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On Double Difference of Composition Operators
from a Space Generated by the Cauchy Kernel and
a Special Measure
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Abstract. In this paper, compact double difference of composition operators acting
from a space generated by the Cauchy kernel and a special measure to analytic Besov
spaces is characterized. Moreover, operator norm of these operators acting from Cauchy
transforms to analytic Besov spaces is obtained explicitly.
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1. Front matter

Let D denote the open unit disk in the complex plane C, T the unit circle,
H(D) the class of all holomorphic functions on D, H*® = {f € H(D) : || f|lcc =
sup,cp | f(2)] < oo} and dA the normalized area measure on D, that is,

1 1
dA(z) = —dxdy = —rdrdf.
w T
The space of functions generated by Cauchy transforms of special measures, de-

noted by F, is the subspace of H(D) consisting of functions which admits an
integral representation defined as

f(2) = /1r L (). 1)
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With respect to the norm defined as

£l = inf{HuH neMand 5= [ du(x)},

1—zz

F is a Banach space, where M is a class consisting of all complex Borel measures
on T and ||| is the total variation of p. For more about these spaces and linear
operators on them, we refer to [1]-[4], [7]-[10] and [12].

Let dA,, a € (—1,00) be a probability measure on D defined as

dAy(2) = (a+ 1)(1 — |2]*)*dA(z), =z € D.

For 1 < p < o0 and a > —1, the weighted Bergman space A% is a subspace of
H(D) and is a Banach space with the norm

111z = ( / |f<z>|pdAa<z>)1/p <

The analytic Besov space BP, (1 < p < oo) is the Banach subspace H (D) such
that

/ |f/(z)’pdAp—2(Z) < 0.
D

The norm for a BP space is defined by

1/p
1 Fllse = |£(0)] + ( / \f’<z>|PdAp_2<z>> “ .

The space B? is the Dirichlet space D equipped with an equivalent norm. For
more about analytic Besov spaces we refer the reader to [13] and [14].

Let S(D) = {¢ € HD) : (D) C D}. Then for a ¢ € S(D), composition
operator C, is defined as

Cof =fop

for f € H(D) and is extensively studied on different subspaces of H(D). See [6]
and [11].

Recently, Choe et. al. [5] proved that (Cy, — Cy,) — (Copy — Cp,) : AL — AL
is compact if and only if

lim (Mya + Maa)(2)(Miz + Mag)(2) = 0,

|z]—1

where

M= | ¥ Bt

L T Tl2)]
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and p((, z) is the pseudo-hyperbolic distance between ¢ and z in D given by

(—z
Motivated by their results, we completely characterize compact double difference
of composition operators from the space of functions generated by Cauchy trans-
forms of special measures to Besov spaces. Let Ny = {1,2,3,4} and ¢; € S(D)

for i € Ny. Throughout this paper, constants are positive and not necessarily the
same at each occurrence and are denoted by C.

p(C,Z)Z‘

2. Primary document

In this section, double difference of composition operators from Cauchy trans-
forms to Besov spaces are characterized.

Theorem 1. Let 1 < p < 0o and ¢; € S(D), i € Ny. Then (Cyp, —Cyp,) — (Cpy —
Cy,) : F — BP is bounded if and only if the family of functions

'z } p
ni————=:xeTycC A’
{i% (1 —Tpi)? "

18 norm bounded, where

1 g 1=1or4;
771‘:{_ /

1 if 1=2o0r3,

that is,

pdAp_g(z) <C < 0. (2)

_#(2)
2 M= a P

1E€Ny

NP :sup/
z€T JD

for some C' > 0. Furthermore, the following equality holds:

Zm’-i-N. (3)

1€Ny

||(CSD1 - OSDQ) - (Csas - C<P4)H]'—ﬁ‘3p = Slé%l‘)

Proof. First suppose that condition in (2) holds. For each f € F, there is
a measure p in M such that (1) and the equality |u|| = ||f||# hold. Taking
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derivative of (1) with respect to z, replacing z in the equation so obtained by
i, © € Ny, respectively, we obtain

