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a Special Measure

M. Sharma, A.K. Sharma, M. Mursaleen*

Abstract. In this paper, compact double difference of composition operators acting
from a space generated by the Cauchy kernel and a special measure to analytic Besov
spaces is characterized. Moreover, operator norm of these operators acting from Cauchy
transforms to analytic Besov spaces is obtained explicitly.
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1. Front matter

Let D denote the open unit disk in the complex plane C, T the unit circle,
H(D) the class of all holomorphic functions on D, H∞ = {f ∈ H(D) : ‖f‖∞ =
supz∈D |f(z)| <∞} and dA the normalized area measure on D, that is,

dA(z) =
1

π
dxdy =

1

π
rdrdθ.

The space of functions generated by Cauchy transforms of special measures, de-
noted by F , is the subspace of H(D) consisting of functions which admits an
integral representation defined as

f(z) =

∫
T

1

1− xz
dµ(x). (1)
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With respect to the norm defined as

‖f‖F = inf

{
‖µ‖ : µ ∈M and f(z) =

∫
T

1

1− xz
dµ(x)

}
,

F is a Banach space, whereM is a class consisting of all complex Borel measures
on T and ‖µ‖ is the total variation of µ. For more about these spaces and linear
operators on them, we refer to [1]-[4], [7]-[10] and [12].

Let dAα, α ∈ (−1,∞) be a probability measure on D defined as

dAα(z) = (α+ 1)(1− |z|2)αdA(z), z ∈ D.

For 1 ≤ p < ∞ and α > −1, the weighted Bergman space Apα is a subspace of
H(D) and is a Banach space with the norm

||f ||Apα =

(∫
D
|f(z)|pdAα(z)

)1/p

<∞.

The analytic Besov space Bp, (1 < p < ∞) is the Banach subspace H(D) such
that ∫

D
|f ′(z)|pdAp−2(z) <∞.

The norm for a Bp space is defined by

‖f‖Bp := |f(0)|+
(∫

D
|f ′(z)|pdAp−2(z)

)1/p

<∞.

The space B2 is the Dirichlet space D equipped with an equivalent norm. For
more about analytic Besov spaces we refer the reader to [13] and [14].

Let S(D) = {ϕ ∈ H(D) : ϕ(D) ⊂ D}. Then for a ϕ ∈ S(D), composition
operator Cϕ is defined as

Cϕf = f ◦ ϕ

for f ∈ H(D) and is extensively studied on different subspaces of H(D). See [6]
and [11].

Recently, Choe et. al. [5] proved that (Cϕ1 −Cϕ2)− (Cϕ3 −Cϕ4) : Apα → Apα
is compact if and only if

lim
|z|→1

(M12 +M34)(z) ̂(M13 +M24)(z) = 0,

where

Mij =

[ ∑
k∈{i,j}

1− |z|
1− |ϕk(z)|

]
ρ(ϕi(z), ϕj(z))
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and ρ(ζ, z) is the pseudo-hyperbolic distance between ζ and z in D given by

ρ(ζ, z) =

∣∣∣∣ ζ − z1− ζz

∣∣∣∣.
Motivated by their results, we completely characterize compact double difference
of composition operators from the space of functions generated by Cauchy trans-
forms of special measures to Besov spaces. Let N4 = {1, 2, 3, 4} and ϕi ∈ S(D)
for i ∈ N4. Throughout this paper, constants are positive and not necessarily the
same at each occurrence and are denoted by C.

2. Primary document

In this section, double difference of composition operators from Cauchy trans-
forms to Besov spaces are characterized.

Theorem 1. Let 1 < p <∞ and ϕi ∈ S(D), i ∈ N4. Then (Cϕ1 −Cϕ2)− (Cϕ3 −
Cϕ4) : F → Bp is bounded if and only if the family of functions{∑

i∈N4

ηi
ϕ′i

(1− xϕi)2
: x ∈ T

}
⊂ App−2

is norm bounded, where

ηi =

{
1 if i = 1 or 4;
−1 if i = 2 or 3,

that is,

Np = sup
x∈T

∫
D

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pdAp−2(z) ≤ C <∞. (2)

for some C > 0. Furthermore, the following equality holds:

‖(Cϕ1 − Cϕ2)− (Cϕ3 − Cϕ4)‖F→Bp = sup
x∈T

∣∣∣∣ ∑
i∈N4

ηi
1− xϕi(0)

