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JS-Presi¢ Contractive Mappings in Extended
Modular S-metric Spaces and Extended Fuzzy
S-metric Spaces With an Application
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Abstract. In this paper, we introduce the concept of extended modular S-metric spaces
which induce the notion of extended fuzzy S-metric spaces and is a generalization of some
classes of metric type spaces. We obtain some results for JS-Presi¢ contractive mappings
in this new setting and in the related fuzzy setting. In fact, we obtain the Presi¢ fixed
points via an easier way than the previous methods. An application in integral equations
will support our results.
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1. Introduction

Banach [1] proposed the Banach Fixed Point Theorem (BCP) to prove the
existence of solutions for nonlinear operator equations and integral equations
in 1922. It has since become a very reputable implement in tackling a range
of problems, including control theory, economic theory, nonlinear analysis, and
global analysis, due to its simplicity and utility. Later on, a tremendous amount
of literature on applications, generalizations, and extensions of this theorem ap-
peared. They are carried out in various ways by multiple researchers, for example,
by weakening the contractive conditions, utilizing different settings, taking into
account different mappings with different domains, and so on.

Sedghi et al [19] established the concept of a S-metric space and showed that
it is a generalization of both G-metric spaces [21] and D*-metric spaces [20] (D*-
metric is a modification of D-metric introduced by Dhage [6] and [7]). They’ve
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also proved several fixed point theorems for a self-map on a S-metric space, as
well as features of S-metric spaces.

Modular metric spaces were introduced in [2, 3]. A modular on a set attributes
a nonnegative field of velocities, and a metric on a set reflects nonnegative finite
distances between any two points of the set, i.e., to each time A > 0 an average
velocity wy(x,y) is associated in such a way that in order to cover the distance
between the points x,y € U it takes time A to move from x to y with velocity
wx(z,y). The reader can refer to [12] and [13] for more details in this regard.

There is an important generalization of Banach’s fixed point theorem called
the Presi¢ generalization [22]. The proofs of the theorems that seek to generalize
Presi¢ theorem, even Presi¢ result, are relatively long. In this article, in addition
to combining Presi¢’s idea with Jelli’s and Samet’s idea, we are looking for brief
proofs of these results. To do this, we first state and prove a hypothesis about the
existence of fixed points in a generalized modular S-metric space. Then, with the
help of it, we prove the results about the generalizations of Presi¢ theorem in these
spaces. Modular metric spaces produce fuzzy metric spaces. Also, parametric
metric spaces [9] induced, but in a different approach, the fuzzy type metric
spaces. Therefore, we can express and prove Presi¢-type theorems in this category
of spaces by generating generalized fuzzy S-metric spaces.

Let U be a nonempty set. Throughout this paper, for a function w : (0, 00) x
U x U — [0, 00|, we will write

wr(0,0") =w(, 0, 0),
for all A > 0 and g, ¢’ € U.

Definition 1. [2, 3] A function w : (0,00) X U x U — [0, 00] is said to be a
modular metric on U if:

(i) o= 0" if and only if wx(0,0) =0, for all X\ > 0;
(i) wi(e, ") = wa(d;0), for all A >0, and g, o' € U;
(iii) waip(o,0') <wr(e, ") +wula”, o), for all \, ;1> 0 and g, ¢, 0" € U.

Definition 2. [19] Let U be a nonempty set. An S-metric on U is a function
S:U0xUxU—[0,00) such that:

(1) S(o,0,¢") =0 if and only if o = o' = 0",
(2) S(o,0',0") <S(0,0,a)+ S(d,0,a)+ S, 0", a),

for each 0,0',0",a € U. The pair (U, S) is called an S-metric space.



164 M.M. Rezaee, S. Sedghi, V. Parvaneh

Definition 3. [10] Let U be a non-empty set. A modular S-metric on U is a
function py : (0,00) x U x U x U —> [0,00] such that for all o,¢',0" € U and
A u,v >0

(1) pale. ¢, 0") =0 if and only if o = ¢ = ¢";

(2) orutv(0,0,0") < palo,0,a)+pu(d, 0 a)+p.(0", 0", a) for all X, p,v >0
and a € U.

The pair (U, S) is called a modular S-metric.

Definition 4. [16] Let O be a nonempty set. A function d : § x U — [0,00) is
called an extended b-metric (p-metric, for short) if there exists a strictly increasing
continuous function £ : [0,00) — [0,00) with £7(t) <t < £(t) such that for all
0,0,0" € U, the following conditions hold:

(1) d(o,d) =0 iff o=0,
(2) d(o,0') =d(d,0),
(3) d(o,¢") < £(d(e, ') +d(d',0"))-

In this case, the pair (U,d) is called an extended b-metric space, or, briefly, a
p-metric space.

