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On the Existence and Uniqueness of Generalized
Solutions of Second Order Partial
Operator-Differential Equations

H.I. Aslanov∗, R.F. Hatamova

Abstract. In this paper, we consider the existence and uniqueness of the generalized
solution of a second order partial operator-differential equation in Hilbert space. To this
end, at first we prove lemmas on possibility of continuation of some functional generated
by the minor terms of the equation on all the Hilbert space. Then we prove a theorem on
the existence of a unique generalized solution of a binomial non-homogeneous equation.
Using this theorem we prove the existence and uniqueness of the generalized solution of
the given operator-differential equation.
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1. Introduction

This paper is dedicated to the existence and uniqueness of the generalized
solution of second order partial linear operator-differential equations in Hilbert
space. This theory dates back to the works by E.Hille, K.Iosida, S.Agmon, R.Lax
and others, where theorems on the existence of the solutions of equations with
unbounded operator coefficients in Hilbert and Banach spaces have been obtained.

The foundation for theory of solvability of linear operator-differential equa-
tions in the case where the number of independent variables n = 1 was laid in
the books of S.G.Krein [9], S.Ya.Yakubov [21], in the papers of B.A.Plamenevsky
[20], V.G.Mazya and B.A.Plamenevsky [19], Yu.A.Dubinsky [8], M.G.Gasymov
[7], V.K.Romanko [10], S.S.Mirzoyev [15], A.A.Shkalikov [22], A.R.Aliyev [1] and
others.
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Compared to ordinary operator-differential equations, there are not enough
papers on the investigation of solvability of partial operator-differential equations
in Hilbert spaces.

The solvability of boundary value problems for some classes of degener-
ate partial operator-differential equations was considered by V.B.Shakhmurov
[23,24], V.B.Shakhmurov and Azad A.Babayev [25], where theorems on continu-
ity, on compactness and quasi-nuclearity of the imbedding operator in abstract
anisotropic spaces have been proved.

The obtained imbedding theorems allow to consider a coercive solvability of
a new class of strongly degenerate partial differential-operator equations.

Unique, normal and Fredholm solvability and asymptotic behavior of solutions
of higher order partial operator-differential equations in Hilbert space are studied
by G.I.Aslanov in [3-6]. Theorems on multiple completeness of the system of eigen
and associated elements of such operators are proved.

The obtained abstract theorems on the existence of solutions of operator-
differential equations are applied to the existence of solutions of the Dirichlet
problem and the Neumann problem for second order elliptic equations in infinite
multidimensional layer type domains.

Regular solutions of second order operator-differential equations were con-
sidered in the papers of S.S.Mirzoyev and N.F.Ismailov [17], S.S. Mirzoyev and
N.M. Suleymanov [18]. Generalized solutions of fourth order operator-differential
equations were studied in [16]. Well-defined solvability of a class of second order
partial operator-differential equations were considered in [11,12].

Let H be a Hilbert space, C be a positive-definite self-adjoint operator with
domain of definition D(C). Then for γ ≥ 0 the domain of definition Hγ of
the operator Cγ becomes a Hilbert space with respect to the scalar product
(x, y)γ = (Cγx,Cγy) , x, y ∈ D (Cγ). For γ = 0 we assume H0 = H.

Let D (Rn, H2) be a linear set of infinitely differentiable functions with com-
pact supports with the values in H2 [14]. Suppose that W 1

2 (Rn, H) is a comple-
tion of the set D (Rn, H2) with the norm

‖u‖W 1
2 (R

n;H) =

(
n∑
k=1

∥∥∥∥∂u(x)

∂xk

∥∥∥∥2
L2(Rn;H)

+ ‖Cu‖2L2(Rn;H)

)1/2

.

Here L2 (Rn;H) is a Hilbert space of vector-functions f(x) =
f (x1, x2, . . . , xn) , defined almost everywhere in Rn with the values in H with
the norm

‖f‖L2(Rn;H) =

(∫
Rn

‖f (x1, x2, . . . , xn)‖2H dx1dx2 . . . dxn
)1/2

.
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In space H we consider the equation

−
n∑
k=1

ak
∂2u(x)

∂x2k
+ C2u(x) +

n∑
k=1

Rk
∂u(x)

∂xk
+ Tu(x) = f(x), (1)

where Rk (k = 1, 2 . . . n) and T are linear, in general, unbounded operators,
ak > 0 (k = 1, 2 . . . n) ..

The goal of the present paper is to prove the existence and uniqueness of the
generalized solution of equation (1) in the space W 1

2 (Rn, H).