∣∣∣∣+N. (3)

Proof. First suppose that condition in (2) holds. For each f ∈ F , there is
a measure µ in M such that (1) and the equality ‖µ‖ = ‖f‖F hold. Taking
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derivative of (1) with respect to z, replacing z in the equation so obtained by
ϕi, i ∈ N4, respectively, we obtain

f ′(ϕi(z)) =

∫
T

x

(1− xϕi(z))2
dµ(x), i = N4. (4)

Multiplying the equations in (4) by ηiϕ
′
i(z), respectively, adding the equations so

obtained, using a well known inequality, we obtain∣∣∣∣ ∑
i∈N4

ηif
′(ϕi(z))ϕ

′
i(z)

∣∣∣∣p ≤ ‖µ‖p ∫
T

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pd|µ|(x)

‖µ‖
. (5)

Integrating (5) with respect to dAp−2(z), then using Fubini’s theorem, by (1) we
have ∫

D

∣∣∣∣ ∑
i∈N4

ηif
′(ϕi(z))ϕ

′
i(z)

∣∣∣∣pdAp−2(z)
≤ ‖µ‖p−1

∫
T

[ ∫
D

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pdAp−2(z)]d|µ|(x) (6)

≤ Np‖µ‖p−1
∫
T
d|µ|(x) = Np‖µ‖p = Np‖f‖pF . (7)

Using (7) and the fact that∣∣∣∣((∑
i∈N4

ηiCϕi

)
f

)
(0)

∣∣∣∣ ≤ sup
x∈T

∣∣∣∣ ∑
i∈N4

ηi
1− xϕi(0)

∣∣∣∣‖f‖F ,
we have ∥∥∥∥(∑

i∈N4

ηiCϕi

)
f

∥∥∥∥
Bp
≤
{

sup
x∈T

∣∣∣∣ ∑
i∈N4

ηi
1− xϕi(0)

∣∣∣∣+N

}
‖f‖F .

Thus (Cϕ1 − Cϕ2)− (Cϕ3 − Cϕ4) : F → Bp is bounded and

‖(Cϕ1 − Cϕ2)− (Cϕ3 − Cϕ4)‖F→Bp ≤ sup
x∈T

∣∣∣∣ ∑
i∈N4

ηi
1− xϕi(0)

∣∣∣∣+N. (8)

Conversely, suppose that (Cϕ1 −Cϕ2)− (Cϕ3 −Cϕ4) maps F boundedly into Bp.
For each x ∈ T, consider the family {fx : x ∈ T , where fx(z) = 1/(1− xz). Then
for each x ∈ T, we have ‖fx‖F = 1. Since (Cϕ1 − Cϕ2) − (Cϕ3 − Cϕ4) maps F
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boundedly into Bp, by the closed graph theorem we have ((Cϕ1 −Cϕ2)− (Cϕ3 −
Cϕ4))f ∈ Bp for every f ∈ F . In particular,(∑

i∈N4

ηiCϕi

)
fx ∈ Bp,

and so we have ∑
i∈N4

ηi
ϕ′i

(1− xϕi)2
∈ App−2

for every x ∈ T. Moreover,

sup
x∈T

∣∣∣∣ ∑
i∈N4

ηi
1− xϕi(0)

∣∣∣∣+N

≤ sup
x∈T

(∣∣∣∣ ∑
i∈N4

ηi
1− xϕi(0)

∣∣∣∣+

(∫
D

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pdAp−2(z))1/p)
= sup

x∈T

∥∥∥∥(∑
i∈N4

ηiCϕi

)(
1

1− xz

)∥∥∥∥
Bp

≤ ‖(Cϕ1 − Cϕ2)− (Cϕ3 − Cϕ4)‖F→Bp sup
x∈T

∥∥∥∥ 1

1− xz

∥∥∥∥
F

= ‖(Cϕ1 − Cϕ2)− (Cϕ3 − Cϕ4)‖F→Bp . (9)

Therefore, the inequality in (2) holds. Again, by combining (8) and (9), we get
the validity of (3). J

The proof of next lemma is standard. See Proposition 3.11 of [6] for detailed
arguments.