It’s worth noting that the class of p-metric spaces is much bigger than the
class of b-metric spaces, because a b-metric is a p-metric when £(t) = st for fixed
s > 1, whereas a metric is a p-metric when £(t) = ¢. To show that a p-metric
does not have to be a b-metric, we refer to [16].

Definition 5. [1/] Let U be a nonempty set and b > 1 be a given real number.
Suppose that a mapping S : U x U x U — [0,00) satisfies for each o,0,0",a € U,

(1) S(0, ¢, 0") > 0 with o # ¢ # o,

(2) S(o,0,0") =0 if and only if o = o' = 0",

(3) S(o,0,0") <b(S(0,0,a)+ S(d,0,a)+ S(0",0",a)) for all 0,0, 0",a € U.
Then S is called a Sy-metric and the pair (O, S) is called a Sy-metric space.

Definition 6. [15] Let U be a nonempty set and £ : [0,00) — [0, 00) be a strictly
increasing continuous function such that £71(t) <t < £(t) and £71(0) =0 =
£(0). Suppose that a mapping p : U x U x U — [0,00) satisfies:
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(1) p(o,d',0") >0,
(2) p(o,0',0") =0 if and only if o = o' = ¢,
(3) oo, 0, 0") < £(p(0,0,a) + (0, ', a) + p(a”, 0", a)) for all 0,0, 0", a € U.

Then ¢ is called an extended S-metric and the pair (U, p) is called an extended
S-metric space.

Remark 1. [15] In a p-metric space, we have p(p,0,0") = p(d,0,0), for all
/
0,0 €0.

Each S-metric space is a p-metric space with £(¢) = ¢ and every Sp-metric
space with parameter s > 1 is a p-metric space with £(t) = st.

Proposition 1. [15] Let (U, S) be a Sy-metric space with coefficient s > 1 and
let p(o,0',0") = &(S(0,0,0")), where £ : [0,00) — [0,00) is a strictly increasing
continuous function with t < &(t) fort > 0 and £(0) = 0. Then @ is an extended
S-metric with £(t) = &(st).

Motivated by the works in [8] and [10], we introduce the following new concept.

Definition 7. Let U be a nonempty set and £ : [0,00) — [0,00) be a strictly
increasing continuous function such that £75(t) <t < £(t) and £71(0) =0 =
£(0). Suppose that a mapping ey : (0,00) x U x U x U — [0,00) satisfies:

(1) px(0,0',0") =0 if and only if o = o' = 0",

(2) ortutv(0,0,0") < £(pal0, 0,a)+pu(d, 0, a)+p, (0", 0", a)) for all X\, p,v >
0 and 0,0,0",a € U.

Then ) is called an extended modular S-metric (EMSM) and the pair (O, py)
is called an EMSM space.

Definition 8. Let (U, py) be an EMSM space and A C U.
(1) A sequence {o,} in U converges to ¢ if and only if px(on, 0n,0) — 0 as
n — oo. That is for each € > 0 there exists ng € N such that

Vn > ng = pa(on, 0n, 0) <e,

and we denote it by lim,,_~ 0n, = 0.

(2) A sequence {on} in U is called a Cauchy sequence if for each € > 0, there
exists ng € N such that x(0n, 0n, 0m) < € for each n,m > ng.

(8) The EMSM space (U, py) is said to be complete if every Cauchy sequence
m it 1s convergent.
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Theorem 1. [11, Corollary 2.1] Let (L,d) be a complete metric space and let
I': L — L be a given map and

0(d(I'o, I'0')) < 6(d(0, 0))",

for all 9,0 € L so that d(I'o,'0") # 0, where 0 : (0,00) — (1,00) is increasing,
lim 6(t,) = 1 if and only if lim t, = 0, for each sequence {t,} C (0,00), and
n—oo n—oo

there exist v € (0,1) and ¢ € (0,00] such that lilglJrg(?%l =/ and k € (0,1).
t—

Then there is a unique fixzed point for I.

We use Jleli-Samet type contractions to achieve certain generalizations of
Banach’s fixed point theorem in this study. The results about fixed points of the
Presié¢ type are presented. As a result, we provide a program for solving a system
of functional integral equations. These findings generalize a number of similar
ones seen in the literature.

2. Main Results

We start this section with the following essential lemma.

