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Abstract. We define a two-parameter generalization of Jacobsthal hybrid numbers. We
give Binet formula, the generating functions and some identities for these numbers.
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1. Introduction

In 2018, ([8]) Ozdemir introduced a new generalization of complex, hyperbolic
and dual numbers — hybrid numbers.
Let K denote the set of hybrid numbers Z of the form

Z = a+ bi+ ce + dh, (1)
where a,b,c,d € R and i, €, h are operators such that
i?=-1,¢2=0 h*=1 (2)

and
ih = —hi=¢+1. (3)

Let Z1 = a1 + bi1i+cie +dih and Zo = as + bai + coe + doh be any two hybrid
numbers. We define equality, addition, subtraction and multiplication by scalar
s € R in the following way:

*Corresponding author.

http://www.azjm.org 20 © 2010 AZJM Al rights reserved.



On a New Generalization of Jacobsthal Hybrid Numbers 21

Z1 = ZQ only if a; = ag, b1 = bg, C1 = Ca, d1 = dg,
Zy +Zy = (a1 + az) + (b1 + b2)i+ (c1 + c2)e + (d1 + d2)h,
Z, —Zy = (a1 —a2) + (b1 — b2)i+ (c1 — c2)e + (di — d2)h,
sZ1 = saj + sb1i + scie + sdph.
The hybrid numbers multiplication is defined using (2) and (3). Note that
using the formulas (2) and (3) we can find the product of any two hybrid units.
The Table 1 presents products of i, ¢, and h.

Table 1: The hybrid number multiplication.

: i | ¢ | h
i -1 1—-h|e+i
e| h+1 0 —€
h|—-e-—i € 1

Using the rules given in the Table 1 the multiplication of hybrid numbers can
be carried out similar to the multiplication of algebraic expressions.

Addition operation on the hybrid numbers is both commutative and associa-
tive. Zero 0 = 0 + 0i 4+ O¢ + Oh is the null element. With respect to the addition
operation, the inverse element of Z is —Z = —a — bi — ce — dh. The multiplication
is not commutative, but associative. Moreover, (K, +,) is a non-commutative
ring (with identity element 1 = 1 + 0i 4 Oc + Oh), see [8].

The conjugate of a hybrid number Z is defined by

Z=a+bi+ce+dh=a—0bi—ce—dh. (4)

The real number
C(Z)=2Z=7ZZ=0a>+(b-c)?—c2—d*=da%+b* - 2bc — d? (5)

is called the character of the hybrid number Z. Hybrid numbers are classified as
spacelike, timelike and lightlike according to its character. We say that a hybrid
number Z is spacelike, timelike or lightlike if C(Z) < 0, C(Z) > 0 or C(Z) = 0,
respectively. For the basics on hybrid numbers, see [§].

A special kind of hybrid numbers, namely Horadam hybrid numbers, were
introduced in [9]. Interesting results of Jacobsthal hybrid numbers (which are a
subset of Horadam hybrid numbers) obtained recently can be found in [9, 12].
In [7], Kizilates defined the g—hybrid Fibonacci numbers and ¢—hybrid Lucas
numbers. The Jacobsthal hybrid numbers are a special case of the ¢—hybrid
Fibonacci numbers. Note that these numbers were defined using notations related
to g—calculus. The theory of the quantum (¢—) calculus has been studied in
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physics, electrochemistry, biology, mathematics etc. In this paper, we introduce
and study a two-parameter generalization of the Jacobsthal hybrid numbers —
the (s, p)-Jacobsthal hybrid numbers.

2. The (s, p)-Jacobsthal numbers

Let n > 0 be an integer. The Jacobsthal sequence {.J,} is defined by the
second order linear recurrence

Jp = Jp_1+2J,_9 for n > 2 (6)
with initial terms Jog = 0, J; = 1. The direct formula for the nth Jacobsthal
number has the form J, = #, named as the Binet formula for the Jacob-

sthal numbers. The first ten terms of the sequence are 0, 1, 1, 3, 5, 11, 21, 43,
85, 171. There are many generalizations of the sequence in the literature. The
second order recurrence (6) has been generalized in two ways: first by preserving
the initial conditions and second by preserving the recurrence relation. We recall
some of such generalizations:

1) k-Jacobsthal sequence {jxn} [6], jent1 = Kjrn + 2k n—1 for £ > 1 and
n > 1 with jk70 =0, jk,l =1,

2) k-Jacobsthal sequence {Jin} [4], Jent1 = Jen + kJgn—1 for £ > 1 and
n>1 with J]ﬁg = 0, Jk71 = 1,

3) generalized Jacobsthal p-sequence {J,} [3], for any p € Z* and n > p+1
Jp(n) = Jp(n—1)+2Jp(n—p—1) with Jp(1) = Jp(2) = ... = Jp(p+1) =1,

4) Jacobsthal r-sequence {J(r,n)} [2], for r >0 J(r,n) =2"J(r,n—1)+ (2" +
47)J(r,n —2) for n > 2 with J(r,0) =1, J(r,1) = 1 4+ 2"+

5) (s,t)-Jacobsthal sequence {jn(s,t)} [14], jn(5,t) = Sjn_1(5,t) + 2tjn_2(s, 1)
for n > 2 with jo(s,t) = 0 and j;1(s,t) = 1, for real numbers s,t, s > 0,
t # 0 and s? 4+ 8¢ > 0,

6) Jacobsthal sequence {J(d,t,n)} [10], J(d,t,n) = J(d,t,n—1)+tJ(d,t,n—d)
for n > d with J(d,t,0) =1, J(d,t,n) =1forn=1,...,d,t > 1,d > 2.

In [1], a two-parameter generalization of the Jacobsthal numbers was investi-
gated. We recall this generalization and some properties of these numbers.

Let n > 0, s > 0, p > 0 be integers, and the sequence {.J,(s,p)} be defined
by the following recurrence

Tn(s:p) = 27 P Ty 1(s,p) + (227F 4+ 2°72) J,_s(s,p) for n > 2 (7)
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with initial conditions Jy(s,p) =1, Ji(s,p) = 25 + 2P + 2517,
It is easily seen that for s = p = 0 we have J,(0,0) = Jp,4o.
By (7) we obtain

Jo(s,p) = 1

Ji(s,p) = 2542 425t

Jo(s,p) = 225+l 9s+2p+l y 92s+2p

Jo(s.p) = 2321 92430l | g3stdp | glstp

_|_228+2p+1 + 238+2p + 225+3p + 28+3p.

Theorem 1. [1] (Binet formula) Let n > 0, s > 0, p > 0 be integers. Then the
nth (s, p)-Jacobsthal number is given by

Jn(svp) = 617‘711 + CQTS, (8)

where

rq = 25tp—1 4 %\/43—&-;7 + 25+p+2(25 4 2p),

Py = 25TP—1 _ %\/4s+p 4 25+PF2(25 4 2P),

25 1 9P 1 95+p _ 2s+p71 + %\/45—&-13 + 2s+p+2(25 T 2p)
a= /45TP 4 25 F2(25 1 2p)

)

_95 _9p _9stp 4 9stp—1 | %\/454—1; 4 25+p+2(25 4 2p>
\/ASTP 4 25FPH2(25 4 2p) '

Cy —

Theorem 2. [1] The generating function of the sequence {J,(s,p)} has the fol-
lowing form

14+ (254 2P)x
- 1 — 25+py — (225+p + 2$+2p)x2'

f(x)

Theorem 3. [1] Let n>1, s >0, p > 0 be integers. Then

§2 s onp) = D)+ T2 () 12
LR 95p(1 + 25 + 2¢) — 1 '

Application of the Jacobsthal sequence to curves was presented in [5]. More-
over, the Jacobsthal sequence has an application in the theory of graphs. Let G
be a finite, undirected, simple graph with vertex set V(G) and edge set E(G). A
set S C V(@) is an independent set of G if for any two distinct vertices z,y € S
the relation zy ¢ E(G) holds. Moreover, a subset of V(G) containing only one
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vertex and the empty set are independent sets of G. The number of independent
sets of a graph G is denoted by NI(G).
Consider a graph G (Figure 1).

G:

Figure 1.

In [11] it was proved that
NI(G) = Jpa.

Other applications of generalizations of the Jacobsthal numbers in the graph
theory can be found in [1, 2].

