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On the Crossing Numbers of Join Products of Four
Graphs of Order Six With the Discrete Graph

M. Stas

Abstract. The aim of this paper is to extend known results concerning crossing numbers
of graphs by giving the crossing number for join product G* + D,, of the connected graph
G™ of order six consisting of one 3-cycle and three leaves of which exactly two are adjacent
with the same vertex of such 3-cycle, and D,, consists of n isolated vertices. The proofs
rely on a partial classification of all subgraphs whose edges cross the edges of G* just
once. Due to the mentioned algebraic topological approach, we extend known results
concerning crossing numbers for join products of new graphs. Finally, by adding new
edges to the graph G*, the crossing numbers of G; + D,, for three other graphs G; of
order six will be also established.
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1. Introduction

The crossing number cr(G) of a simple graph G with the vertex set V(G) and
the edge set F(G) is the minimum possible number of edge crossings in a drawing
of G in the plane (for the definition of a drawing, see also Kles¢ [13]). One can
easily verify that a drawing with the minimum number of crossings (an optimal
drawing) is always a good drawing, meaning that no two edges cross more than
once, no edge crosses itself, and also no two edges incident with the same vertex
cross. Let D be a good drawing of the graph G. We denote by crp(G) the number
of crossings among edges of G in the drawing D.

Let G; and G be two edge-disjoint subgraphs of G. We denote, by crp (G, G;),
the number of crossings between the edges of G; and edges of G, and, by crp(G;)
and crp(Gj), the number of crossings among edges of G; and of G; in D, respec-
tively. For any three mutually edge-disjoint subgraphs G;, G;, and G}, of G
by [13], the following equations hold:
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CI“D(GZ‘ U Gj) = CI“D(GZ') + CI“D(Gj) + ch(Gi, Gj) ,
crp(G; U Gj, G) = crp(Gy, Gi) + CI“D(G]', Gi) .

The investigation on the crossing number of graphs is a classical and very
difficult problem. Garey and Johnson [6] proved that determining cr(G) is an
NP-complete problem. Nevertheless, many researchers are trying to solve this
problem. Research of the problem of reducing the number of crossings in the
graph is studied not only in the graph theory, but also by computer scientists.
Note that the exact values of the crossing numbers are known for only a few
families of graphs, see Clancy et al. [5]. The purpose of this article is to extend
the known results concerning this topic. Some parts of proofs will be based
on Kleitman’s result [11] on the crossing numbers for some complete bipartite
graphs. He showed that

cr(Kpp) = {%J [mT—IJ {gJ VL ; 1J, withmin{m,n} < 6.

The join product of two graphs G; and G, denoted G; + G/, is obtained from
vertex-disjoint copies of G; and G by adding all edges between V(G;) and V(Gj).
For |V(G;)| = m and |V(G;)| = n, the edge set of G; + G; is the union of the
disjoint edge sets of the graphs G, G, and the complete bipartite graph K, ..
Let D, and P, be the discrete graph and the path on n vertices, respectively.
The crossings numbers of the join products of the discrete graphs and paths
with all graphs of order at most four have been well-known for a long time by
Klese [12], and Kles¢ and Schrotter [17], and therefore it is understandable that
our immediate goal is to establish the exact values for the crossing numbers of
G + D, and G + P,, also for all graphs G of order five and six. Of course, the
crossing numbers of G + D,, are already known for a lot of graphs G of order five
and six, see [1, 3, 8, 9, 10, 13, 15, 14, 16, 19, 20, 21]. In all these cases, the graph
G is connected and contains usually at least one cycle. Note that the crossing
numbers of the join product G+ D,, are known only for some disconnected graphs
G on five or six vertices [4, 18, 22, 23].

In the paper, we will use definitions and notation of the crossing numbers
of graphs presented by Kles¢ [12]. Let G* be the connected graph of order six
consisting of one 3-cycle (for brevity, we will write C3(G*)) and three leaves of
which exactly two are adjacent with the same vertex of such C3(G*). The main
aim of the paper is to establish the crossing numbers of the join products of G*
with the discrete graph D,,. The required result of Theorem 1 is determined for
all positive integers n mainly by using several auxiliary statements. The paper
concludes by giving the crossing numbers of G; + D,, for three different graphs
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G; in Corollary 2. The methods presented in the paper are based on multiple
combinatorial properties of the cyclic permutations. The similar methods were
partially used first time by Herndndez-Vélez et al. [7]. By Berezny and Stas [3, 4],
the properties of cyclic permutations are also verified by the help of software. In
our paper, certain parts of proofs can be also simplified with the help of software
COGA generating all cyclic permutations of six elements and its description can
be found in Berezny and Busa [2]. The list with the short names of 6!/6 = 120
cyclic permutations of six elements are collected in Table 1 of [3]. Note that we
were unable to determine the crossing number of the join product G* 4+ D,, using
the methods used by Kles¢ [13]. In the proofs of the paper, we will often use the
term “region” also in nonplanar drawings. In this case, crossings are considered
to be vertices of the “map”.