Lemma 1. Let (£, py) be an EMSM space. If there exist sequences {o,} and
{0),} such that lim g, = ¢ and lim @), = o, then
n—0o0 n—oo

£72(px(0,0,0)) < limsup pa (0n, 0n, o))
n—00 9

and
lim sup px(en, on, 0,) < £%(p2 (e, 0.¢)).

n—oo

In particular, if o = ¢, then we have imsup gy (0n, on, 0,,) = 0. Moreover,
n—oo

suppose that {on} is convergent to o and o' € L is arbitrary. Then we have
£7%(pa(0, 0,¢')) < limsup pa (on, 0n, @)
n—00 9

and
lim sup px(0n, 0n, 0') < £2(p% (0,0,0)).

n—oo
Proof. a) Using the triangular inequality, we have

/

or(0,0,0") < £(2p .0 0n))

< £(20

o>

(2,0, 0n) + 92 (0
(Qa 0, Qn) + "6(2@&(@/7 le Q{n)) + @%(gna On,, Q;z)))

9

@[>
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and

ox(0n, 0n, 0,) < L2021 (0n, 0n, 0) (0}, 01,5 0))
< £(2¢ 0)

w|>

+p%
(Qm@m +£(

wl>

As n — oo, we have

pa(0: 0, ¢') < £2(limsup ) (0n, on, 07,))

n—oo

and

limsup px(en, on, 2,) < £%(p2 (e, 0,¢).

n—oo

b) Using the triangular inequality, we get

pa(0,0,0") < £(2p
< £(2¢

>

(0,0, 0n) + @%9’, o 0n))

200, 0n) + -f(?@%(d, o, o)+ 02 (0n, 0n, 0)))
and
ox(0n, 0n, 0') < £(201 (on, on, 0) + go%(@’,g',g))
< £(202 (en, 0n,0) + £(2@%(9’, o', 0) + ©x (00, 0))).

As n — 0o, we have

£72(pale, 0.€") < limsup pa (en, on, )

n—0o0

and

limsup px(0n, 0n: ¢') < £2(pa(0,0.¢).

n—o0

Denote by © the set of all functions 6 : (0,00) — (1, 00) such that:
(A1) 6 is continuous and increasing;
(02) nh—>120tn =0 iff nh_}nolo O(tn) =1 for all {t,} C (0,00).

Denote by ¥ the set of all functions ¢ : (1,00) — (1, 00) such that:

(11) 1 is continuous and increasing;

201 (6> 05> ) + 92 (0, 0, )))-

167
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(12) lim ¢™(t) =1 for all t € (1,00).
n—oo

Now we’ll present the study’s primary result, which expands and generalizes
Banach’s well-known fixed point theorem.

Theorem 2. Let (L, p)) be a complete EMSM space and let ® : L — L be a
self-mapping such that

0(£%(pa(Ro, R, Ra"))) < ¥(0(palo, @', 0"))) (1)

for all o, 0, 0" € L, where € © and ¢ € V. Then R has a unique fized point in
L.

Proof. Let gp € L be arbitrary. We define the sequence {g,} by 0n = Ron—1.
For all n € N, using (1) we have

( (@ (%anla Ron—1, af%Qn)))
¢( (p)\(Qn 15 On— 1aQn))
1/}2( (pA(Qn—Q, On—2, Qn—l)))

0(@)\(97’“ On, QTLJrl))

I/\ IN A

< 1/1"( (900, 00, 01)))- (2)

From given assumptions on # and 1, we have

nli—I>n000(p>\(Qn7Qn’Qn+l)) = ]" (3)
which implies that
nh—n>loo p)\(@m On, Qn-‘rl) =0. (4)

Now, we show that {o,} is a Cauchy sequence. Let there exists ¢ > 0 such
that for all ¢ € N there are m;, n; with i < m; < n; and

PA(Omis Omys On;) = €, ()
that is,
oA (0m,s Om, s 0n—1) < €. (6)
From (5), we have

oA (0mi> Omis 0n;) < £(2030(0mys Omss Omi+1) + 937 (0ni» Ongs Omi+1))
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S £(2@3)\(me7 Qmia Qmi-f—l) + £(P>\(Qmi+1, Om;+1, Qn,)))
Letting ¢ — oo and using (4), we get
£7%(e) < limsup P (Gm,+1, Omi+1, On;)- (7)
1—r 00
On the other hand, we have

9(’£2(@>\(Qm¢+17 Om;+1, an))) = 9("52(@)\(%977117 §RQmw %Qnifl)))
< ¢[9(p>\(9mi’ Qmi‘gni*]-))]‘ (8)

Using now (#1) and (4)-(7), we have

0(c) = O(£%- £72(¢))

< 6’(£2(linisup O (Omit15 Omit1, On;))) (9)
< T/J[Q(Iinisul)(@/\(gmw Om;» Qni—l))]
< 1p(0(e)). (10)

This implies that
1 <6(e) <9(0(e)) < b(e),

which is a contradiction.