2. Auxiliary lemmas on continuation of bilinear functional

As can be seen, equation (1) is a second order equation. The solution of this
equation in the space W 1

2 (Rn, H), must be defined in a suitable way so that it
would make sense. Therefore, below we define the generalized solution of equation
(1).

To this end, we first introduce the following expressions in D (Rn, H2):

L0u = −
n∑
k=1

ak
∂2u(x)

∂x2k
+ C2u, u(x) ∈ D (Rn;H2) ,

L1u =

n∑
k=1

Rk
∂u(x)

∂xk
+ Tu(x), u(x) ∈ D (Rn;H2) ,

and
Lu = L0u+ L1u, u(x) ∈ D (Rn;H2) .

Assume that the vector-function ψ(x) = ψ (x1, x2, . . . xn) ∈ D (Rn;H2), and
consider the bilinear functional (L1u, ψ)L2(Rn,H) , defined at first in the space
D (Rn;H)⊕D (Rn;H), i.e. u ∈ D (Rn;H) , ψ ∈ D (Rn;H) .

Now we show the conditions on the coefficients Rk (k = 1, 2, . . . n) and T that
provide possibility of continuous continuation of the functional (L1u, ψ)L2(Rn;H)

from D (Rn;H)⊕D (Rn;H) to the whole space W 2
2 (Rn;H)⊕W 2

2 (Rn;H).
We have the following lemma.

Lemma 1. Let C be a positive-definite self-adjoint operator, the operators Qk =
RkC

−1 (k = 1, 2, . . . n) and F = C−1TC−1 be bounded in H.
Then the bilinear functional (L1u, ψ)L2(Rn,H) , defined on the linear set

D (Rn;H) ⊕ D (Rn;H) continues up to the bilinear functional L1 (u, ψ) , acting
on the space W 2

2 (Rn;H)⊕W 2
2 (Rn;H), where

L1 (u, ψ) =

n∑
k=1

(Rku, ψ)L2(Rn;H) + (Tu, ψ)L2(Rn;H) (2)
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Proof. For u ∈ D (Rn;H) , ψ ∈ D (Rn;H) we have:

(L1u, ψ)L2(Rn;H) =

=

(
n∑
k=1

Rk
∂u

∂xk
+ Tu, ψ

)
L2(Rn;H)

= −
n∑
k=1

(
Rku,

∂ψ

∂xk

)
L2(Rn;H)

+(Tu, ψ)L2(Rn;H) =

= −
n∑
k=1

(
RkC

−1Cu,
∂ψ

∂xk

)
L2(Rn;H)

+
(
C−1TC−1Cu,Cψ

)
L2(Rn;H)

(3)

For k = 1, 2, . . . n we have:∣∣∣∣∣
(
−RkC−1Cu,

∂ψ

∂xk

)
L2(Rn;H)

∣∣∣∣∣ ≤ ∥∥RkC−1
∥∥ · ‖Cu‖L2(Rn;H) ·

∥∥∥∥ ∂ψ∂xk
∥∥∥∥
L2(Rn;H)

and∣∣∣(C−1TC−1Cu,Cψ
)
L2(Rn;H)

∣∣∣ ≤ ∥∥C−1TC−1
∥∥ · ‖Cu‖L2(Rn;H) · ‖Cψ‖L2(Rn;H)

Hence∣∣∣∣∣
(
−RkC−1Cu,

∂ψ

∂xk

)
L2(Rn;H)

∣∣∣∣∣ ≤ 1

2
‖Qk‖

(
‖Cu‖2L2(Rn;H) +

∥∥∥∥ ∂ψ∂xk
∥∥∥∥2
L2(Rn;H)

)
(4)

and∣∣∣(C−1TC−1Cu,Cψ
)
L2(Rn;H)

∣∣∣ ≤ 1

2
‖F‖

(
‖Cu‖2L2(Rn;H) + ‖Cψ‖2L2(Rn;H)

)
(5)

From equality (3) with regard to inequalities (4) and (5) we get:∣∣∣∣∣−
n∑
k=1

(
Rku,

∂ψ

∂xk

)
L2(Rn;H)

+ (Tu, ψ)L2(Rn;H)

∣∣∣∣∣ ≤
≤

n∑
k=1

1

2
‖Qk‖

(
‖Cu‖2L2(Rn;H) +

∥∥∥∥ ∂ψ∂xk
∥∥∥∥2
L2(Rn;H)

)
+

+
1

2
‖F‖

(
‖Cu‖2L2(Rn;H) + ‖Cψ‖2L2(Rn;H)

)
≤

≤ const ·
(
‖u‖2W 1

2 (R
n;H) + ‖ψ‖2W 1

2 (R
n;H)

