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Non Global Solutions For a Class of Klein-Gordon
Equations

T. Saanouni

Abstract. Under sufficient conditions on the data, solutions to a class of Klein-Gordon
equations with exponential type non-linearity and arbitrary positive energy blow-up in
finite time.
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1. Introduction

This paper studies the nonexistence of global solutions to the semi-linear wave
equation
{U—Au+u:fa(u)::e“—1+au; (1)

(u, ﬂ)|t:0 = (uo,u1) ,

where u is a real valued function of the variable (¢,z) € [0,7) x Q for some
smooth domain © C R? and —2 < a < —1. The above wave problem has various
applications in the area of nonlinear optics, plasma physics, fluid mechanics [12].

Before going further, let us recall few historic facts about well-posedness in
the energy space of (1) with exponential source term. In two space dimensions,
the critical non-linearity for the wave equation is of exponential growth. In-
deed, Nakamura and Ozawa proved global well-posedness and scattering for small
Cauchy data [8, 9]. Later on, A. Atallah [1] obtained a local existence result for
radially symmetric data with a compact support. Ibrahim-Majdoub-Masmoudi
[3] obtained global well-posedness in the energy unit ball. Similar results exist in
the case of a bounded domain [4]. Recently, Struwe [13, 14] proved unconditional
existence of global solution with regular datum.

http://www.azjm.org 39 © 2010 AZJM Al rights reserved.
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In [6], the author proved unconditional global well-posedness and linearization
of the defocusing semi-linear wave equation (1) for a = 1. The same result was
proved in [7] for a class of exponential type non-linearities.

The question of existence of non global solutions to nonlinear wave equations
was treated by many authors [2, 5, 12, 10]. There exist few results about the
blow-up properties for the local solution to Klein-Gordon equations with arbitrary
positive energy [15, 16, 11].

It is the aim of this manuscript to extend the work [11], by giving sufficient
conditions on the data which give finite time blowing up solutions to (1). Com-
paring with [15, 16], the key assumption zf(z) > (2 + ¢)F(x), where F is the
primitive of f vanishing on zero, is not satisfied in this note.

The rest of the paper is organized as follows. The next section contains some
technical tools needed in the sequel and the main results. The two last sections
are dedicated to proving the main results.

In the rest of this note, for simplicity, denote || [|z2(q) by |- [| and [|. || g1 ()
by [+ [l -

2. Preliminaries and main results

2.1. Preliminaries

Here and hereafter, for v,w € HY(Q) and u € C([0,T], H(Q2)), define the
quantities

F, = . w(s)ds;

| futeyas
G(v) = ol and (o) = ol — [ vfule) da

Q
1
Bv,w) = 5 (Iolln + wl?) = [ Fu(o)das
G(t) == G(u(?), I@t):=1I(u®), Et):=E(u(t),it)).
Throughout this manuscript, we consider the infinite set

6571

1
A, = {5 € (0,1) such that a < —§<1 + )}, —2<a< -1 (2)

3

The Cauchy problem (1) was studied in [6, 7], where a local well-posedness
result was proved in the energy space.
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Proposition 1. Let (ug,u1) € (H' x L?)(R?). Then the semi-linear wave problem
(1) has a unique mazximal solution u in the class

Cr+(H' (R?)) N O (L*(R?)).

Moreover, the solution satisfies conservation of the energy E(t) = E(0) for any
te[0,T7).

Remark 1. IfQ is a smooth bounded domain, then the problem (1) with Dirichlet
conditions is locally well-posed in the energy space [4].

The following property about the non-linearity will be useful in the sequel
[11].

Lemma 1. Take -2 < a < —1 and e € A,. Then,
1/ b:=b(a,¢e) := inf <:):fa(m) —(2+ E)Fa(x)> e R;
z€eR
2/ the next inequality holds

zfo(z) > 24+ ¢)Fo(x) + (a+ 1)%x2, for any x €R. (3)

Finally, recall a standard result about non global solutions to an ordinary
differential inequality.

Lemma 2. Let € > 0. There is no real function H € C*(R,.) satisfying
H(0)>0, H(0)>0 and HH"—(1+€&)(H)>>0 on R,.

Proof. Assume by contradiction the existence of such a function. Then
(H-(+I)H'Y >0 and
H' S H'(0)

0.
Hlt+e — H(O) >

This is a Riccati inequality with blow-up time T' < % 5,((%)). This contradiction

achieves the proof. «

2.2. Main results

This subsection contains two theorems about non global solutions to (1) under
sufficient conditions on the data.
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Theorem 1. Let By >0, —2<a < —1 and e € A,. If (ug,u1) € (H' x L?)(R?)
satisfies
22+¢)

E(O) = Eo, I(O) <0 and G/(O) > 5(2 —I—CL)

0

then the mazimal solution u € Cp«(H*(R?)) N Ch. (L?(R?)) to (1) blows up in a
finite time. Precisely,

T" <oo and limsup ||u(t)| = oco.
t—T*

Now, let us consider non global solutions to (1) in the case of a bounded
domain.