3. The (s, p)-Jacobsthal hybrid numbers

Let n > 0 be an integer. We define the nth (s, p)-Jacobsthal hybrid number
JH," by the following relation:

JH7SL’p = Jn(sap) + iJn+1(87p) + 6Jn+2(s,p) + th+3(Sap)a (9)

where J,(s,p) is given by (7).

Note that for s = p = 0 we obtain JHg’O = JH, 9, where JH,, denotes nth
Jacobsthal hybrid number defined in [12].

By some elementary calculations we find the following recurrence relation for
the (s, p)-Jacobsthal hybrid numbers.

Theorem 4. Let n >0, s > 0, p > 0 be integers. Then
2P JHIE 4 (2251 4 25T JHSP = JH Y,
Proof.

2s+pJHZ,J;zr21 + (223+p + 2s+2p)JHTSL,P -
= 2" (Jpy1(s,p) + idnsa(s,p) + eJnss(s,p) + hJnra(s,p))
+ (2254 4 2°T2) (T, (5,p) + iJnt1(5, D) + €Jnpa(s,p) + WTuis(s, p))

= n+2(37p) + iJn+3(S,p) + 6Jn+4(3;p) + th+5(57p) = JHZ’_ZEQ
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Theorem 5. Letn >0, s > 0, p > 0 be integers. Then

C(JH{i’p) — (1 o 26s+4p o 24s+6p _ 25s+5p+1)Jr2L(87p)
_ (22s+p+1 4 2s+2p+l)(1 4 235+3p 4 235+2p 4 225+3p) Jn(Sap)JnJrl (8,p)
+(1 _ 2s+p+1 _ (223+2p 4 225+p + 2s+2p)2)J’I’2L+1(87p)'

Proof. By formula (7) we have

Tnya(s,p) = (225420 4 2702 1 92540 T (s, p)
+ 25FP(2254P 4 2542 T (s, p),
Jnta(s,p) = 25T Ty 1(s,p) + (2572 + 22547 ] (s, p).

Hence

C(JHZ,I)) = J’I?L(S7p) + Jr%—&—l(svp) - 2Jn+1(87p)(28+pjn+1(87p)
+ (2577 4 2254P) ], (5, p))
— [(225F2P 4 252 1 22P) Ty (s, p) + 25TP(225FP 4 25F2) ] (s, p) )P
After simple calculations we get
C(JHE’p) — (1 o 225+2p(22s+p + 28+2p)2)J2(S,p)
_ (22s+p+1 4 2s+2p+1)(1 4 2s+p(223+2p 4 22s+p 4 2s+2p)) Jn(S,p)Jn+1(8,p)

+(1 _ 2s+p+l _ (228+2p + (22s+p 4 28+2p)2)J2+1(5’p)
— (1 _ 26s+4p _ 24s+6p o 25S+5p+1)e],2l(8,p)

_ (223+p+1 + 28+2p+1)(1 + 233+3p + 23S+2p + 225+3p) Jn(S,p) Jn+1(5,p)
+(1 — 9s+p+l _ (223+2p 4 92s+p + 2s+2p)2)JT2L+1 (s,p).

Remark 1. For s = p = 0 we obtain the result from [12] — the character of the
Jacobsthal hybrid number JH,:

C(JHY") = C(JHypi2) = —3J2 5 — 102, 5 — 16T 1004 3.
Theorem 6. Letn >0, s > 0, p > 0 be integers. Then
(i) JH? + JHR? = 2J,(s,p),

(ii) (JHZP)? = 2Jn(s,p) JHY" — C(JH").
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Proof. (i) By formula (4) we get

JHSP + JH? = Jo(s,p) + iJns1(s,p) + enya(s, p) + hJpis(s, p)
+ Jn(s,p) — iJpt1(8,p) — eJnt2(s,p) — hdpis(s,p) = 2J,(s,p).
(ii)
(JH3P)? = J3(s,0) = Ji1(5,0) + Jnis(s,p)
+ 2105 (5, p) Jnt1(5,p) + 26 Jn (s, p) Jnt2(s, p) + 2hJn(s, p) Jnt3(s, p)
+ (ie + €i) Jn+1(s, p) Jnt2(s, p) + (ih + hi) Jny1 (s, p) Jnt3(s, p)
+ (¢h + he) Jni2(s, p) Jn+3(s, p)
= Jn(s,p) = Jaga(s.p) + Jnis(s,p) + 2Jns1(5,0) Jns2(s, )
+ 2(iJn(8,p) Jn+1(8,p) + €Jn(8,p) Jn+2(s,p) + hJp(s,p) Jnts(s,p))
= 20 (5,p) JH? — (J3(5,p) + Jn41(5,p)

- 2Jn+1(53p)<]n+2(3,p) + J'r%—l—S(S’p))
=2Jp(s,p)JH? — C(JHP).