Lemma 1. Let 1 < p <∞ and ϕi ∈ S(D), i ∈ N4 such that each Cϕi : F → Bp,
i ∈ N4 is bounded. Then (Cϕ1−Cϕ2)−(Cϕ3−Cϕ4) : F → Bp is compact if and only
if for any norm bounded sequence {fj} in F which converges to zero uniformly on
compact subsets of D, we have limj→∞ ||((Cϕ1 − Cϕ2)− (Cϕ3 − Cϕ4))fj ||Bp → 0.

Theorem 2. Let 1 < p <∞ and ϕi ∈ S(D), i ∈ N4 such that each Cϕi : F → Bp,
i ∈ N4 is bounded and (Cϕ1 −Cϕ2), (Cϕ3 −Cϕ4) : F → Bp are not compact. Then
the following statements are equivalent:

(1) (Cϕ1 − Cϕ2)− (Cϕ3 − Cϕ4) : F → Bp is compact.

(2) ϕi ∈ S(D), i ∈ N4 are such that

lim
r→1

sup
x∈T

∫
min{|ϕi(z)|:i∈N4}>r

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pdAp−2(z) = 0.
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(3) For each of x ∈ T, the integral transform∫
D

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pdAp−2(z)
is a continuous function of x.

(4) For any given ε > 0 and any given E ⊂ D, there is a δ > 0 such that if
A(E) < δ,, then νx(E) < ε for all x ∈ T, where the measure νx is defined
by

νx(E) =

∫
E

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pdAp−2(z),
for each x ∈ T.

Proof. (1) ⇔ (2). Suppose that (2) holds. Since Cϕi : F → Bp, i ∈ N4 are
bounded, there is a constant C > 0 such that ||Cϕif ||Bp ≤ C||f ||F for all i ∈ N4.
By considering the identity function I0(z) = z in F , we can easily show that
ϕi ∈ Bp for each i ∈ N4. Thus we can choose r ∈ (0, 1) such that∫

min{|ϕi(z)|:i∈N4}>r
|ϕ′i(z)|2dAp−2(z) < ε (10)

for each i ∈ N4 and for each ε > 0. Let f be a function of unit norm in F . For
each t ∈ (0, 1), let ft(z) = f(tz), z ∈ D. Then ft ∈ F and supt∈(0,1) ‖ft‖F ≤
‖f‖F . Moreover, on compact subsets of D, ft → f uniformly as t → 1. So the
compactness of (Cϕ1 − Cϕ2)− (Cϕ3 − Cϕ4) : F → Bp asserts that

lim
t→1

∥∥∥∥(∑
i∈N4

ηiCϕi

)
ft −

(∑
i∈N4

ηiCϕi

)
f

∥∥∥∥
Bp
→ 0.

Thus there is some t ∈ (0, 1) such that∫
D

∣∣∣∣((∑
i∈N4

ηiCϕi

)
ft

)′
(z)−

((∑
i∈N4

ηiCϕi

)
f

)′
(z)

∣∣∣∣pdAp−2(z) < ε. (11)

Using inequalities (10) in (11), we have∫
min{|ϕi(z)|:i∈N4}>r

∣∣∣∣((∑
i∈N4

ηiCϕi

)
f

)′
(z)

∣∣∣∣pdAp−2(z)
≤ C

∫
D

∣∣∣∣((∑
i∈N4

ηiCϕi

)
ft

)′
(z)−

((∑
i∈N4

ηiCϕi

)
f

)′
(z)

∣∣∣∣pdAp−2(z)
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+ C

∫
min{|ϕi(z)|:i∈N4}>r

∣∣∣∣((∑
i∈N4

ηiCϕi

)
ft

)′
(z)

∣∣∣∣pdAp−2(z)
≤ εC(1 + ‖f ′t‖p∞).

Therefore for every f of unit norm in F , there is a γ0(f, ε) in (0, 1) such that for
r ∈ (γ0, 1), we have∫

min{|ϕi(z)|:i∈N4}>r

∣∣∣∣((∑
i∈N4

ηiCϕi

)
f

)′
(z)

∣∣∣∣pdAp−2(z) < ε. (12)

Since (Cϕ1 − Cϕ2)− (Cϕ3 − Cϕ4) : F → Bp is compact, for every f of unit norm
in F and every ε > 0, there is some k and functions fj , j ∈ Nk in the unit ball of
F , and some j ∈ Nk such that∫

D

∣∣∣∣((∑
i∈N4

ηiCϕi

)
f

)′
(z)−

((∑
i∈N4

ηiCϕi

)
fj

)′
(z)