Thus, {0, } is a p)-Cauchy sequence in the EMSM space (L, py). pr-completeness
of L yields that {o,} pa-converges to a point o* € L. Now, we show that o* is a
fixed point of . First, let R be continuous. Then we have

0" = lim g,4+1 = lim Ro, = No".
n—o0 n—oo
Let R be not continuous. Now, by Lemma 1,

0(£2 ’ £_2(p/\(ua U, §Ru))) < 0(£2 lim sup (%QnJrla %Qﬂri’l? afeu))
9

n—oo

< ¢(9(limsup @;Al(@n—}-la Qn+17u))) — 0 asn — oco.
n—00
(11)

Therefore, we deduce that gy (u,u,Ru) = 0, so v = Ru. Finally, suppose that u
and v are two fixed points of R such that u # v. Then, by (1), we have

O(pr(u,u,v)) < 0(£2(p>\(§Ru, Ru, Rv)))
< Y[0(pa(u, u,v))] < O(pa(u, u,v)). (12)
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It is a contradiction. So, we deduce that u = v. Therefore, i has a unique fixed
point. <«

Let ¢ denote the class of all functions ¢ : [0,00) — [0, £71(1)) satisfying the
following condition:

limsup ¢(t,) = £71(1) implies that ¢, — 0, as n — co.

n—oo

Taking ¥(t) = t*® so that lim (¢(¢))" = 0 for all ¢ € [0, 00) in Theorem 2,

n—oo
we have,

Corollary 1. Let (£, p)) be a complete EMSM space and let R : L — L be a
self-mapping such that

(L2 (pA(Ro, R, Ra"))) < (B(pa(o, o', ")))Por(e ") (13)

for all o, 0',0" € £, where § € © and p € (. Then R has a unique fized point in
L.

Taking ¢ (t) = t*, k € (0,1) in Theorem 2, we have,

Corollary 2. Let (L, p)) be a complete EMSM space and let R : L — L be a
self-mapping such that

0(£%(px(Ro, Re', Rd"))) < 0(pale, ¢ 0"))" (14)
for all 0,0, 0" € £, where § € ©. Then R has a unique fized point in L.
Taking 6(t) = 1+ In(1 +¢) and ¢(¢) = 1 + In(¢) in Theorem 2, we have,

Corollary 3. Let (L, p)) be a complete EMSM space and let ® : L — £ be a
self-mapping such that

L+ In(1 + £2(pA(Ro, Re', Re"))) < 1+ In(1 +In(1+ pa(e, ¢, 0"))  (15)
for all 0,0,0" € £. Then R has at least one fized point in L.
Taking (t) = e! in Corollary 2, we have,

Remark 2. Let (£, p)) be a complete modular Sy metric space and let R : L — L
be a self-mapping such that

| &

pA(Ro, Ro, Ro') < = (pale, 0, 0")) (16)

[\

S

for all o, 0, 0" € L. Then R has a unique fived point in L.
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Example 1. Let U = [0, 8] be equipped with the p-metric

’Q/_Q//’+|Q//_Q‘
3 )

for all 0,0, 0" € U, where £(0) = sinh o with £7(p) = sinh™!(p).
Define the function f :[0,8] — [0,2] by

0
— . J2+ =
fe V=" 100

and the function B by B(t) = e L.
For all 0,0 € U, we have,

p(0, 0, 0") = sinh(

£2(p(fo, fo, f'")) = sinh(sinh(sinh(

/ 1 17
2+ £ — /2 + Bol + /2 + £y - 2+ﬁ|)))
Y

|85 — f5! + | £ — 165!
< sinh(sinh(sinh (120190 X 00 __100_yy)

/ 11
< sinh(sinh(ip(g’lgc’)g )))

_ i
<e 9@ N0 0", 0") = Blp(o, o', "))plo, o', o).

So, by taking the exp and using Theorem 2, we arrive at the conclusion that f
has a fixed point.

3. Presic¢ type fixed point results

We recall one of the most powerful results in nonlinear analysis, the Banach
contraction principle (BCP), [1]. In the background of ODE and PDE, it has
numerous applications.

Theorem 3. [1] Let (A,d) be a complete metric space and let ® : A — A be
such that

d(Re, Rk) < vd(1, k) for all 1,k € A,
where v € [0,1). Then, there is a unique o in A such that o = Ro. Also, for each
Co € A, the sequence (1 = R(, converges to o.

The BCP has been expanded and generalized in a variety of ways. Presi¢ [22]
came up with the following outcome.

Theorem 4. [22] Let (A,d) be a complete metric space and let R : A¥ — A (k
is a positive integer). Suppose that

k

A(R(C1, - Ch)s R(Gay oons Grr1)) < D Xid(Giy Gir) (17)

i=1
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k
forall ¢y, ..., Cpr1 in A, where A\; > 0 and Y \; € [0,1). Then R has a unique fized
i=1
point C* (that is, T(C*,...,(*) = (*). Moreover, for all arbitrary points (1, ..., Ck+1

in A, the sequence {(,} defined by Coir = R(Cny Cntts ooy Cnrk—1), converges to
¢

It is obvious that for £k = 1, Theorem 4 coincides with the BCP.
The above theorem has been generalized by Ciri¢ and Presié¢ [5] as follows.