Theorem 7. Let n > 0, s > 0, p > 0 be integers. Then

JHY? —iJHSP| — cJHSP, — hJHP, =

= Jn(8,p) + Jnt2(s,p) — 2Jn13(s,p) — Jnt6(s,p).
Proof. By the definition of the (s, p)-Jacobsthal hybrid numbers we get

JH? —iJHY, —eJH Yy —hJH Vs =
= Jn(s,p) + 1Jnt1(8,p) + eJn2(s,p) + hJnis(s, p)
(i (5,) + a(50) + nys(5.8) + sa(5,9))
—e(Jnt2(s,p) +iJn13(s,p) + €Jnta(s, p) + hJnys(s,p))
(305 2) + 8 ra(5,0) + £ne5(5 ) + Mnro(s,))
= Jn(8,p) + Jnt2(s,p) — (1 = h)Jy13(s,p)
+ (e +1)Jntals,p) — (h+ 1) Jny3(s,p) — (e +1)nta(s, p) — Jn+6(s,p)
= Jn(8,p) + Jnt2(s,p) — 2Jn13(8,p) — Jnt6(s,p).
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Theorem 8. (Binet formula) Let n >0, s >0, p > 0 be integers. Then
JHfl’p = 017‘17'? + 027:27’3,

where

ry = 257P7t 4 L f4stp 4 2s+pF2(25 4 2p),

ro = 25tP—1 _ %\/45—&-19 + 25FP+2(2s 4 2P),

25 4 2P 4 2577 — 2Pl 4 1, [gstp 4 25HP+2(25 4 20)
1= \/45+p + 23+p+2(23 + Qp)

9

—25 — 2P — 25TP 4 pstp=l 4 1 [4stp 4 25Tp+2(25 4 2p)
\/4s+p + 25TP+2(2s 4 20)

7 = 1+iry +er? + hrj,

¥y = 1+iry +er3 + hrj.

Cy =

)

Proof. By Theorem 1 we get

JH? = Ju(s,p) +iJn11(5,p) + €Jnr2(s,p) +hdny3(s, p)
=crl +cory +1 (clr’fH + CQTSH)
+e (017‘?+2 + 627“2’”2) +h (017{”“0’ + 627“’2”3)
= e (1 +iry +er? + hrd) 4 cor(1 4 iry 4+ er3 + hrd)

= 617:17‘711 + CQTAQTQL,

which ends the proof. «

The next theorem presents a summation formula for the (s,p)-Jacobsthal
hybrid numbers.

Theorem 9. Letn >0, s > 0, p > 0 be integers. Then

- JHP | + (22577 4 2572P) JHRP — (1425 4+ 2P)(1+i+¢e + h)
EO Lo 25+p(1 425 +2°) — 1

—i—e(1+ 2% + 2P 4 25P)

—h(1+4 25 2P 4 25tP 4 92s+p+1l | 9s+2p+1 | 22s+2p)_
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Proof. By the definition of the (s, p)-Jacobsthal hybrid numbers we have

n
S JHPP = JHZP + JHYP + ..+ JHRP
=0

= Jo(s,p) +1J1(s,p) + €Ja(s,p) + hJ3(s, p)
+J1(s,p) + 1Ja(s,p) + eJ3(s,p) + hdy(s,p) + ...
+Jn(57p) + iJn+1(s7p) + 5Jn+2(87p) + th+3(Sap)