)
. (6)
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Hence it follows that the bilinear functional (L1u, ψ)L2(Rn;H) can be continuously

continued from D (Rn;H) ⊕ D (Rn;H) to W 1
2 (Rn;H) ⊕ W 1

2 (Rn;H) since the
linear set D (Rn;H2) is dense in the space W 1

2 (Rn;H) [see 14].
Lemma 1 is proved. J

A similar estimate of the form (6) may be obtained for the bilinear functional

(L0u, ψ) =

(
−

n∑
k=1

ak
∂2u

∂xk
+ C2u, ψ

)
=

=
n∑
k=1

ak

(
∂u

∂xk
,
∂ψ

∂xk

)
L2(Rn;H)

+ (Cu,Cψ)L2(Rn;H)

defined in D (Rn;H)⊕D (Rn;H):∣∣∣(L0u, ψ)L2(Rn;H)

∣∣∣ ≤ n∑
k=1

ak

∥∥∥∥ ∂u∂xk
∥∥∥∥
L2(Rn;H)

∥∥∥∥ ∂ψ∂xk
∥∥∥∥
L2(Rn;H)

+

+ ‖Cu‖L2(Rn;H) · ‖Cψ‖L2(Rn;H) ≤
n∑
k=1

1

2
ak

∥∥∥∥ ∂u∂xk
∥∥∥∥2
L2(Rn;H)

+

+
n∑
k=1

1

2
ak

∥∥∥∥ ∂ψ∂xk
∥∥∥∥2
L2(Rn;H)

+
1

2
‖Cu‖2L2(Rn;H) +

1

2
‖Cψ‖2L2(Rn;H) ≤

≤ const
(
‖u‖2W 1

2 (R
n;H) + ‖ψ‖2W 1

2 (R
n;H)

)
(7)

Hence it follows that the bilinear functional (L0u, ψ)L2(Rn;H) can also be con-

tinuously continued from D (Rn;H) ⊕ D (Rn;H) to W 1
2 (Rn;H) ⊕W 1

2 (Rn;H).
As a result we get:

Lemma 2. Subject to the condition of Lemma 1, the bilinear functional
(Lu, ψ)L2(Rn;H) = (L0u, ψ)L2(Rn;H) + (L1u, ψ)L2(Rn;H) may be continuously con-

tinued from the linear set D (Rn;H) ⊕ D (Rn;H) to W 1
2 (Rn;H) ⊕W 1

2 (Rn;H)
in the following way:

L (u, ψ) = L0 (u, ψ) + L1 (u, ψ)

where

L0 (u, ψ) =

n∑
k=1

ak

(
∂u

∂xk
,
∂ψ

∂xk

)
L2(Rn;H)

+ (Cu,Cψ)L2(Rn;H) (8)

L1 (u, ψ) = −
n∑
k=1

(
Rku,

∂ψ

∂xk

)
L2(Rn;H)

+ (Tu, ψ)L2(Rn;H) (9)
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We now can give the definition of the generalized solution of equation (1).

Definition 1. If for any f(x) ∈ L2 (Rn;H) there exists a vector-function u(x) ∈
W 1

2 (Rn;H), satisfying the relation

L (u, ψ) = L0 (u, ψ) + L1 (u, ψ) = (f, ψ)L2(Rn;H)

for any ψ ∈ W 1
2 (Rn;H), then u(x) is called a generalized solution of equation

(1).

Now let’s prove the following theorem.

Theorem 1. Let C be a positive-definite self-adjoint operator. Then for any
f(x) ∈ L2 (Rn;H) the equation

L0u = −
n∑
k=1

ak
∂2u

∂x2k
+ C2u = f(x) (10)

has a unique generalized solution.

Proof. Let f(x) = f (x1, x2, . . . , xn) ∈ L2 (Rn;H) . Then it is easy to see that

u0(x) =

1

(2π)n/2

∫
Rn

(
n∑
k=1

akξ
2
k + C2

)−1

f̂ (ξ1, ξ2, . . . ξn) ei(x1ξ1+x2ξ2+···+xnξn)dξ1dξ2 . . . dξn

belongs to the space W 1
2 (Rn;H) and

L0 (u0, ψ) =

n∑
k=1

ak

(
∂u0
∂xk

,
∂ψ

∂xk

)
L2(Rn;H)

+ (Cu,Cψ)L2(Rn;H) = (f, ψ)

is fulfilled. Indeed,

(L0u0, ψ)L2(Rn;H) =

(
−

n∑
k=1

ak
∂2u0
∂x2k

, ψ

)
L2(Rn;H)

+
(
C2u0, ψ

)
L2(Rn;H)

=

=
n∑
k=1

ak

(
∂u0
∂xk

,
∂ψ

∂xk

)
L2(Rn;H)

+ (Cu,Cψ)L2(Rn;H) .