2. Cyclic Permutations and Configurations

We consider the join product of the graph G* with the discrete graph D,, on n
vertices. The graph G* + D,, consists of one copy of the graph G* and n vertices
t1,t9,...,t,, Where any vertex t;, ¢ = 1,2,...,n, is adjacent to every vertex of
G*. Let T%, 1 < i < n, denote the subgraph induced by the six edges incident
with the vertex ¢;. This means that the graph 7' U---UT™ is isomorphic to the
complete bipartite graph Kg, and

G*+Dn:G*UK6,n=G*U<UTi). (1)
=1

Let D be a drawing of the graph G* + D,,. The rotation rotp(t;) of a vertex
t; in the drawing D is the cyclic permutation that records the (cyclic) counter-
clockwise order in which the edges leave t; has been defined by Hernandez-Vélez et
al. [7] or Woodall [24]. We use the notation (123456) if the counter-clockwise order
the edges incident with the vertex t; is t;vy, t;vs, t;vs, t;vs, t;v5, and t;vg. Recall
that a rotation is a cyclic permutation; that is, (123456), (234561), (345612),
(456123), (561234), and (612345) denote the same rotation. By rotp(t;), we
understand the inverse permutation of rotp(¢;). We will separate all subgraphs
T? of the graph G* + D,, into three mutually-disjoint subsets depending on how
many times the considered T? crosses the edges of G* in D. For i = 1,...,n,
Tt € Rp if crp(G*, T = 0, and T® € Sp if crp(G*,T%) = 1. Every other
subgraph T crosses the edges of G* at least twice in D. Moreover, let F* denote
the subgraph G* U T® for T* € Rp, where i € {1,...,n}. Thus, for a given
subdrawing of G* in D, any subgraph F* is exactly represented by rotp(t;).
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According to the arguments in the proof of the main Theorem 1, if we would
like to obtain an optimal drawing D of G* + D,, then the set Rp must be
nonempty. Thus, we will only consider drawings of the graph G* for which there
is a possibility to obtain a subgraph 7% whose edges do not cross the edges of G*.
Since there is only one subdrawing of its subgraph C5(G*), the remaining edges
of G* can cross the edges of C3(G*) or they cross each other in the considered
subdrawings. Hence, there are thirteen possible non isomorphic drawings of G*
which are presented in Figure 1, and their vertex notation will be justified later.

(k) 0] (m)

Figure 1: Thirteen possible non isomorphic drawings of the graph G*.
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Let us first assume a good drawing D of the graph G* 4+ D,, in which the
edges of G* do not cross each other. In this case, without loss of generality, from
the drawings in Figure 1 we can choose the vertex notation of the graph G* as
shown in Figure 1(a). Our aim shall be to list all possible rotations rotp(¢;) which
can appear in D if the edges of T% do not cross the edges of G*. Since there is
only one subdrawing of F"\ {vg, v3} represented by the rotation (1654), there are
two and three possibilities for how to obtain the subdrawing of F depending on
which region the edges t;v92 and t;v3 are placed in, respectively. These 2 x 3 =6
possibilities under our consideration are denoted by A, for p=1,...,6, and we
will call them by the configurations of corresponding subdrawings of the subgraph
F'in D. For our purposes, it does not matter which of the regions is unbounded,
so we can assume that the drawings are as shown in Figure 2.

.
v
\ \
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Veq 4
;

NVl
v;v‘vz
V]

Aq As

Figure 2: Drawings of six possible configurations from M of the subgraph F*.

In the rest of the paper, we represent a cyclic permutation by the permuta-
tion with 1 in the first position. Thus the configurations A;, As, A3z, A4, As,
and Ag are represented by the cyclic permutations (136542), (165324), (136524),
(163524), (163542), and (165342), respectively. Of course, in a fixed drawing of
the graph G*+ D,,, some configurations from M = {4, As, A3, Ay, A5, Ag} need
not appear. So we denote by Mp the set of all configurations for the drawing D
belonging to M.
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We remark that if two different subgraphs F and F7 with configurations from
Mp cross in a drawing D of G* + D,,, then only the edges of T cross the edges of
T7. Let X, Y be the configurations from Mp. We denote by crp(X,)) the num-
ber of crossings in D between T% and TV for different 7%, 77 € Rp such that F?, FJ
have configurations X, ), respectively. Finally, let cr(X,)) = min{crp(X,))}
over all good drawings of the graph G* + D,, with X,y € Mp. Our aim is to
establish cr(X,)) for all pairs X, € M. Let P; denote the inverse cyclic per-
mutation to the permutation P;, for ¢ = 1,...,120, where the list with the short
names of 6!/6 = 120 cyclic permutations of six elements is presented in Table 1
of [3]. Woodall [24] defined the cyclic-ordered graph COG with the set of vertices
V ={Py, Ps,...,Pia}, and with the set of edges E, where two vertices are joined
by the edge if the vertices correspond to the permutations P; and Pj, which are
formed by the exchange of exactly two adjacent elements of the 6-tuple (i.e.,
an ordered set with 6 elements). Hence, if dcog("rotp(t;)”, rotp(t;)”) denotes
the distance between two vertices which correspond to the cyclic permutations
rotp(t;) and rotp(t;) in the graph COG, then