Fleo) = [ oepin@), i= N (4)

Multiplying the equations in (4) by n;¢}(z), respectively, adding the equations so
obtained, using a well known inequality, we obtain

S nf el < llp [ | m e

1€Ny €Ny
Integrating (5) with respect to dA,_2(2), then using Fubini’s theorem, by (1) we
have

?dlul(x)

W ®

/ > il (pil2)¢i(=) dAp 2(2)
1€Ny
p-1 i
= Il / [/ ZEZN: T Zpi(2))2 1—;3% 2))2 dAp 2(2 )}dW( ) (6)
< NPl [ diel(a) = NPl = NP )

Using (7) and the fact that

((Znen)r)o] =z

i€Ny

()

1€Ny

OIS

1€Ny

we have

IR LI

€Ny

o
Bp zeT
Thus (Cyp, — Cy,) — (Cpy — Cyp,) : F — BP is bounded and

I(Cr = Ca) = (Cs = Cn) 7 < sUD

> _g;i(o) ’ YN (@8

1€Ny

Conversely, suppose that (Cy,, — Cy,) — (Cypy — Cyp,) maps F boundedly into BP.
For each x € T, consider the family {f, : z € T , where f;(2) = 1/(1 —Zz). Then
for each « € T, we have || fz||z = 1. Since (Cy,, — Cy,) — (Cypy — Cy,) maps F



On Double Difference of Composition Operators from a Space 129

boundedly into B?, by the closed graph theorem we have ((Cy,, — C,) — (Cyy —
Cy,))f € BP for every f € F. In particular,

<§Mﬂgnem

1€Ny
and so we have

(‘p/.
. 7 c p
Z 771(1 _T@i)Q Ap—2

1ENy
for every x € T. Moreover,

i
N
Teh g\; T 20:0)|
i oz) P 1/p
S“P( '+(/) ) s o
vel z‘% L= 70:(0) D i%n (1 -mzpi(2))?| " 2(2)

sup
z€eT

BPr

(o) (=)

< ||(C<p1 - 0@2) - (Cgos - 0@4)”}'—%1’ sup
xeT F

= ||(C<p1 - C@z) - (Cgos - 0@4)”}'—%1’- (9)

Therefore, the inequality in (2) holds. Again, by combining (8) and (9), we get
the validity of (3). «

1—-2z

The proof of next lemma is standard. See Proposition 3.11 of [6] for detailed
arguments.

Lemma 1. Let 1 < p < oo and ¢; € S(D), i € Ny such that each Cy, : F — BP,
i € Ny is bounded. Then (Cy, —Copy)—(Cypy—Cy,) : F — BP is compact if and only
if for any norm bounded sequence { f;} in F which converges to zero uniformly on
compact subsets of D, we have limj_,o ||((Cy, — Copy) — (Cypy — Cy,)) fillBr — 0.

Theorem 2. Let1 < p < oo and ; € S(D), i € Ny such that each C,, : F — BP,
i € Ny is bounded and (Cyp, —C,, ), (Cpy — Cyy) + F — BP are not compact. Then
the following statements are equivalent:

(1) (Cpy — Cypy) — (Cypy — Cy,) = F — BP is compact.
(2) p; € S(D), i € Ny are such that

p

90;(2) dAp_Q(Z) =0.

I S 2 12—
1m sup 5 ;i (1 — f()02(2:))2
4

=1 €T /nqin{|goi(z):i€N4}>r
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(8) For each of x € T, the integral transform

o die) P
/D 2 T g )P

1€Ny
is a continuous function of x.

dAp—a(z)

(4) For any given € > 0 and any given E C D, there is a § > 0 such that if
A(E) < 4,, then vz(E) < € for all x € T, where the measure v, is defined

by
/ 2 M () >>

1€Ny
Proof. (1) < (2). Suppose that (2) holds. Since Cy, : F — BP, i € Ny are
bounded, there is a constant C' > 0 such that ||Cy, f||s» < C||f||# for all i € Ny.
By considering the identity function Iy(z) = z in F, we can easily show that
@i € BP for each i € Ny. Thus we can choose r € (0,1) such that

dAp 2( )

for each x € T.