Theorem 2. Let By >0, -2 < a < —1, e € A,. Take Q C R? a smooth bounded
domain satisfying

—~

14+a)E
(2+a)ﬁ' (4)

~—

B> —(2+¢)
If (ug,u1) € (H} x L?)(Q) satisfies
E(0) = Eo, 1(0)<0 and G'(0)> g((z +)Eo + [bl|9).

then the mazimal solution u € Cp+(HE(Q)) N CL.(L*(Q)) to (1) with Dirichlet
conditions blows up in a finite time. Precisely,

T <oo and limsup ||u(t)]| = co.
t—T*

3. Proof of Theorem 1
The proof is based on the following auxiliary result.

Lemma 3. Let Eg > 0, —2 < a < —1, ¢ € A, and (ug,u1) € (H' x L?)(R?)
satisfying

22+¢)
e(2+a)

E(O) = Fy, I(O) <0 and G/(O) > 0-

Then the mazimal solution u € Cr~(HY) N Ck.(L?) to (1) satisfies

22+¢)

I d G
<0 and G >5(2+a)

E on [0,T7).
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Proof. Compute using the equation (1), G' = 2 [g, u(z)u(z)dr and $G” =
|la)|> — I > —I. Assume that I is not always negative and define

t := min {s € (0,7%) such that I(s) = O}.

Then G’ is increasing on [0, ] and

¢ > G(0) jgigm on (0,4, (5)
Now, since I(¢) = 0, by (3) we have
28 = Jult)l + O =2 [ Fafult, ) do
> el + 1O - 5 [ (ut o fuut0)de = 50 +ai (o) do
> )3+ 1601 = 52— () B = 50+ @) o))

Then, thanks to Cauchy-Schwarz inequality, we get

(24 a)e

t 2
S )]

(&) 2 + a1 + 1Vu(t)?)

. £
2E > |lu(t)|*+ mHVU(tW +

e(24a)
24¢
e2+a) .,
> —r .
- 24¢ G(t)

>

This contradicts (5) and finishes the proof. «

Now, return to the proof of Theorem 1. By contradiction, assume that u is
global. Compute, using Cauchy-Schwarz inequality

(G")? = dfwall} < 4llul*al® < 4G||a]*.

For A € R, define the real function

mo= oq =y

G(¢" - 3+ Nal?)
> —G(zf +(1+ )\)HuH2>.

v
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Taking account of (3), write

28 = Julfy + il 2 [ Fufu)do
R
> ful o+ fa]? - (wfa(wdz = (1 + a)u?) do
- H 2+5 R2 2
. 9

>l + il = 5 (= 1= 50+ @) ).

Then,
22+ )E > (2+e)|ull® + [ Vull® + £(2 + a)|Jul|* + 2I.

Thus,

hy > —G(QI +(1+ )\)||u||2)

> G( =22+ + @+ o)al? + | Vul® + 22 + a) Jull® - (1+ A}l

> G(—22+2)E+(1+e—N[al? + 2| Vul® + 22 + a) ul]?). (6)
: : 1 2(24¢)
Using the previous lemma, we have G’ > =2 +a)E, SO

P = G((1+e=(1—e(l+a)al® + 22+ a)ljul® - 202 +2)E)
> e(2+a)G(Jlal? + Jul? - &)
> 0.
Finally,

GG" — (1 — )(G)? > 0.

e(1+a)
4
Theorem 1 is proved thanks to Proposition 1 and the fact that a < —1.

4. Proof of Theorem 2

The proof is based on the following intermediate result.

Lemma 4. Let Fy >0, -2 <a < —1, ¢ € A, and Q C R? be a smooth bounded
domain satisfying (4). If (ug,u1) € (H} x L?)(Q) satisfies

2
E(0)=Ey, I(0)<0 and G'(0)> g((2+5)E0 + |by|m),
then the mazimal solution u € Cp=(HE()) N CH.(L3(Q)) to (1) satisfies

2
I1<0 and G’>g((2+e)E+]b||Q|> on [0,T%).
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Proof. Using the equation (1), write G’ = 2 [, u(z)u(z) dz and $G” = ||4/|* —
I > —1I. Assume that I is not always negative and take

= min{s € (0,7%) such that I(s) = O}.
Then, G’ is increasing on [0,¢] and
!/ / 2
G > G(0) > g((2+6)E+ ]bHQ|> on [0,4]. (7)