∣∣∣∣pdAp−2(z) < ε. (13)

From (12), there is some γ ∈ (0, 1) such that for r ∈ (δ, 1) and j ∈ Nk, we have∫
min{|ϕi(z)|:i∈N4}>r

∣∣∣∣((∑
i∈N4

ηiCϕi

)
fj

)′
(z)

∣∣∣∣pdAp−2(z) < ε. (14)

Combining (13) and (14), we see that for every f in the unit ball of F , there is
r ∈ (γ, 1) such that∫

min{|ϕi(z)|:i∈N4}>r

∣∣∣∣((∑
i∈N4

ηiCϕi

)
f

)′
(z)

∣∣∣∣pdAp−2(z) < εC. (15)

Replacing f in (15) by fx defined in (1), we obtain

sup
x∈T

∫
min{|ϕi(z)|:i∈N4}>r

∣∣∣∣ 4∑
i=1

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pdAp−2(z) < εC

for r ∈ (δ, 1). Hence (2) holds.
Again assume that (2) holds. Let (fj)j∈N be a sequence as in Lemma 1. Then
we need to show that

‖((Cϕ1 − Cϕ2)− (Cϕ3 − Cϕ4))fj‖Bp → 0 as j →∞.

There exists µj ∈M with ‖µj‖ = ‖fj‖F and

fj(z) =

∫
T

dµj(x)

1− xz
. (16)
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Proceeding as in Theorem 1, we can easily show that∣∣∣∣ ∑
i∈N4

ηif
′
j(ϕi(z))ϕ

′
i(z)

∣∣∣∣p ≤ ‖µ‖p−1 ∫
T

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pd|µj |(x). (17)

By the condition in (4), for every ε > 0, there is some r ∈ (0, 1) such that

sup
x∈T

∫
min{|ϕi(z)|:i∈N4}>r

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pdAp−2(z) < ε. (18)

Now (Cϕ1 − Cϕ2), (Cϕ3 − Cϕ4) : F → Bp are not compact, so ‖ϕi‖∞ = 1 for all
i ∈ N4. Therefore,

‖((Cϕ1 − Cϕ2)− (Cϕ3 − Cϕ4))fj‖pBp

≤ C
(∣∣∣∣ ∑

i∈N4

ηifj(ϕi(0))

∣∣∣∣+

∫
max{|ϕi(z)|:i∈N4}≤r

∣∣∣∣ ∑
i∈N4

ηif
′
j(ϕi(z))ϕ

′
i(z)

∣∣∣∣pdAp−2(z)
+

∫
min{|ϕi(z)|:i∈N4}>r

∣∣∣∣ ∑
i∈N4

ηif
′
j(ϕi(z))ϕ

′
i(z)

∣∣∣∣pdAp−2(z)).
Using (17), (18), Fubini’s theorem and the fact that ϕi ∈ Bp, i ∈ N4, and
sup|w|≤r |f ′j(w)|p → 0 as j →∞, we have

‖((Cϕ1 − Cϕ2)− (Cϕ3 − Cϕ4))fj‖pBp

≤ C
(∑
i∈N4

|fj(ϕi(0))|+ sup
max{|ϕi(z)|:i∈N4}≤r

|f ′j(ϕi(z))|p

×
∫
max{|ϕi(z)|:i∈N4}≤r

∑
i∈N4

|ϕ′i(z)|pdAp−2(z)

+ C

∫
T

∫
min{|ϕi(z)|:i∈N4}>r

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pdAp−2(z)d|µj |(x)

)
< C

(
C +

∫
T
d|µj |(x)

)
ε < Cε

for j ≥ j0. Hence (1) holds.
(1) ⇒ (3). Let us suppose that xj ∈ T with xj → x as j → ∞, and let fxj

be defined as in (1). Then fxj is of unit norm in F and fxj → fx uniformly on
compact subsets of D. Since (Cϕ1 −Cϕ2)− (Cϕ3 −Cϕ4) : F → Bp is compact. By
Lemma 1, we have∥∥∥∥(∑

i∈N4

ηiCϕi

)
fxj −

(∑
i∈N4

ηiCϕi

)
fx

∥∥∥∥
Bp
→ 0 as j →∞.
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Since Cϕi : F → Bp, i ∈ N4 are bounded, there is a constant C > 0 such that
||Cϕifx||Bp ≤ C||fx||F = C for all i ∈ N4 and for all x ∈ T. Therefore, we have∫