CrD(Ti,Tj) > Q(rOtD(ti), I"OtD(tj)) = dcog(”rotp(ti)”,”I"OtD(tj)”) (2)

for any two different subgraphs 7% and T7, where Q(rotp(t;),rotp(t;)) has been
already defined in [3] as the minimum number of interchanges of adjacent elements
of rot p(t;) required to produce the inverse cyclic permutation of rotp(¢;). It turns
out that the property (2) is a useful tool for the establishing lower bounds for
several cases.

Now, we are ready to find the necessary numbers of crossings between sub-
graphs 7% and T7 for the corresponding configurations of F* and F7 from M.
In particular, the configurations A; and Ay are represented by the cyclic per-
mutations Pjj; = (136542) and Prs = (165324), respectively. Since Pry =
(142356) = Py, we have cr(Aj,A2) > 3 using deog(”Pi11”,” Py”) = 3. Details
have been worked out by Woodall [24]. The same reason gives cr(Aj, A3) > 5,
cr(Ar, Ag) >4, cr(Ar, As) > 5, cr( Ay, Ag) > 4, cr(Ag, A3) > 4, cr(Ag, Ay) > 5,
cr(Ag, As) > 4, cr(Agz, Ag) > 5, cr(As, Aq) > 5, cr(As, As) > 4, cr(As, Ag) > 3,
cr(Ag, As) > 5, cr(Ag, Ag) > 4, and cr(As, Ag) > 5. Moreover, by a discussion
of possible subdrawings, we can verify that cr(As, A5) > 6 and cr(As, Ag) > 4.
For any T% € Rp with the configuration Ag of F, if there is a subgraph 77,
j # i such that crp(T% T7) < 3, then the vertex t; must be placed in one of
three possible regions with three vertices of G* on its boundary in the subdraw-
ing D(F*). For all three possible placements of tj, three edges of TJ enforce at
least 4 crossings on the edges of T if the edges of the graph G* cannot be crossed
by T7, and therefore, cr(As, Ag) > 4. Similar arguments can be applied to show
that cr(As, As) > 6. Clearly, also cr(Ap, A,) > 6 for any p = 1,...,6. The
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resulting lower bounds for the number of crossings of configurations from M are
summarized in the symmetric Table 1 (here, A, and A, are configurations of the
subgraphs F* and F7, where p,q € {1,...,6}).

AT A A A A A

Ay 6 3 ) 4 ) 4
As 3 6 4 ) 4 )
As 5 4 6 ) 6 4
Ay 4 5 ) 6 ) 4
As 5 4 6 5 6 5
Ag 4 5 4 4 ) 6

Table 1: The necessary number of crossings between T and T for the configurations A, and A,.

For easier and more accurate labeling in the proofs of assertions, let us define
notation of regions in some subdrawings of G* + D,,. For T® € Rp, the unique
drawing of F* contains six regions with the vertex ¢; on its boundary. For example,
if F* has the configuration A, then let us denote these six regions by w12,
W4, W2453, W356, W3e, and w3 depending on which of vertices are located on
the boundary of the corresponding region.

3. The Crossing Number of G* + D,

Two vertices t; and t; of G* + D,, are antipodal in a drawing of G* + D, if
the subgraphs 7% and 79 do not cross. A drawing is antipode-free if it has no
antipodal vertices. The following statements related to some restricted drawings
will be helpful in proving the main theorem.

Lemma 1 ([3], Lemma 3.1). Let D be a good and antipode-free drawing of G* +
Dy, n > 2. Let 2|Rp| + |Sp| > 2n — 2| 2| and let T, T? € Rp be two different
subgraphs with crp(T* U T7) > 4. If both conditions

carp(G*UT UT!, T > 10 for any T' € Rp \ {T",T7}, (3)
ap(GrUT UTI T > 7 forany T" € Sp  (4)
hold, then there are at least GL%J L%_IJ + QL%J crossings in D.

Let us first note that if D is a good and antipode-free drawing of G* + D,
with the vertex notation of the graph G* in a way shown in Figure 1(a), and
T € Rp such that F' = G* U T" has some configuration A, € Mp, then
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crp(G* U T, T > 2 holds for any T', [ # i, see Figure 2. Therewith, there are
possibilities of an existence of a subgraph T* € Sp with crp (7%, T*) = 1 only for
the case of the configuration A; of F.