Theorem 5. [5] Let (A, d) be a complete metric space and R : AF — A (k is a
positive integer). Suppose that

d(éﬁ(gla ---»Ck:)7§R(<27 "'7Ck‘+1)) < )‘max{d(C’MCiJrl) 1< < k}’ (18)

for all C1,...,Ck+1 in A, where A € [0,1). Then R has a fized point (* €
A. Also, for all points (1,...,Ckr1 € A, the sequence {(,} defined by (pyp =
R(Cns Cut1y -oor Curk—1), converges to (*. The fized point of R is unique if

d(R(p, -, p), R(0, -, 0)) < d(p, 0),
for all p,0 € A with p # o.
For more details on Presi¢ type contractions, we refer the reader to [4, 22].

Theorem 6. Suppose that px1, ©rg,-- -, Prn are some EMSM on nonempty sets
L1, Lo, ..., Ly, respectively, and let v : [0,00)" — [0,00) be such v(oy,...,0n) =
0 ¢f and only if o; =0 for allt=1,2,3,...,n and

v(ai1 + a2 + a13, a21 + a2 + 23, ..., An1 + An2 + an3)
< £Llv(a11,a21, - - -, an1) +v(a12, a2, - - -, an2) +v(a13, azs, ... an3)]  (19)
for all a;j € [0,00). Then
oa((o11, 012, -+, 01n); (021, 022, -+, 02n) (031, 0325 -+, O3n))
= v(pa1(011, 021, 031), Pr2(012, 022, 032) - - - PAR (010 0205 031)),
is an EMSM in [E1 x £ x ... X £,]3.
Proof. We only show the triangular inequality in an EMSM space. Let ;5 €
Ljforalll1<i<3and1l<j<n. So,

Ors+r0+xs (011, 012, -5 01n), (0215 022, - 02n), (0315 032, -+, 03n))

= V(P (A1 +22423)1 (0115 0215 031)s (A1 + 204 05)5 (012, 022, 032), - - s O (A1 4 A0+ As),, (0175 020, 03n))
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< v(paq (011, 011,a1) + Pryq (021, 021, 01) + Prgq (031, 031, 01)),

@Alg(m% 012,a2) + @A22(922, 022,a2) + @,\32(Q32, 032,02)),

ceos P21 (0105 0105 An) + 20, (0205 02005 An) + P2z, (030, 030, On))

< Llv(paq(011, 011, 01), Prr2(012, 012,02), - - -, ©r, (010, O1n» An))

+0(Pag1(021, 021, @1), Pry5(022, 022,02), - - - s P25, (0205 0205 On))

+U(Prs1(0315 031, 01)5 Prs35(032, 032,02); - - . s Prs,, (0305 030, An))]
< £(pa, ((011, 012, -+, 01n), (011, 012, -+, 01n), (a1, G2, ..., an))
+9x, ((0215 022, -+, 02n), (021, 022, -+, 02n), (a1, G2, ..., An))

+§A3((93179325-'-aQ3n)7(@31»@32,~~a@3n)a(a17a27'--aan)))- <

From now on, let 6 be a subadditive mapping.

Theorem 7. Let (L, p)) be an EMSM space and ® : £ — L be a continuous
function such that

9(»52 [KJA(%(QH,QH, <y 01n), R(021, 022, -+ Q2n),%(931,932>---,Q3n))D
< %1#([9(@,\(@117 021, 031) + PA(012, 022, 032) + - - - + PA(01n, 020, Q%))D (20)

for all 0;; C L, where 0 € © is a subadditive mapping and ¢ € ¥. Then R has at
least a Presic type fixed point.

Proof. We define the mapping R:L" - L by

R(o1y.yon) = (R(01, ey ),y oo, R(015 oy 1))

Clearly, R is continuous. We demonstrate that R satisfies all the conditions of
Theorem 2. We know that

S((o11, 012, -, 01n), (021, 0225 -, 02n) (031, 0325 ---5 03n))
= pr(011, 021, 031) + Pr(012, 022, 032) + . .. + (010 02, 03n)

is an EMSM. From (20) we have

9(52(§(§%(9117 012, -, 01n), R(021, 022, -+, 02n), R (031, 032, ., Q3n))))

= 9(§((§R(Q11, 012, -5 01n), R(0115 0125 -+, 01n) s -+, R(011, 0125 -+, 01n) )5
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(%(Qm, 022, .-+, Q2n), §R(‘921, 022, -+, QQn), ey 3%(921, 022 -+ an)),