D

∣∣∣∣∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xjϕi(z))2

∣∣∣∣p − ∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣p∣∣∣∣dAp−2(z)
=

∫
D

∣∣∣∣∣∣∣∣ ∑
i∈N4

ηif
′
xj (ϕi(z))ϕ

′
i(z)

∣∣∣∣p − ∣∣∣∣ ∑
i∈N4

ηif
′
x(ϕi(z))ϕ

′
i(z)

∣∣∣∣p∣∣∣∣dAp−2(z)
≤ C

(∫
D

∣∣∣∣ ∑
i∈N4

ηif
′
xj (ϕi(z))ϕ

′
i(z)−

∑
i∈N4

ηif
′
x(ϕi(z))ϕ

′
i(z)

∣∣∣∣pdAp−2(z))1/p

= C

∥∥∥∥(∑
i∈N4

ηiCϕi

)
fxj −

(∑
i∈N4

ηiCϕi

)
fx

∥∥∥∥
Bp
→ 0 as j →∞.

Thus∫
D

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xjϕi(z))2

∣∣∣∣pdAp−2(z) → ∫
D

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pdAp−2(z)
as j →∞. Hence for each of x ∈ T, the integral transform∫

D

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pdAp−2(z)
is continuous on T.
(3) ⇒ (4). If possible, assume that (4) is not true. Then there are sequences
{xk} ∈ T and {Ek} ∈ D such that xk → x, A(Ek)→ 0 as k →∞, and νxk(Ek) ≥
C for all k ∈ N. Now

|νxk(Ek)− νx(Ek)|

≤
∫
Ek

∣∣∣∣∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xkϕi(z))2

∣∣∣∣p − ∣∣∣∣ 4∑
i=1

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣p∣∣∣∣dAp−2(z).
Thus

νxk(Ek) ≤
∫
Ek

∣∣∣∣∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xkϕi(z))2

∣∣∣∣p
−
∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣p∣∣∣∣dAp−2(z) + νx(Ek)
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≤ C
∫
Ek

∣∣∣∣ 4∑
i=1

ηi
ϕ′i(z)

(1− xkϕi(z))2
−
∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pdAp−2(z) + νx(Ek).

(19)

Boundedness of (Cϕ1 − Cϕ2) − (Cϕ3 − Cϕ4) : F → Bp asserts that νx(Ek) → 0
and so we arrive at a contradiction as then νxk(Ek) → 0 as k → ∞. Therefore,
(3)⇒ (4) holds.
(4)⇒ (1). Let ε > 0 be given. Then∫

D

∣∣∣∣ ∑
i∈N4

ηif
′
k(ϕi(z))ϕ

′
i(z)

∣∣∣∣pdAp−2(z)
≤ ‖µk‖

∫
T

∫
D

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pdAp−2(z)d|µk|(x).

Choose a compact subset K of D such that A(D \K) < δ. Then∫
D\K

∣∣∣∣ ∑
i∈N4

ηif
′
k(ϕi(z))ϕ

′
i(z)

∣∣∣∣pdAp−2(z)
≤ ‖µk‖p−1

∫
T

∫
D\K

∣∣∣∣ ∑
i∈N4

ηi
ϕ′i(z)

(1− xϕi(z))2

∣∣∣∣pdAp−2(z)d|µk|(x)

≤ ε‖µk‖p−1
∫
T
d|µk|(x) = ε||fk||pF < ε. (20)

On K, there is some k0 such that |f ′k(ϕi(z))|2 < ε for all i ∈ N4 and for k ≥ k0.
Thus for k ≥ k0, we have∫

K

∣∣∣∣ ∑
i∈N4

ηif
′
k(ϕi(z))ϕ

′
i(z)

∣∣∣∣pdAp−2(z)
≤ C

∫
K

∑
i∈N4

|f ′k(ϕi(z))|p|ϕ′i(z)|pdAp−2(z)

≤ εC
∫
K

∑
i∈N4

|ϕ′i(z)|pdAp−2(z) < εC
4∑
i=1

‖ϕi‖pBp . (21)

Therefore, by (20), (21) and the fact that ϕi ∈ Bp for all i ∈ N4, we have
||((Cϕ1 − Cϕ2)− (Cϕ3 − Cϕ4))fk||Bp → 0 as k →∞. This completes the proof of
(3)⇒ (1). J
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