Since L0u0 = f, we have

n∑
k=1

ak

(
∂u

∂xk
,
∂ψ

∂xk

)
L2(Rn;H)

+ (Cu,Cψ)L2(Rn;H) = (f, ψ)L2(Rn;H) .
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On the other hand, for f(x) = 0 we get

(L0u0, ψ)L2(Rn;H) =
n∑
k=1

ak

(
∂u0
∂xk

,
∂ψ

∂xk

)
L2(Rn;H)

+ (Cu0, Cψ)L2(Rn;H) = 0.

In particular, if we put ψ = u0 we get

(L0u0, u0)L2(Rn;H) =
n∑
k=1

ak

(
∂u0
∂xk

,
∂u0
∂xk

)
L2(Rn;H)

+ (Cu0, Cu0) =

=

n∑
k=1

ak

∥∥∥∥∂u0∂xk

∥∥∥∥2
L2(Rn;H)

+ ‖Cu0‖2L2(Rn;H) = 0

Hence it follows that u0 = 0. Theorem 1 is proved. J

By definition, the norm of the element u ∈W 1
2 (Rn;H) is defined as follows:

‖u‖2W 1
2 (R

n;H) =
n∑
k=1

∥∥∥∥ ∂u∂xk
∥∥∥∥2
L2(Rn;H)

+ ‖Cu‖2L2(Rn;H)

Then for any ψ ∈W 1
2 (Rn;H) we have the inequalities

‖Cψ‖2L2(Rn;H) ≤ ‖ψ‖
2
L2(Rn;H)∥∥∥∥ ∂ψ∂xk

∥∥∥∥2
L2(Rn;H)

≤ ‖ψ‖2L2(Rn;H)

or
‖Cψ‖L2(Rn;H) ≤ ‖ψ‖W2(Rn;H) (11)∥∥∥∥ ∂ψ∂xk

∥∥∥∥
L2(Rn;H)

≤ ‖ψ‖W 1
2 (R

n;H) , k = 1, 2, . . . n (12)

The following theorem is true.

Theorem 2. Let C be a positive-definite operator, the numbers ak >
0 (k = 1, 2, . . . n), the operators Qk = RkC

−1 (1, 2, . . . n) , F = C−1TC−1 be
bounded in the space H, and the condition

1

2

n∑
k=1

‖Qk‖2 + ‖F‖ < min (a1, a2, . . . , an, 1)

be fulfilled.
Then equation (1) for any f(x) ∈ L2 (Rn;H) has a unique generalized solution
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Proof. By Theorem 1, the equation

L0u = −
n∑
k=1

ak
∂2u

∂x2k
+ C2u = f(x), x ∈ Rn

has a unique generalized solution u0(x) for all f(x) ∈ L2 (Rn;H).
We will look for the solution of equation (1) in the form u(x) = u0(x) +ω(x),

where ω(x) ∈W 1
2 (Rn;H) .

Then we have:

L0 (u, ψ) =

n∑
k=1

ak

(
∂u

∂xk
,
∂ψ

∂xk

)
L2(Rn;H)

+ (Cu,Cψ)L2(Rn;H) =

=
n∑
k=1

ak

(
∂ (u0 + ω)

∂xk
,
∂ψ

∂xk

)
L2(Rn;H)

+ (C (u0 + ω) , Cψ)L2(Rn;H) .

Therefore we get:

L (u, ψ) = L0 (u, ψ) + L1 (u, ψ) =
n∑
k=1

ak

(
∂ (u0 + ω)

∂xk
,
∂ψ

∂xk

)
L2(Rn;H)

+

+ (C (u0 + ω) , Cψ)L2(Rn;H) + L1 (u0, ψ) + L1 (ω, ψ) = (f, ψ)L2(Rn;H) .

Since

n∑
k=1

ak

(
∂u0
∂xk

,
∂ψ

∂xk

)
L2(Rn;H)

+ (Cu0, Cψ)L2(Rn;H) = (f, ψ)L2(Rn;H) ,

for the function ω(x) we get the relation

n∑
k=1

ak

(
∂ω

∂xk
,
∂ψ

∂xk

)
L2(Rn;H)

+ (Cω,Cψ)L2(Rn;H) +L1 (ω, ψ) = −L1 (u0, ψ) . (13)

Since
|L1 (u0, ψ)| ≤ const

(
‖u0‖W 1

2 (R
n:H) + ‖ψ‖W 1

2 (R
n:H)

)
,

the right-hand side of equation (13) is a linear functional in the space W 1
2 (Rn;H)

with respect to Ψ.
We denote the left hand side of relation (13) by 〈ω, ψ〉, i.e.