Lemma 2. Let D be a good and antipode-free drawing of G* + Dy, n > 2, with
the vertex notation of the graph G* in a way shown in Figure 1(a). Let T* € Rp
be a subgraph such that F' has configuration Ay € Mp. If there is a subgraph
TF € Sp with crp(T?, T*) = 1, then

a) crp(G*UT UTF, TY > 8 for any subgraph T' € Sp, | # k with respect to

the restriction crp (T, TY) = 1;

b) crp(G*UT UTF TY > 7 for any subgraph T' € Rp, | # i;

¢) ecrp(G*UT UTF TY > 7 for any subgraph T' € Sp with crp(T%, T') > 2;

d) crp(G*UTUTF TY > 7 for any subgraph T' ¢ Rp U Sp.

Proof. Let us assume the configuration A; of F?, and remark that it is
represented by the cyclic permutation Pyj; = (136542).

a)

The unique drawing of F* contains six regions with the vertex ¢; on their
boundaries, see Figure 2. If there is a subgraph T* € Sp with crp (7%, T*) =
1, then the vertex t, must be placed in the pentagonal region of D(F?)
with four vertices of G* on its boundary, i.e., t; € wa453. This enforces
that the edge vous of the graph G* must be crossed by the edge txv, and
crp(T?, T*) = 1 only for the subgraph T* with rotp(t) = (124653) = Pro.
Then, crp(T*, T') > 6 holds for any T' € Sp, | # k with respect to the
restriction crp(T%, T') = 1, because rotp(t;) = rotp(t;), for more see also
Woodall [24]. Hence, crp(G*UT UTF TY) > 1+ 1+ 6 = 8 is fulfilled for
such a subgraph T".

Let us assume that 7' € Rp, [ # i, with the configuration A, € Mp of
F! for some p € {1,...,6}. Since any subgraph F' is exactly represented
by rotp(t;), then the lower bounds of crp(T*, T') can be defined by the
property (2). The resulting lower bounds of number of crossings for such
a graph TF UT" are given in the second column of Table 2. The values in
the first column of Table 2 are given by the lower bounds from the first
column of Table 1. The smallest value in the last column of Table 2 gives
the required minimum number of crossings, because T* does not cross the

edges of G*.
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’ conf(F") H crp(T?, TY) ‘ crp(TF, TY) ‘ crp(TPUTF, T ‘
Aq 7
Ay
Aj
Ay
As
Ag 3
Table 2: All possibilities of F' for T' € Rp with crp(T*, T*)

DO QO DNO| | =

| O | O W Oy

7
7
7
7
7
=1,and T" € Sp.

¢) Let T® € Sp be a subgraph with crp(T% T%) = 1, i.e., the subdrawing
of F¥ is represented by Prg = (124653). If we still assume a T € Sp
such that crp(T% T') = 2, then the vertex ¢; is also placed in the region of
D(F*) with four vertices of G* on its boundary, i.e., t; € wo.4,53. It is not
hard to verify that rotp(¢;) is either Pgy = (142653) or P37 = (124635) or
P117 = (146532) or P71 = (156324) NOW, using P779 = (135642) = Pl()g,
dcoa("Po”,” Piog”) = dcoa(”"Ps7”,” Piog”) = dcoa(” Piir”,” Pios”) = 5,
and dcog("Pr”,” Plog”) = 3, we see that crp(T*,T') > 5 trivially holds
for the first three possibilities. The subdrawing of G*UT*UT*UT" should be
used for the last one, and therefore, crp(G*UT!UTF T > 14245 =8,
We can apply the same idea for the case of ch(Tk,T l) < 2. Clearly, if
crp(T%, TY > 3 and crp(T*,T') > 3, we obtain the desired result crp(G* U
T'UTF,TH>1+34+3=T.

d) Let T! be any subgraph by which the edges of G* are crossed at least twice.
As crp(Kg3) > 6 and crp(T% T*) = 1, the edges of T° U T* are crossed at
least five times by the edges of T, which yields that crp(G*UT*UT* T?) >
24+5="1. <

Lemma 3. Let D be a good and antipode-free drawing of G* + D,,, n > 2, with
the vertex notation of the graph G* in a way shown in Figure 1(a). Let T* € Rp
be a subgraph such that F* has configuration A, € Mp, p € {1,2,3,5}. If there
is a subgraph T* € Sp with crp(T%, T*) = 2, then

a) crp(G*UT*UTF, TY > 7 for any subgraph T' € Sp, 1 # k with respect to
the restriction crp(T%, TY) = 2;

b) cep(G*UT UTF TY > 7 for any subgraph T' € Sp with crp (T, TY) > 3.