/ (A1) PdApa(z) < ¢ (10)
min{|p;(z)[:i€Ng } >r

for each ¢ € Ny and for each € > 0. Let f be a function of unit norm in F. For
each t € (0,1), let fi(z) = f(tz), 2 € D. Then f; € F and supyc(oq) | fill7 <
|| fll=. Moreover, on compact subsets of D, f; — f uniformly as ¢ — 1. So the
compactness of (Cy, — Cyp,) — (Copy — Cpy) + F — BP asserts that

lim ( > m%)ft - ( > om %> — 0.
1€Ny 1€Ny
Thus there is some ¢ € (0,1) such that
P

dA,_2(z) <e. (11)

((gN: i SDZ) > (=)= <(gN:4 niCSDi)f)/(z)

Using inequalities (10) in (11), we have

(o)) el

Alnﬂg@z (2)|:€Ng }>r iEN,

(g e-)e) - (S oen)s)of

1€Ny

)| dAp—2(2)

dAp 2( )
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(X nee)a) e

iE€Ny

p
+ C dAp_Q(Z)

min{|p;(z)|:9€Ns } >r
<eC(1+ | fill%)-

Therefore for every f of unit norm in F, there is a vy (f, ) in (0, 1) such that for

r € (y0,1), we have
((Znew)r) e

1€Ny

P
dAy_a(2) < e. (12)

/min{m(z):ieM}w

Since (Cy, — Cy,) — (Cpy — Cy,) : F — BP is compact, for every f of unit norm
in F and every € > 0, there is some k£ and functions f;, j € N in the unit ball of
F, and some j € Nj such that

/D << 2 ”ic%‘)f)/(z) - (( 2 m%)fj)(z)

1€Ny 1€Ny
From (12), there is some ~ € (0, 1) such that for » € (§,1) and j € N, we have

<< > mCsoi>fj>,(2)

S\

pdAp_Q(Z) <e. (13)

pdAp,Q(Z) < €. (14)

/min{cpi (2)]:t€Na}>r

Combining (13) and (14), we see that for every f in the unit ball of F, there is

r € (v, 1) such that
(<§Nj mc@i)f)lz)

Replacing f in (15) by f, defined in (1), we obtain

pdAp_2(2> <eC. (15)

~/min{<pi (2)]:t€Ng}>r

4
#i(2)
sup 1 i (1 — Ecpi(z))2

p
/ dAp_Q(Z) <eC
2€T Jmin{|p;(z)|:t€Ng}>r

1=

for r € (4,1). Hence (2) holds.
Again assume that (2) holds. Let (f;)jen be a sequence as in Lemma 1. Then
we need to show that

||((C<.01 - Ctpz) - (0303 - C<p4))fjHBp — 0 as j — oo.

There exists pj € M with ||u;]| = || f;|l 7 and
dp;(x
Fi(z) = /T dps(x) (16)

1—72z
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Proceeding as in Theorem 1, we can easily show that

p
S ndie @] <l [ 1Y ngtis ))

1€Ny 1€Ny
By the condition in (4), for every € > 0, there is some r € (0,1) such that

 di(2)
T —zi(2))?

