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Global Estimates for Generalized Double Bernstein
Operators
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Abstract. In this paper, we obtain quantitative estimates for generalized two dimen-
sional Bernstein operators. We calculate global results for these operators using Lipschitz-
type space and estimate the error using modulus of continuity.
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1. Introduction

In [2], P. L. Butzer introduced two dimensional Bernstein polynomials
B} (f;x,y) on the square O := {(x,y) : 0 < z,y < 1} and defined as follows:

B* f z y Z pn,k pnl y)f <k7l>v (x,y) € [O, 1} X [07 1]7 (1)

n n
k,1=0

where py, i (x) = < Z ) 2*(1 — )" % and Pt (y) = ( 7 ) yH (1 — )" " are the
Bernstein basis with 0 <k <n, 0 <l <nand f (z,y) € Cp|[0,1;0,1].

Deo and Bhardwaj [3], characterized the rate of approximation by means
of K—functionals and estimate the order of convergence by means of a semi-

norm ¢(f) for the two dimensional Bernstein operators, which was introduced by
Stancu [15] and its Durrmeyer variants studied by Zhou [17] on a simplex.

Many researchers have studied better estimate for the one dimensional opera-
tors like Bernstein, Szész, Baskakov operators and its variants (see [4]-[8], [12], [13]).
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Approximation properties of ¢ and (p, ¢)-analogue of Bernstein operators and its
variants are studied in [1], [9], [10] and [11]. Ozarslan and Duman [13] have
introduced a different approach in order to get a faster approximation without
preserving the test functions. Ozarslan and Aktuglu [14] have calculated quanti-
tative global estimates for two dimensional Szasz-Mirakjan operators. Motivated
by these research work, we consider generalized two dimensional Bernstein oper-
ators and obtained the best error estimate.

The classical Bernstein operators are defined as:
Bn(f'w)ZZn:pnk(z)f<k> 0<z<1. (2)
’ s n ) = =
k=0
Let fj, (x) = 2", h € {0,1,2} then auxiliary properties of (2) are as follows:

B, (fo;x) =1, By (fi;2) =z, By (fo;2) = (1—2) mQ—i—%.

Following the similar arguments as used in [13], the best error estimation among
all the general two dimensional Bernstein operators can be obtained from the

case by taking

1 1
ap =1, b, =€, =0, anl_gv dnzﬁy

for all n € N where (a,), (bn), (cn), (d,) and (e,) are sequences of non-negative
real numbers satisfying the conditions given in [13].
Now observe that

2a,x — d 2nx — 1
* S no_ 1
Uy, (z) 2(n_1)e[0,],

2¢y,

if and only if % <z <1- ﬁ for n > 2 where u;, is a functional sequence,
uy : I — [0, 1]. Hence, choosing

I= [i,i] c [0,1].

The best error estimation among all the general two dimensional Bernstein op-
erators can be obtained from the case

_ 2nx — 1

” N _ 2ny—1
Un(x)—mvvn(y)—m

in €N,
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for all f € Cp(]0,1]) x Cp(]0,1]) and z,y € I. Hence, (1) becomes

By (fix,y) =

=3 () (1) wera-werte et - wers (5L,

k,1=0 non
(3)
where f € C5 ([0,1]) x C5 ([0,1]).

For the operators B (f;x,y), we have following Lemma:
Lemma 1. Let z = (z,y),t = (t,8);¢e;(x) = 2’y 4,5 = 0,1,2 and Y2 (t) =
|t — x||>. Then, for each z,y € I and n > 2, we have
(1) By (eo0;,y) = 1;

(i1) By (e1,05%,y) = up(x);

(#11) By (eo,157,y) = vh(y);

(iv) Bi* (e20+ eo2;z,y) = (1— 1) ((ug, (2))? + (v}, (v))?) + uy, () ZUZ (y),
(v) By (V2 (1);2,y) = (g, (2) — 2)°+(v; () — 9) =5 ((u}, ()2 + (v (1))%)+
+ (up, (2) + (y))-

2. Global Results

We have used following definitions in this paper for global results of the op-
erators B* (f;x,y).

Szasz [16] earlier considered this space of bivariate extension of Lipschitz-type
space, given as:

Lipy () :=
{f € C([0,00) x [0,00)) = [f (t) = f (2)] < MHt_—XHa,
(It + 2 +y)>

where t = (¢,s) ,x = (z,y) and M is any positive constant and 0 < o < 1.
For all f € C'([0,00) x [0,00)), the modulus of f denoted by w (f;d) is defined as

w(f;9):=

a;t,S;w,yE(QOO)}
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Sup{|f(t,8) - f(xay” : \/(t—:l))2 + (8 _y)2 < 5? (ta 5) ’ (:L'vy) € [O’OO) X [0700)}'

Now, for the space Lip}, (o) with 0 < a < 1, we have the following approxima-
tion result.