Proof. Let us consider the configuration A, of F, and note that it is repre-
sented by the cyclic permutation Pro = (165324).
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a) We can follow the similar arguments as in the proof in Lemma 2. The unique
drawing of F* contains six regions with the vertex t; on their boundaries,
see Figure 2. If there is a T% € Sp with crp(T%, T*) = 2, then the vertex
t, must be placed in the quadrangular region of D(F?) with three vertices
of G* on its boundary, i.e., t; € wi3e. This forces that no edge of the
graph G* can be crossed by the edge t;v4, and crp(T?, T*) = 2 only for
T* with either rotp(t) = (123654) = Pss or rotp(t) = (135642) = Pigg
if the edge v1v3 or v3vg is crossed by the edge trve or trvs, respectively.
Using Pigg = (124653) = Prg, and dcog(”Pss”,” Prg”) = 4 we obtain
crp(G*UT'UTF, TY) > 1+2+4 = 7 for any subgraph T' € Sp, | # k with
crp(T T = 2.

b) Let T* € Sp be a subgraph with crp (7%, T%) = 2, i.e., the subdrawing of F*
is represented by either Ps; = (123654) or Pjg9 = (135642). Without loss
of generality, let us assume that rotp(tz) = (123654). If there is a T' € Sp
with ch(Tk, T') = 1, then the vertex t; must be placed in the pentagonal
region of D(F¥) with four vertices of G* on its boundary. Hence, the
subgraph F! must be represented by the cyclic permutation Pr; = (156324).
Since Pr; = (142365) = Pug, the distance doog(” Pes”,” Pry”) = 5 implies
crp(T, T > 5. Thus, crp(G*UT'UTF, T') > 14+5+1 = 7. Further, let us
assume that crp(T%,T') > 2 for any T' € Sp. Since the case crp(T%, T') >
4 implies crp(G*UT*UT*, T?) > 14+4+2 = 7, let us consider a subgraph 7"
with ch(Ti, Tl) = 3. Hence, the vertex ¢; must be placed in the region wq 36
of the unique subdrawing of F?. Consequently, we have crp(T*, T!) > 3,
ie,crp(G*UT' UTF, TH >14+3+3=T1.

Since we are able to use the similar arguments for the remaining configurations
A1, Az and As of F?, this completes the proof of Lemma, 3. <

Corollary 1. Let D be a good and antipode-free drawing of G* + Dy, for n > 2,
with the vertex notation of the graph G* in a way shown in Figure 1(a). If
T¢, TV € Rp are different subgraphs such that F*, F7 have different configurations
from any of the sets {As, A3} and { Az, As}, then

ch(TiUTj,Tk) >6 for any T € Sp,

i.e.,
cap(GFUT UT!, TF > 7 for any T € Sp.

Moreover, if there is no T* € Sp with crp(T*, T*) = 1 for each T* € Rp with the
configuration Ay € Mp of F*, then the same result is true for the pair {A;, As}.
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Proof. Let us assume the configurations Ay of F? and Az of 7. If there
is a subgraph T% € Sp with crp(T% T*) = 2, then the subgraph F* can be
represented only by the cyclic permutation either Ps; = (123654) or Pig9 =
(135642). Note that the configuration As is represented by Pgg. Using Pgg =
(142563) = P74, and dCOG'(”P55”,”P74”) = dco@(”Pl()gﬂ,”Pm”) = 4 we obtain
crp(T7,TF) > 4. Hence, crp(G*UT UTH, T*) > 142+ 4 = 7. We can apply
the same idea for the case where there is a T* € Sp with crp(T7,T%) = 2. Let us
assume that crp (7%, T%) > 3, and crp (77, T*) > 3 for any T* € Sp. This enforces
that, crp(G*UT'UTJ, T*) > 1+43+3 = 7 trivially holds for any 7% € Sp. The sim-
ilar arguments can be used for the remaining pairs of configurations, and this com-
pletes the proof of Corollary 1. <

We have to emphasize that, in Corollary 1, the assumption crp (7% T*) > 2
for any Tk € Sp and each T € Rp with the configuration 4; € Mp of F' is
inevitable. For T* € Sp and for T € Rp with the configuration Ay of 7, the
reader can easily find a subdrawing of G* UT*UT’ UT* in which crp(T%, TF) = 1
and crp(T7,T%) = 4, that is, crp(G*U T U T, T*) = 6.

Figure 3: The good drawing of G* + D,, with GLgJ L%J + 2L%J crossings.

Theorem 1. Ifn > 1, then cr(G* + Dy,) = 6L%J ["T_IJ + 2{%

Proof. In Figure 3, the edges of Kg,, cross each other 6L%J L”T_IJ times, each
subgraph T%, i =1,. .., [%W on the left side does not cross the edges of G* and each
subgraph T%, i = {%1 +1,...,n on the right side crosses the edges of G* exactly
twice. Thus, cr(G* + D,,) < 6|2 || 25| +2|2]. We prove the reverse inequality
by induction on n. The graph G* 4+ D; is planar; hence, cr(G* + D1) = 0. It is

clear from the possibility of adding a subgraph T* € Sp with two crossings into
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the subdrawing of A; in Figure 2 that cr(G* + D3) < 2. The graph G* 4+ D»
contains a subdivision of K3 4, and therefore cr(G*+D3) > 2. So, cr(G*+Ds) = 2
and the result is true for n = 1 and n = 2. Suppose now that, for some n > 3,
there is a drawing D with

ot o <ol 3252 4ol g
and that
cr(G*+ Dy,) =6 {%J VnT_lJ +2 L%J for any integer m <n.  (6)