(R(031, 032, -+, 03n), (031, 032, -5 O3n); -+, R(031, 032, -+, QSn)))>
= 9(”@,\(%(@11, 012, -+ 01n), R 021, 022, -, 02n), R(031, 032, -+, Q:m)))
< ne(@/\(%(ml, 012, -+ 01n), M(021, 022, -, 02n), R(031, 032, -+, Q3n)))
< ¢<9 (@,\(911, 021, 031) + ©A(012, 022, 032) + - - - + PA(01n, 020, Q:m)))

= ¢(9(§((011, 012, -y 01n), (021, 022, ---, 02n), (031, 032, -+, Q:m))))-

Now, according to Theorem 2 we deduce that R admits at least a fixed point
which implies that there exist o1, ...,0, such that R(o1,...,0,) = 01 = ... = 0oy,
that is, R possesses at least a Presi¢ type fixed point. <«

Theorem 8. Let (L, p)) be an EMSM space and R : £ — L be a continuous
function such that

9(«52(@\(%(911, 012, -+, 01n), R(021, 022, ..., 02n), R(031, 032, ..., Q?m))))
< (9 < max{px(011, 021, 031), Par(012, 022, 032), - - -, PA (010 O2m, an)})) (21)

for all p;; € L, where 0 € © and v € ¥. Then R has at least a Presi¢ type fived
point.

Proof. Let R :L" — L" be defined by

R(o1y.yon) = (R(01, ey ), ooy R(014 ooy 1)

Evidently, R is continuous. It will be demonstrated that R satisfies all the con-
ditions of Theorem 2. We know that

~

S((Qll) 0125 -+ an)a (9217 022, -+, QQn)) (Q317 032y -4y QSTL))
= max{px(011, 021, 031), PA(012, 022, 032), - - - , A (01n; 020, 03n) }

is an EMSM.
According to (21), we have

o~ o~

9(52(5(%(911, 012, -+, an)7 3?3(021, 022, -+, QQn)> 8N%(Q:ﬂ, 0325 -+ Q?m))))

= 9(§((§R(Q11, 012, -5 01n), R(0115 0125 -+, 01n) s -+, R(011, 0125 -+, 01n) )5
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(R(021, 022, -, 02n), R(021, 022, .., 02n), N(021, 022, ..., 021))

(R(031, 032, - 03n), R(031, 032, .-, 03n), R(031, 032, - Q3n))))

= O(max{m(%(gn, 0125 - 01n), M(021, 022, ---, 021 ), R(031, 032, ---, 03n)),
oA(R(o11, 012 -+, 01n), R(021, 022, .-, 02n), R(031, 032, -, 03n))

) @/\(%(911, 0125 +-+y an)v gce(921, 022, ---, an), %(Q:ﬂ, 0325 +-+y Q3n))})
= 9(@/\(%(911, 0125 -+, an), %(021, 022, .-+ QQn)a %(Qm, 032, -y an)))
< ¢(‘9<max{@/\(911, 021, 931), @/\(Qm, 022, Q32), ) @/\(an, 02n,5 Q:m)}))

= 1/)(9 (g((gn, 012, -, 01n), (021, 022, ---, 02n), (031, 032, -, Q3n))>)-

So, from Theorem 2 we obtain that R has at least a fixed point which implies
that R has at least a Presié¢ type fixed point. «

Corollary 4. Let (L, p)) be an EMSM space and R : L™ — L be a continuous
function such that

9<£2(@A(§R(9117 012, -+, 01n), R(021, 022, -, 02n), R(031, 032, -+, Q3n)))>
< P(O( X0 Xipalo1s, 024, 03:))) (22)

k
for all p;j € L, where 6 € ©, ¢ € ¥, \; >0 and > \; € [0,1). Then R has at
i=1
least a Presic type fixed point.

Corollary 5. Let (L, p)) be an EMSM space and R : L™ — L be a continuous
function such that

9<£2(@/\(§R(9117 012, -+, 01n), R(021, 022, .-, 02n), R(031, 032, -, g3n))))
< (O(31 1 Mipalows, 02is 031)))?(Zi=1 Xiga(eie2i.03:)) (23)

for all p;; € L, where 8 € ©, ¢ : [0,00) — [0,1) so that
limsup p(t,) = £71(1) implies that t, — 0, as n — co and li_)m ©"(t) = 0 for

n—o0

k

all t € [0,00), A\; >0 and Y  \; € [0,1). Then R has at least a Presi¢ type fized
=1

point. '
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Corollary 6. Let (L, p)) be an EMSM space and R : L™ — L be a continuous
function such that

9(.,62(@(?]%(9117 012, ..., 01n), R(021, 022, ---, 02n), (031, €32, -, 93n))))
< (0327 Mipalo1i, 0235 03:)))" (24)

k

for all g;j € L, where 6 € ©, k€ [0,1), \; >0 and > \; € [0,1). Then R has at
i=1

least a Presic type fixed point.