Theorem 1. For any f € Lip}, (), a € (0,1] and for each x,y € I,n > 2, we

have
B (i) S @)l < = [0 @) =00+ i) 0
1 * 2 * 2 1 * * %
—— (s @) + @3 @)) + - (i (2) + 03 <y>>] (4)

Proof. Let o = 1. For each z,y € (0,00) and for f € Lip}, (1), we have

1B, (fiz,y) — f ()l < B (1 (8,8) = f (2, 9)] 52, 9)

t_
< MB* ( It =] 7 ;x,y>
([t + = +y) 7

/2 n 7:[7y

Applying Cauchy-Schwarz inequality, we get

M M

B:L* y L, - Z, S B;k;,* :% t 3 Ly =

1By (f;2,y) — f (2,9)| (x+y)1/2\/ (V2 (t);2,y) -

\/(Uii (z) — )% + (v (y) —y)* — % ((ug, ()2 + (v} ())?) + % (up, (z) + 05 (y)).

Now, let 0 < a < 1. Then for each x,y € I and for f € Lip}, (), we obtain

1By (fiz,y) — [ (2, < B (If (8s) = f (2,9)]52,y)
*k Ht _XHa

(tll + 2 +y)

M Kk
( N )a/2Bn (Ht—XHa;:E,y).
Ty
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2 2
For Holder inequality with p = — and ¢ = ,
« 2—«a

for any f € Lip}, (o), we have
kk M kk o

B i) = 1 )| < g B (02 0):0.0)] ™ =

) ) 1 1 o

(un (2) = 2)" + (v5 (v) = )" = — ((u, ()% + (v, (9))%) + - (up (2) + v (y))

which is the required result. «

Lemma 2. For each z,y > 0,

B <\/(\/2—\/5)2+(\/5—\/@)2;x,y> (5)

Lo (v, (=) — v (@)
< L @) -7 - B0

1 . (v, (¥))2 — o3, (v)
+\/§\/(vn(y)—y)2— :

Proof. We have v/c +d < \/c+ Vd(c,d > 0), therefore

B <\/(x/i— \/:E)2 + (Vs — \/5)2;96731)

S OV(E-) ()
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Using the Cauchy-Schwarz inequality,

B (W&- Vi) +(Vi- @2;x,y>

Using Lemma 1,

By <\/(ﬁ— Vi) + (V5 - «y)%x,y)

(uy, (2))? = uj, ()

which is the desired result. «

Theorem 2. Let g (z,y) = f (5172, y2). Then we have for each x,y € I,

1By (fiz,y) — f (2, y)] < 2w(g;0n (2,9)),

where
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Proof. We have
1B, (fs2,y) = f(z,y) < By (If (£,5) = f (2,9)] 52, 9)
=By (g(\/f,\/g) —g(x/i,\/@)‘;x,y)

< B (w <g;\/(\/%—\/%)2+ (\/5—@)2> my)

(T

B (V= v+ (- v o)

B:L*W(ﬂ—f) (Vs —vi)'ia >:cy>

Now, we have
w(f;A6) < (L+ AN w(f;0).

Therefore,

By (fiz.y) = f (e,9) < w <g; By’ <\/(¢i— Vi) + (Vi @)2;x,y>>

(V) (V)
By (w\/%— VE) 4+ (Vs - @%y)

(g (2))F (1 —usy ()" (03 () (1 — s ()"

1+
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< 2w <g;BZ* (\/(\/f—\/ﬂ?)QJr (\/§—\/§)2;x,y>> :

Now, using Lemma 2, completes the proof. «

Theorem 3. Let g (z,y) = f (x2, y2). Let
9 € Lipy (@) :=={g € CB ([0,1] x [0,1]) : |g (¢) — g ()| < M|t — =||*;t,s;2,y € I},

where t = (t,s),z= (x,y) and M is any positive constant and 0 < a < 1.
Then,

1B, (f;2,y) = [ (z,y)| < Mg (2,y), (6)

where oy, (x,y) is the same as in Theorem 2.

Proof. We have
1B (fsz,y) — fz,y)| < B (If (t,5) = f(z,9)|52,9)

=55 (|a (Vi.v5) o (Vo.vi) s2.0)

< MB (((\/i— VE) 4 (Vo - \/@)2)%;%0

w3 (1) () () + (V- 5)

(a2 (1 = w5 (@) 0, () (1 = w3 ().

«

| [
Q

By <\/(ﬁ— VE) + (Ve wz)y)]

By using Lemma 2, completes the proof. «
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