We claim that the considered drawing D must be antipode-free. For a contra-
diction, suppose that crp(T%,T') = 0 for two different subgraphs T% and T*. If
at least one of T* and T', say T*, does not cross G*, it is not difficult to verify in
Figure 1 that 7! must cross G* UT* at least twice, that is, crp(G*, TFUT!) > 2.
By [11], we already know that cr(Ks3) = 6, which yields that any T™, m # k[,
crosses the edges of the subgraph T% U T' at least six times. So, the number of
crossings of G* + D,, in D is given by

crp (G* + Dp_9) + crp(Kepn_o, TFUTY + crp(G*, TF UTY) + crp(TF U TY)

0|75 2l 252 2= 3752 w2l

This contradicts the assumption (5) and confirms that D is antipode-free.
Moreover, if r = |Rp| and s = |Sp|, the assumption (5) together with the well-

known fact cr(Ke,) = 6] % ]| 25| imply that in D:

crp(G*)+ Z crp(G*, T%) + Z crp(G*, T%) + Z ch(G*,Ti)<2LEJ,

TeRp T:eSp Ti¢RpUSp 2
ie.,
ch(G*)+0r+s+2(n—r—s)<2{2J. (7)

This readily enforces that 2r4+s > 2n—2 L%J and r > n—r—s, thatis, r > 1,
and so there is at least one subgraph 7* whose edges do not cross the edges of
G*. Now, for T" € Rp, we will discuss the existence of possible configurations
of subgraph F* = G* UT" in the drawing D and we show that in all cases the
contradiction with the assumption (5) is obtained.

Case 1: crp(G*) = 0. Without loss of generality, we can choose the vertex
notation of the graph G* in a way shown in Figure 1(a). We deal with the
following possibilities for the nonempty set of configurations Mp.
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Let us first consider that A; € Mp, and let also for some 7% € Rp with the
configuration A; of F* there be a subgraph T% € Sp such that crp(T%, T*) = 1.
By Lemma 2, we already know that the subgraph T* is uniquely represented by
rotp(ty) = (124653). Let us denote Sp(T?) = {T* € Sp : crp(T%, T*) = 1}, and
s1 = |Sp(T?)|. Note that Sp(T?) is a subset of Sp and 1 < s; < s. Then, by
fixing the graph G* UT* UT* and using the lower bounds in Lemma 2, we have

CI"D<G* + Dn) = CFD(K(;’”_Q) + CI‘D(K@"n_Q, G*UT U Tk) + CI"D(G* uT' U Tk)

26\‘”2 JL”2 J—|—7(T—1)—|—8(81—1)—1—7(3_51)4_7(”_74_8)_‘_2
n—2pn-3 n—211n—3

i 2o [T r

GL 2 H 2 J+7”+31 326 S| 113
niin—1 n
2o[3) [ +2[3]
S R

This contradicts the assumption of D. Now, suppose that for any T% € Sp,

crp(TY, T*%) > 2 holds for each T® € Rp with the configuration A; € Mp of F'.

2)

A, € Mp for some p € {4,6}. Without loss of generality, let us assume
that T™ € Rp with the configuration either A4 or Ag of F™. Only for these
two subcases, the reader can easily verify in seven possible regions of D(F™)
that crp(G* U T", T") > 4 is true for any subgraph T%, k # n. Thus, by
fixing the subgraph G* UT", we have

an@ 0y o 5252 v w02 |75 3]

This confirms a contradiction with the assumption in D, and therefore, we
can suppose that A, & Mp for any p = 4,6 in all following cases.

{A1, A2} € Mp. Without loss of generality, let us consider two subgraphs
T"=1, T" € Rp such that F"~! and F™ have different configurations A1, As,
respectively. Then, crp(G*UT™~1UT™, T?) > 9is true for any 7% € Rp with
1 # n — 1, n by summing the values in the first two rows for each column of
Table 1, and crp(G*UT™*UT™, T*) > 7 holds for any subgraph T* € Sp by
Corollary 1. Moreover, crp(T" 1 UT™, T%) > 4 is fulfilled for any subgraph
T* with i # n — 1,n according to the properties of the cyclic permutations.
Since crp(T™" 1 UT™) > 3, then by fixing the graph G* U T~ ! UT", we
have

n—2J[n—3

crp(G* + Dy) > 6{ 5 >

J+9(r72)+7s+6(n77"75)+3
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—2|n-3
:GVL2 an J—|—6n+r+(2r+s)—15

_9 _
26L”2 H”23J+6n+1+2n72gJ+1—15

> o[ 3] ["5] +2[3)

This also contradicts the assumption of D.

c) {A1, A2} € Mp. Here, two subcases may occur:

1. {A2, A3} C Mp or {Az, As} C Mp. Without loss of generality, let us
consider two subgraphs 7", T™ € Rp such that F"~! and F™ have
different configurations As, As, respectively. The condition (3) is true
by summing the values in all remaining columns in the corresponding
two rows of Table 1, and the condition (4) holds by Corollary 1. Thus,
all assumptions of Lemma 1 are fulfilled. Due to the symmetry of the
configurations, we are able to use the same arguments for the case of

As of Fn=1 and As of F™.