4. Extended Fuzzy S-metric spaces

In this section, we introduce the concept of extended fuzzy S-metric space
and study the relationship between EMSM and extended fuzzy S-metric. Also,
we present some new fixed point results in extended fuzzy S-metric spaces.

Definition 9. (Schweizer and Sklar [18]) A binary operation x : [0,1] x [0,1] —
[0,1] is called a continuous t-norm if:

(T1) * is commutative and associative;

(T2) % is continuous;

(T3) o x1=0c forall o €[0,1];

(T4) o xs <1%d when o <7 and s < d, with o,s,7,v € [0,1].

Definition 10. [17] A 3-tuple (L, M, x) is said to be a fuzzy metric space if L is
an arbitrary set,  is a continuous t-norm and M is a fuzzy set on E? x (0, 00)
such that, for all 0,0, 0" € £ and t,s > 0,

(i) M(o,d',t) > 0;

(i) M(p,0',t) =1 for allt >0 if and only if o = ¢';

(iti) M(o,0',t) = M(d', 0,t);

(iv) M(o, o) * M(d, o, 5) < M(0, ", + 5);

(v) M(o,0,-): (0,00) — [0,1] is continuous.

The degree of nearness between o and o' with respect to t is denoted by the
values of the function M(p, ¢',t).

Definition 11. A 3-tuple (L, S, *) is said to be a fuzzy S-metric space if L is an
arbitrary set, x is a continuous t-norm and S is a fuzzy set on L3 x (0,00) such
that, for all 0,0, 0" € L and t,s > 0,

(i) S(o, 0, 0", t) > 0;

(ii) S(o,0,0",t) =1 for all t > 0 if and only if o = o' = 0”;

(iii) S(o,0,0,t) = S(d', 0, 0, 1);

(iv) S(o,0,a,t) * S(d, 0'sa,8) * S(0", 0", a,7) < S(o, 0, 0", t +s+7);

(v) S(o,0,0",-) : (0,00) — [0,1] is left continuous.
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Definition 12. An EFSM space is an ordered quadruple (L, S,*, £) such that L
s a nonempty set, x is a continuous t-norm and B is a fuzzy set on B3 x (0, 00)
such that, for all 0,0, 0" € £ and t,s,r > 0,

(i) B(o,0,0',t) > 0;

(i1) B(o, 0, 0",t) =1 for all t > 0 if and only if o= 0o = 0’;

(iii) B(o, 0,a,t) * B(d', 0, a,s) x B(d",0",a,7) < B(o,d', 0", £(t + 5 +7));

(iv) B(o, 0, 0",-) : (0,00) = [0,1] is left continuous.
Definition 13. Let (£, B,*, £) be an EFSM space and {o,} be a sequence in L
and o € L.

(i) {on} is said to be convergent and converges to o ifn rlrlgloo B(on, on,0,t) =1
for allt > 0. ,

(ii) {on} is said to be a Cauchy sequence if and only if, for all € € (0,1) and
for allt > 0, there exists ng such that B(on, On, Om,t) > 1 — € for all m,n > ngp;

(iii) (£, B, *, £) is said to be complete if every Cauchy sequence is a convergent
sequence.
Definition 14. Let (£, B,*, £) be an EFSM space. The EFSM B is called tri-
angular whenever
S S SR S
Blo.¢,¢"t) ~ — "Blo0a) B(d, 0, a,t) B(¢" 0" a,t)

for all 0, 0',0",a € £ and for all t > 0.

1
Remark 3. Notice that py : £2x(0,00) — [0, 00) with px(o, ¢, 0", t) =

1 is an EMSM whenever B is a triangular EFSM.

We may deduce the following consequences in EFSM spaces using Remark 3
and the results obtained in Section 2.

Theorem 9. Let (£, B,x, £) be a triangular complete EFSM space and let R :
L — L be a self-mapping such that

1 1) < (O — 1)
(Ro, Ro', Re", 1) - B(o, ¢, 0"1)
for all o, 0, 0" € L, where € © and ¢ € V. Then R has a unique fized point in
L.

Corollary 7. Let (L, B, *, £) be a triangular complete EFSM space and R : L —
L be a self-mapping such that

0(£7] (25)

1

1 1 o roo -1
2 _ < _ B(Qa 0,0 7t)
bl [B(iff@, Ro', No", 1) 1)< (H(B(Q, o,0"t) D) (26)

B(o, ¢, 0",t)
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for all o,0',0" € £, where § € © and p € (. Then R has a unique fized point in
L.

Corollary 8. Let (L, B, *, £) be a triangular complete EFSM space and R : L —
L be a self-mapping such that
1 1
1) < (O(——— — 1))k 27
(Ro, Ro', Ro", 1) D=t (B(Q, o, 0",t) ) &)
for all 0,0',0" € L, where § € © and k € [0,1). Then R has a unique fized point
in L.