〈ω, ψ〉 =

n∑
k=1

ak

(
∂ω

∂xk
,
∂ψ

∂xk

)
L2(Rn;H)

+ (Cω,Cψ)L2(Rn;H) + L1 (ω, ψ) .
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Then for ω = ψ we get

〈ψ,ψ〉 =

n∑
k=1

ak

∥∥∥∥ ∂ψ∂xk
∥∥∥∥2
L2(Rn;H)

+ ‖Cψ‖2L2(Rn;H) + L1 (ψ,ψ) .

Hence we have

〈ψ,ψ〉 ≥
n∑
k=1

ak

∥∥∥∥ ∂ψ∂xk
∥∥∥∥2
L2(Rn;H)

+ ‖Cψ‖2L2(Rn;H) − |L1 (ψ,ψ)| ≥

≥ min (a1, a2, . . . an, 1)
n∑
k=1

∥∥∥∥ ∂ψ∂xk
∥∥∥∥2
L2(Rn;H)

+ ‖Cψ‖L2(Rn;H) + |L1 (ψ,ψ)| ≥

≥ min (a1, a2, . . . an−1) ‖ψ‖2L2(Rn;H) − |L1 (ψ,ψ)| . (14)

On the other hand,

|L1 (ψ,ψ)| =
n∑
k=1

(
Rkψ,

∂ψ

∂xk

)
L2(Rn;H)

+
∣∣∣(Tψ, ψ)L2(Rn;H)

∣∣∣ ≤
≤

n∑
k=1

∣∣∣∣∣
(
RkC

−1Cψ,
∂ψ

∂xk

)
L2(Rn;H)

∣∣∣∣∣+
∣∣∣(C−1TC−1Cψ,Cψ

)
L2(Rn;H)

∣∣∣ ≤
≤

n∑
k=1

‖Qk‖ · ‖Cψ‖L2(Rn;H) ·
∥∥∥∥ ∂ψ∂xk

∥∥∥∥
L2(Rn;H)

+ ‖F‖ · ‖Cψ‖2L2(Rn;H) ≤

≤
n∑
k=1

‖Qk‖

{
1

2
‖Cψ‖2L2(Rn;H) +

1

2

∥∥∥∥ ∂ψ∂xk
∥∥∥∥2
L2(Rn;H)

}
+ ‖F‖2 · ‖Cψ‖L2(Rn;H) ≤

≤ 1

2

n∑
k=1

‖Qk‖ · ‖ψ‖2W 1
2 (R

n;H) + ‖F‖ · ‖ψ‖2W 1
2 (R

n;H) =

=

(
1

2

n∑
k=1

‖Qk‖+ ‖F‖ ‖Ψ‖

)
W 1

2 (R
n;H)

.

By the condition of theorem,

γ = min (a1, a2, . . . an, 1)−

(
1

2

n∑
k=1

‖Qk‖+ ‖F‖

)
> 0.

Then we get
〈ψ,ψ〉 ≥ γ ‖ψ‖2W 1

2 (R
n;H) . (15)
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The left-hand side of the expression 〈ω, ψ〉 is a linear functional and from the
inequality (15) we get that all conditions of the Lax-Milgram theorem [13] are
fulfilled. Then it follows from this theorem that there exists a unique function
ω ∈W 1

2 (Rn;H) satisfying the relation

〈ω, ψ〉 = −L1 (u0, ψ)

for all ψ ∈W 1
2 (Rn;H) i.e. the function ω(x) is a desired function. Hence we get

that the function u = u0 + ω is a generalized solution of equation (1). Theorem
2 is proved. J

Corollary 1. If C is a positive-definite self-adjoint operator in H, the opera-
tors Qk = RkC

−1 (k = 1, 2, . . . n) and F = C−1TC−1 are bounded in H and the
estimate

1

2

n∑
k=1

‖Qk‖+ ‖F‖ < 1

holds, then the equation

−
n∑
k=1

∂2u

∂x2k
+ C2u+

n∑
k=1

Rk
∂u

∂xk
+ Tu = f(x), x ∈ Rn

has a unique generalized solution for any f(x) ∈ L2 (Rn;H).

Indeed, in this case, it suffices to assume a1 = a2 = . . . = an = 1.

In conclusion, the authors express their gratitude to Professors M.Bayramoglu
and S.S.Mirzoyev for useful discussions of the obtained results.
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