2. {A2, A3} € Mp and {As, A5} € Mp. In this case, we discuss
simultaneously either Mp = {A,} for only one ¢ € {1,2,3,5} or
{A,, A;} € Mp for some different p,q € {1,3,5}. Without loss of
generality, we can assume the configuration A4, € Mp of F™. Let us
denote Sp(T™) = {T* € Sp : crp(T™, T*) = 2}, and sy = |Sp(T™)|.
Remark that Sp(T") is a subset of Sp and s < s. If the set Sp(T™")
is empty, then by fixing the graph G* UT™", we have

ch(G*Jan)ZGLn;l“n;QJ F5(r—1)+4ds+3(n—1—s)+0

o35

zﬁ{”_lﬁngﬂ+3n+2n—2PJ+1—5

>o[3] "5+

*[3)

In addition, let 7% be a subgraph from the nonempty set Sp(7T").
Since all rotations rotp(ty) for A; are different from the intended
rotp(ty) for Az and As, we have crp(G*UT" UTF, T") > 642 =38
or crp(G*UTPUTK TP > 543 =8 for any T" € Rp, i # n. By
Lemma 3, crp(G* U TP U T, T%) > 7 is fulfilled for any 7% € Sp,

J+3n+(2r+s)—5
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i # k. Moreover, crp(G* UT" UTF T?) > 2+ 4 = 6 holds for any
T ¢ RpUSp. Since n—r—s < r—1, by fixing the graph G*UT™UT*,
we have

6VL;QJ L”;?’J F8(r— 1)+ T(s3— 1)+ (5 — 53) + 6(n— 7 — 5) + 3

EG{H;QJ Ln;?)J +7(r—=1)4+7(sa—1)+7(s—s2)+7(n—r—s)+3

o752 [25 7 o=l [25 of3)

All these subcases confirm a contradiction with the assumption in D.

Case 2: crp(G*) > 1. In all considered subdrawings of the graph G*, without loss
of generality, we can choose the vertex notation of the graph G* in a way shown
in Figure 1(b) — (m). In all cases without the subdrawing of G* as in Figure 1(h),
there are one or two or three or four configurations, and for T € Rp, one can
easily verify in all possible regions of D(F?) that crp(G* U T% T*) > 4 holds for
any subgraph T*, k # i. Hence, by fixing the subgraph G* U T", we have

ch(G*Jan)EGLn;lHn;QJ +4(n—1)+126gJ L”;lJ +2{%J.

Finally, for the subdrawing of G* as in Figure 1(h), there are three configurations
denoted by H;, Ho and Hs, and they are represented by the cyclic permutations
(146532), (146352) and (143652), respectively. Of course again, in a fixed drawing
of the graph G* + D,,, some configurations from N = {Hj, Hs, H3} need not
appear. So, we denote by Np the subset of N consisting of all configurations
that exist in the drawing D. If H, € Np for some p € {2,3}, then we are able to
apply the same idea as in the previous subdrawings provided that, for 7% € Rp
with the configuration H,, of F*, the edges of G* UT" are crossed at least four
times by edges of each subgraph T%, k # 4. In case of Np = {#H;}, we have to
consider the same two possibilities as in the last subcase of Case 1 according to
the possibility of an existence of a subgraph T% € Sp with ch(Ti,Tk) = 2 for
the configuration H; of F".

Thus, it was shown in all mentioned cases that there is no good drawing D
of the graph G*+ D,, with fewer than 6 L%J L%J +2 L%J crossings, and the proof of
Theorem 1 is done. <
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4. Three Other Graphs

Finally, in the drawing in Figure 3, we are able to add the edges v4v5 and vsvg
to the graph G* without additional crossings, and we obtain three new graphs G;
fori =1,2,3 in Figure 4. Therefore, the drawings of the graphs G1+D,,, Ga+ D,
and Gs+ D,, with 6 L%J L"T_lj +2 L%J crossings are obtained. On the other hand,
G*+ D,, is a subgraph of each G; + D,,, and therefore, cr(G; + Dy,) > cr(G*+ D,,)
for any ¢ = 1,2,3. Thus, the following result is obvious.

Corollary 2. Ifn > 1, then cr(G;+ D,,) = 6L%J L”TAJ +2L%J, where i = 1,2, 3.

O

Figure 4: Three graphs G1, G2, and G3 by adding new edges to the graph G*.