Theorem 10. Let (L, B,x, £) be an EFSM space and R : £ — L be a continuous
function such that

e 1 1)

O( £ 5

011, 012, -, 01n), R(021, 022, -, 02n), R(031, 032, ---, 03n
1 1 1
< — ({9<——1+——1+-.-+ —1”)
n1/1 B(o11, 021, 031) B(012, 022, 032) B(01n, 021, 03n)

for all 0;; C L, where 0 € © is a subadditive mapping and ¢ € ¥. Then R has at
least a Presic type fixed point.

Theorem 11. Let (L, B,x, £) be a complete triangular EFSM space and R :
L™ — L be a continuous function such that

9(£2( !

>1))

B(%(Qn, 012, -+, 01n), R(021, 022, ..., 02n), R(031, 032, ..., 03n

< w(e( { ! 1 L 1 L 1}))
max -1, —-1,..., -

- B(o11, 021, 031) B(012, 022, 032) B(01n, 02n, 03n)

for all p;j € L, where 0 € © and v € ¥. Then R has at least a Presi¢ type fized

point.

Corollary 9. Let (£, B,*, £) be a complete triangular EFSM space and R : L™ —
L be a continuous function such that

9<£2( ! - 1))
B<§R(Q11,Q12, cees 01n), R(021, 0225 -, 02n), R(031, 032, .-, 03n)
& 1
<pO(S N 1
=1 (Z B(01i, 02, 03i) )

i=1

k
for all o;5 € L, where € ©, ¢ € ¥, \; >0 and > \; € [0,1). Then R has at
i=1

least a Presic type fixed point.
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Corollary 10. Let (L, B,x, £) be a complete triangular EFSM space and R :
L™ — L be a continuous function such that

1
9<£2( - 1))
B(W@n,gm ey 01n), R(021, 022, .-, 02n), R(031, 032, -, 03n)
< (9(271:)\; -1 )W(Z?:l )\iB(é’l'w;?q@g')*l)
o " B(ei, 02i, 03:)

for all g;j € L, where § € ©, ¢ : [0,00) = [0,1) so that limsup p(t,) = 1 implies
n—oo
that t, — 0, as n — oo and li_>m ©"(t) = 0 for all t € [0,00), \; > 0 and
n oo
k
Ai €10,1). Then R has at least a Presié type fized point.

i=1

Corollary 11. Let (L, B,x, £) be a complete triangular EFSM space and R :

L™ — L be a continuous function such that

0( £ 1 - 1))
B(%(Qu,mz, cees 01n), R(021, 022, -, 02n), R(031, 032, .-, 03n)
- 1
< (0 N——— —1 k
= (; B(01i, 02i, 03i) )

k

for all g;j € L, where 8 € ©, k€ [0,1), \; >0 and > \; € [0,1). Then R has at
i=1

least a Presic¢ type fixed point.

5. Application

In this section we present an application of Theorem 2.
Let L. = C([a,b],R) be the set of real continuous functions defined on [a, b].
Let

d(o,0') = max | o(t) —&'(t) |

for all g, 0 € L, and p) : (0,+00) x L x L x L. — [0, +00] be defined by
d(e, ") +d(¢, 0")
A

Then (L, p)) is a complete EMSM space. Now, let us consider the integral equa-
tion

or(o, ¢, 0") = for all o, ¢', 0" € L.

b
o(t) = / K(t,s,0(s))ds, for allt,s € [a,b], (28)
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where K : [a,b] X [a,b] x R — R is a continuous function.

Theorem 12. Assume that for all t,s € [a,b] we have

b o
[ K5, 006)) = K5, s)ds < 20 o 205Dy,

Then, the integral equation (28) has a unique solution u € L provided that the
combination function 01 (1()) is superadditive.

Proof. Let us define ®: L. — L by
b
R(o)(t) = / K(t,s,o0(s))ds, o€ L,t,s € [a,b].
Let o, 0" € L. Then we have
b b
Ro(t) RO = | [ Klt.5.0(6)ds = [ Klt.s.0(5)as

b
S/ K(t,s,0(s)) = K(t, 5,0"(5))ds

lo(t) — o"(t)]

< A (9 (6( 3 )
d , //
<20 oM L)
Therefore,
pA(Ro, R, R") = d(Fe, Ro %;d(?]?@ , No")

<o O M) 1+ 07 (o ML) < 07 w(B(on(e. o))

for all o, ¢, 0" € L.
As a result, the criteria of Theorem 2 are satisfied, and R has a unique fixed

point in L, indicating that the nonlinear integral equation (28) has a unique
solution in C([a,b],R). «
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