using any one element of C' in Example 5 (for details one
may refer to [2], [17]- [19] and so on).

3. Noticeably, the fixed point results in, Altun et al. [1], Asadi et al. [4],
Banach [5], Chatterjea [6], Geraghty [8], Hammache et al. [9], Kumrod
and Sintunavarat [12] and Monfared et al. [14] and references therein, are
instant outcomes of obtained results.
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2.1. Application

Now we solve periodic differential equation with given boundary conditions
to demonstrate the applicability of Theorem 1. Let 4 = CI[I,R] be the set
of continuous functions on [0,1]. Define oy, : U X U —> [0,00) as oy, (u,0) =
SUPyefo1] M. Here (U, 0yy,) is an M—metric space.

Theorem 6. Let us examine the periodic differential equation

du

— = F(t.u(t), with u(0) =u(1), t € [0,1], (22)

and continuous function f :[0,1] x R — R. If there exists n > 1 so that

(& u(®) + f(E0()] < nlu(t) +o(t)] (23)
and
|f(t,u(t)] <n sup |u(t)]. (24)
t€(0,1]

Then boundary value problem (22) has only one solution.

Proof. The equation in problem (22) may be rewritten as

B qu(t) = f(t,u(t)) +nu(t), ¢ € [0,1], with u(0) = u(1).

Equivalently,
1
- | Glolreue) + mas. for e e fo.1) (25)
n(g—t+1)
€ 0<é<t<l .
where Green function G(t,&) = { =1 7 ; .Nowuelisa
L, 0<t<E<]

solution of (25) iff it is the solution of boundary value problem (22). Define a
map T : Z/II — U by
t) = fo Gt OIf(& (&) + nu(&)]dE. Now,

om(Tu, To) = sup [Tu(t) + To(t)
te(0,1] 2

1
/ G(t.(Ew(e) + m(e)lde + [ G(t,é)[f(i,n(i))+770(§)]d§‘

_5,2}31)1]

1

- G(t,€)d , G(t, €)de]
< 50 sup [ut0) o0 A Qe s [(F(6:u(E) + /(6.0 O [ G.a



Fixed Point on Complete M—Metric Spaces

—_

1
< ln sup fu) o) | Gt €)dE 1) sup |u(t)+n(t)\/ Gt €)d]
t€[0,1] t€[0,1] 0

ﬂsup\u )+ o(t ]/th

t en(§—t+1) L on(é—t) 1
— 7 sup Ju(t) + o(t)] [/0 d§+/ ] =2 sup [ult) + o(t)|
t

2 te0,1) e —1 en—1 2 te0,1]

om(u, Tu) = sup —\u(t) + Tu(®)]
t€(0,1] 2

= — sup
2 t€[0,1]

u(t / (1) ( §>)+nu(€)]d§‘

/ ‘o, é‘)u(&)dé‘

1
§§ sup ]u()]—l—fsup lu(t ]/Gtﬁdf—i—sup lu(t ]/Gtﬁ

t€0,1] 2 4ef0,1] t€0,1]

1
< — sup |u(t |+*sup
t€0,1] 2 tefo,1]

/Gts (. u( dé‘ 7 sup

2 t€[0,1]

1 1 3
= - sup [u(t)[+n sup [u(t)]— =5 sup [u(t)].
" 24c0.] t€[0,1] N 24e0]

Similarly, o, (0, T o) <3 5 SUD¢e(0,1] ly(@®)]

(1, T0) = sup MO+ T

te(0,1] 2
= 5 s i) + [ G 0(©) + (e
te[0,1]
Slsup|u |+2sup/Gt§ (& y(& ' 2sup/Gt§ df‘
t€0,1] t€0,1] te(0,1

1
< — sup |u()|+75up lo(t |/Gt§d§+8up lo(t |/Gt§

te[0,1] 2 e [0,1] te[0,1]

1 1 1
=5 sup [u(t)[+n sup [v(t)] = =5 sup [u(t)|+sup|v(t)]
2 4ef01] t€[0,1] N 240

< sup |u(t) +v(t)].
te€(0,1]
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Similarly, om (0, Tu) < supyepq) () + v(t)] . Now if we define an o : U x U —

1
0,00) by a(u,v) = ’ )
( ) by a(u,v) 0, otherwise

Y(t) = 5.t € [0,1] and B : [0,00) — [0,00) by B(u,0) = % Hence T is

a—admissible and by taking a1 = %,ag = %,ag = 1—10,a4 = %,CL5 = % and [ = 1,
all the postulates of Theorem 1 are verified and consequently, unique solution of
Problem 22 exists in U. «

LU 0,00) — [0,00) by lt) = ¢,

3. Conclusion

We established unique fixed point for the generalized F'(1), ¢)—contraction us-
ing C—class functions and a—admissibility in a complete M-metric space, which
is fascinating, generalised and distinct than a usual metric space due to the fact
it admits non-zero self-distance at a point and is more general than the partial
metric space. Our theorems are sharpened versions of the well-known results.
Further, we provided an answer to the open problem of Asadi et al. [4] on the
question of existence and uniqueness of fixed point for Chatterjea contraction
mapping without assuming any additional condition on mappings. In the sequel,
we answered two challenging open problems posed by Kumrod and Sintunavarat
[12]. Examples and an application to find the solution of a periodic differential
equation with given boundary conditions substantiate the utility of these exten-
sions.
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