Remark that the crossing numbers of the graphs Go + D,, and G5 + D,, were
already obtained in [20] also using the vertex rotation. Furthermore, in the
drawing in Figure 3, it is possible to add n — 1 edges, which form the path P,,
n > 2 on the vertices of D,, without another crossing. Thus, the following result
is also obvious.

Theorem 2. Ifn > 2, then cx(G* + B,) = cr(G1 + P,) = 6L%J VT_IJ + ZL%J .

Acknowledgement

The author thanks the referees for very careful readings and many constructive
comments to improve the quality of the paper.

References

[1] K. Asano, The crossing number of K13, and K3y, J. Graph Theory, 10(1),
1986, 1-8.

[2] S. Berezny, J. Busa, Jr., Algorithm of the Cyclic-Order Graph Program (Im-
plementation and Usage), J. Math. Model. and Geometry, 7(3), 2019, 1-8.



96

[3]

[10]

[11]

[12]

[13]

[14]

[15]

M. Stas

S. Berezny, M. Stas, Cyclic permutations and crossing numbers of join prod-
ucts of symmetric graph of order siz, Carpathian J. Math., 34(2), 2018,
143-155.

S. Berezny, M. Stas, Cyclic permutations and crossing numbers of join prod-
ucts of two symmetric graphs of order siz, Carpathian J. Math., 35(2), 2019,
137-146.

K. Clancy, M. Haythorpe, A. Newcombe, A survey of graphs with known or
bounded crossing numbers, Australasian J. Combin., 78(2), 2020, 209-296.

M.R. Garey, D.S. Johnson, Crossing number is NP-complete, SIAM J. Alge-
braic. Discrete Methods, 4(3), 1983, 312-316.

C. Hernandez-Vélez, C. Medina, G. Salazar, The optimal drawing of Ks p,
Electronic Journal of Combinatorics, 21(4), § P4.1, 2014, 29 pp.

P.T. Ho, The crossing number of K113y, Ars Combinatoria, 99, 2011, 461-
471.

P.T. Ho, The Crossing Number of Ks4,, Ars Combinatoria, 109, 2013,
527-537.

Y. Huang, T. Zhao, The crossing number of Ki 4, Discrete Math., 308(9),
2008, 1634-1638.

D.J. Kleitman, The crossing number of K5 ,,, J. Combinatorial Theory, 9(4),
1970, 315-323.

M. Klese, The Join of Graphs and Crossing Numbers, Electron. Notes in
Discrete Math., 28, 2007, 349-355.

M. Kles¢, The crossing numbers of join of the special graph on sixz vertices
with path and cycle, Discrete Math., 310(9), 2010, 1475-1481.

M. Kles¢, D. Kravecové, J. Petrillova, The crossing numbers of join of spe-
cial graphs, Electrical Engineering and Informatics 2: Proceeding of the Fac-
ulty of Electrical Engineering and Informatics of the Technical University of
Kosice, 2011, 522-527.

M. Kles¢, E. Drazenskd, The crossing numbers of products of the graph Ks 2 o
with stars, Carpathian J. Math., 24(3), 2008, 327-331.



[16]

On the Crossing Numbers of Join Products of Four Graphs 97

M. Kles¢, S. Schrétter, The crossing numbers of join of paths and cycles with
two graphs of order five, Combinatorial Algorithms, Springer, LNCS, 7125,
2012, 160-167.

M. Kles¢, S. Schrétter, The crossing numbers of join products of paths with
graphs of order four, Discuss. Math. Graph Theory, 31(2), 2011, 321-331.

M. Klese, M. Stas, Cyclic permutations in determining crossing numbers,
Discuss. Math. Graph Theory, 2020, [to appear]

Z. Ouyang, J. Wang, Y. Huang, The crossing number of join of the gen-
eralized Petersen graph P(3,1) with path and cycle, Discuss. Math. Graph
Theory, 38(2), 2018, 351-370.

M. Sta8, On the crossing numbers of join products of five graphs of order siz
with the discrete graph, Opuscula Math., 40(3), 2020, 383-397.

M. Stas, Determining Crossing Numbers of the Join Products of Two Specific
Graphs of Order Siz With the Discrete Graph, Filomat, 34(9), 2020, 2829-
2846.

M. Stas, On the crossing number of join product of the discrete graph with
special graphs of order five, Electron. J. Graph Theory Appl., 8(2), 2020,
339-351.

M. Sta8, On the Crossing Numbers of the Joining of a Specific Graph on Siz
Vertices with the Discrete Graph, Symmetry, 12(1), 2020, 135.

D.R. Woodall, Cyclic-order graphs and Zarankiewicz’s crossing number con-
jecture, J. Graph Theory, 17(6), 1993, 657-671.

Michal Stas

Department of Mathematics and Theoretical Informatics, FEEI TUKE
Letnd 9, 042 00 Kogice, Slovak Republic

E-mail: michal.stas@tuke.sk

Received 06 November 2019
Accepted 30 June 2021