Now (Cyp, — Cy,), (Cpy — Cyp,) + F — BP are not compact, so ||¢;|leo = 1 for all
i € Ny. Therefore,

H(( w1 @2) - (CSOS - 0@4)) j”%p
o( S nifi (i (0)] +

) / ax{|p;(2)]:i€Ng }<r
<
min{|p; (2)]:i€Ng} >r

Using (17), (18), Fubini’s theorem and the fact that ¢; € BP, i € Ny, and
SUD|y|<r ’f]/(w)|p — 0 as j — oo, we have

H(( w1 <P2) - (Cws - Ccp4))fj”%p
< c( SO+ s )P

i€Ny max{|p;(z)][i€Na}<r

dlugl( z).  (17)

P
sup dA, 2(z) <e. (18)

z€T /min{goi (2)]:i€Ng}>r

1€Ny

anf] @iz (2)

zEN

C44, (- >)

dAp 2(2)

1€Ny

Z 77@ 901 (2)

1E€Ny

) A2 Pddy (2
/maX{|<Pz'(Z)|¢i€N4}§T l‘EZNzL ’

Z U'&
% = 2
= (1 «’E(Pz(z))

vef |
T Jmin{|p;(2)|:i€Na}>r | ]

< c<c+ /Tdmj\(x))g < Ce

for j > jo. Hence (1) holds.

(1) = (3). Let us suppose that x; € T with x; — x as j — oo, and let f,
be defined as in (1). Then f,; is of unit norm in F and f;;, — f; uniformly on
compact subsets of D. Since (Cy, — Cy,) — (Cpy — Cy,) : F — BP is compact. By
Lemma 1, we have

H (S0 )= (X %)fm

1€Ny 1€Ny

-2l o))

—0 as j — o0.
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Since Cy, : F — BP, i € Ny are bounded, there is a constant C' > 0 such that
[|Cy, fzllBr < C||fzl|l7 = C for all i € Ny and for all x € T. Therefore, we have

/D gN: m(l—i(;)(z))? ’ GZN m% ladya(2)
/ > mifs(pilz |3 nifilpi2) A=) "laa, 50
€Ny el
</ ZN: i fz, (pi(2))pi(2) — z}\; i fa(¢i(2))g;(2) pdAp_Q(z)>l/p
:CH<Z-§\;WC%>JCIJ_<Z§ i ¢L>fx —0as j — oo.
Thus
/ ZEZN” M SiE “dAya(z) - / @%n % )) "a4, ()

as j — oco. Hence for each of x € T, the integral transform

is continuous on T.

(3) = (4). If possible, assume that (4) is not true. Then there are sequences
{zx} € T and {E}} € D such that x;, — x, A(Ex) — 0 as k — 00, and vy, (Ej) >
C for all k € N. Now

|V, (Ek) — v (Ep)]

'%p— : .ﬂp z
< /Ek i%m(l_%%(z))z ;nz(l_x¢i<z))2 ’dAp_Q( ).
Thus
piz)  |°

) vi(2) b
2 T 24,

dAp_2(2> + Uy (Ek)
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A

an — )) dAp 2( )+V93(Ek)

1 N xk%pz 1€Ny

(19)

Boundedness of (Cy, — Cy,) — (Cypy — Cy,) + F — BP asserts that v,(Ey) — 0
and so we arrive at a contradiction as then v, (Ex) — 0 as k — oo. Therefore,
(3) = (4) holds.

(4) = (1). Let € > 0 be given. Then

J

p
dAp—(z)

> nifi(pi2)@i(2)
i€Ny
Zm Soi e

< e / /
i€Ny

Choose a compact subset K of D such that A(D\ K) < 4. Then

o

dAp 2(2)d| | ().

anfk pi(z ( )

1€Ny
sol( z)

< el 1// = = 70i(2) 2

< 6||/~LkH”1/leukl(fv) = ellfullF <e (20)

dAp 2( )

dAp 2(2)d]pr|(x)

On K, there is some kg such that |f](p;(2))|* < € for all i € Ny and for k > k.
Thus for k£ > kg, we have

|| whiteei "4, ()
i€Ny
<c/ S 1) Plel(2)PdA,a(2)
i€Ny
< GC/ Z |% JPdA,_2(2) < GCZ”%H[;;) (21)
1€Ny

Therefore, by (20), (21) and the fact that ¢; € BP for all i € Ny, we have
[|((Cypy = Cypy) — (Cpy — Cy,)) frllB» = 0 as k — oo. This completes the proof of
(3)=1(1). «
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