= Jo(s,p) + Ji(s,p) + ...+ Ju(s,p)
+i (Jl(S,p) + JQ(S’p) .o+ JTLJrl(Sap) + JO(Svp) - JO(Sap))
+e(Ja(s,p) + J3(s,p) + ... + Jnta(s,p) + Jo(s,p) + Ji(s,p)
_JO(Sap) - J1(37p))
+h(Js5(s,p) + Ja(s,p) + ... + Jns3(s,p) + Jo(s,p) + Ji(s,p)
+J2(S,p) - J0(57p) - ‘]1(5>p) - JQ(Svp))'

Using Theorem 3, we obtain

n
Z JHlS’p = m[t]‘n—i—l(!g,p) + (223+p + 28+2p)Jn(S,p) —1-2%5-2P

1=0
+i(Jnra(s,p) + (2257P + 2572P) ], (s, p) — 1 — 25 — 2P)
+€(Jn+3(sap) + (228+p + 28+2p)Jn+2(sap) -1- 28 - 2p)
Fh(Jpa(s.p) + (22747 £ 252) J, (s, p) — 1 — 20 — 27))]
—(iJo(s,p) +e(Jo(s,p) + Ji(s,p)) + h(Jo(s,p) + Jl(s,p) + J2(s,p)))

= gemarrreiln+1(8,0) + 1ni2(s,p) + eJnsa(s,p) + hnia(s, p)
(255 4 25F2) (J, (5, p) + iJnt1 (5, ) + €Jnta(s,p) + Wlnys(s,p))
—(14+2°+2°)(1+i+e+h)
—i—e(1+ 25 + 2P 4 251P)
—h(l 1925 1 9P 1 23+p 4 223+p+1 + 28+2p+1 + 228+2p)
JHP| + (225FP 4 25722) JHP — (14 25+ 2°)(1+i+e +h)
25 p(1 + 25 + 2°) — 1

—i—e(1 4 25 + 2P + 251P)
*h(l L9254 9P 2s+p 4 228+p+1 + 2s+2p+1 + 225+2p)‘

<

In particular, we obtain the following formula for the Jacobsthal hybrid num-
bers.

Corollary 1. Let n > 1 be an integer. Then

& JH, 1o — JH
Z‘]Hl — %
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Proof. By Theorem 9, for s = p = 0 we have

JHY? +2JH? —3(1+1i+e+h)
2
JHY?, — (3+ 51+ 11 + 21h)
2
Using the fact that J,,(0,0) = Jp42 and JHy =i+¢e+3h, JH; = 1+i+e+ 5h,
we get,

S JH? — (i + 4e + 9h)
=0

+JHy+ JH;y

n

JHpi19 — (3+5i+ 11e + 21h
ZJHZZ n+42 (+21+ €+ )
=0

_ JHy19 — (34 5i+ 11e + 21h) + 2(1 + 2i + 4¢ + 8h)
N 2

B JHn+2 — (1+1+3€+5h) i JHn+2 — JHl

N 2 N 2 ’

which ends the proof. «

Now, we state the followig theorem on the ordinary generating function for
the (s, p)-Jacobsthal hybrid numbers.

Theorem 10. The generating function for the (s,p)-Jacobsthal hybrid sequence
{JH"} has the following form

Gy JH + (JH? = 20 T H3 )
(@) = 1 —25FPg — (2254P 4 2542p) 22

Proof. Assuming that the generating function of the (s, p)-Jacobsthal hybrid
oo
sequence {JH;"} has the form G(x) = Y JH;"z", we obtain
n=0

(1—25FPg — (22s+p + 2s+2p)x2)G(x) _
= (1 — 25Ty — (225FP 4 25729\ o2 . (JHSP + JH; P2 + JHy P2 + ...
= JH? + JH Pz + JHyP2? + ...
— 2P JH Py — 25TP JHPa? — 25TP JHIPa® —
. (225+p + 25+2p)JHS,p$2 o (225+p + 25+2p)JHf7P.,L.3
— (2%TP 4 25T TH Pt —
= JHy? + (JH? — 2P JH{P )z,

since JHp? = 25TPJH P + (22577 4 25%2P) JH*P, and the coefficients of 2™ for
n > 2 are equal to zero. «
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4. Concluding remarks

In [13], it was shown that if the corresponding sequences are increasing, then

the hybrid numbers based on these sequences are spacelike. Hence the sequence
{JH;"?} is spacelike. It seems interesting to study, which of the other hybrid
numbers with generalized Jacobsthal coefficients are spacelike.
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