Now, since I(t) = 0, by (3) we have

2B = [lu(®)|F + lla()]? - Q/RQ Fo(u) dx
2 €
> 2 N _ € 2
> Ol + 1601 = 57 [ (ufalu)de = 50+ au?) da
. 2 €
> Ju@®)F + la@)]? - ﬁ(”“(ﬂ”%ﬂ -5+ a)|lu(t)|?).
By Cauchy-Schwarz inequality, we get
. 2+a)e
O > 2 € 2, 2
= [a@®I + 5 IVu@®I” + S @l

Efjj) ()2 + @) + [ u()?)

e2+a) .,

> — .
- 24+¢ G(t)

>

Thus,

2(e+am+blol) <6 < 5813

This contradicts (4). So I < 0 on [0,7%). The proof is finished. «

0-

Now, return to the proof of Theorem 2. By contradiction, assume that u is
global. Arguing as in the previous section and using (6) with Lemma 4 and (4),
yields

Y

G((1+e= (1= +a)al® +22+a)|lull® - 22+ £)E)
> G(e2+a)(llal® + ul®) - 22+ <))

G
0.

hl—s(l—l—a)

vV

v

21+ a)2+e)E+ (2+ a)|bQ|)

\%
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Finally,

1_5(1+a)

"o
GG" — ( .

)G')? > 0.

Theorem 2 is proved thanks to Proposition 1 and the fact that a < —1.

1]

References

A. Atallah Baraket, Local existence and estimations for a semi-linear wave
equation in two dimension space, Boll. Unione Mat. Ital. Sez. B Artic. Ric.
Mat., 8(1), 2004, 1-21.

J.M. Ball, Finite time blow-up in nonlinear problems, Nonlinear Evol Eq,
Academic Press, 1978, 189-205.

S. Ibrahim, M. Majdoub, N. Masmoudi, Global solutions for a semi-linear
2D Klein-Gordon equation with exponential type non-linearity, Comm. Pure
App. Math, 59(11), 2006, 1639-1658.

S. Ibrahim, R. Jrad, Strichartz type estimates and the well-posedness of an
energy critical 2D wave equation in a bounded domain, Journal of Differential
Equations, 250(9), 2011, 3740-3771.

H.A. Levine, Some nonexistence and stability theorems for solutions of for-
mally parabolic equations of the form Puy = —Au + F(u), Arch. Rational
Mech. Anal., 51, 1973, 371-386.

O. Mahouachi, T. Saanouni, Global well posedness and linearization of a
semi-linear wave equation with exponential growth, Georgian Math. J., 17,
2010, 543-562.

O. Mahouachi, T. Saanouni, Well and ill-posedness issues for a class of 2D
wave equation with exponential growth, J. Partial Diff. Eqgs., 24(4), 2011,
361-384.

M. Nakamura, T. Ozawa, Global solutions in the critical Sobolev space for
the wave equations with non-linearity of exponential growth, Math. Z., 231,
1999, 479-487.

M. Nakamura, T. Ozawa, The Cauchy problem for nonlinear Klein-Gordon
equations in the Sobolev spaces, Publ. RIMS, Kyoto Univ., 37, 2001, 255-293.

T. Saanouni, Blowing-up semi-linear wave equation with erponential non-
linearity in two space dimensions, Proc. Indian Acad. Sci. (Math. Sci.),
123(3), 2013, 365-372.



2DNLW blow-up 47

[11] T. Saanouni, A blowing up wave equation with exponential type non-linearity
and arbitrary positive energy, J. Math. Anal. Appl., 421(1), 2015, 444-452.

[12] W. A. Strauss, Nonlinear wave equations, CBMS. Lect. Amer. Math. Soc,
73, 1989.

[13] M. Struwe, The critical nonlinear wave equation in 2 space dimensions, J.
Europ. Math. Soc., 15, 2013, 1805-1823.

[14] M. Struwe, Global well-posedness of the Cauchy problem for a super-critical
nonlinear wave equation in two space dimensions, Math. Ann., 350, 2011,
707-719.

[15] Y. Wang, A sufficient condition for finite time blow-up of the nonlinear
Klein-Gordon equations with arbitrarily positive initial energy, P. A. M. S,
136(10), 2008, 3477-3482.

[16] Y. Yanbing, X. Runzhang, Finite time blowup for nonlinear Klein-Gordon
equations with arbitrarily positive initial energy , Appl. Math. Letters, 77,
2018, 21-26.

Tarek Saanouni

Department of Mathematics, College of Sciences and Arts of Uglat Asugour, Qassim
University, Buraydah, Kingdom of Saudi Arabia

University of Tunis El Manar, Faculty of Science of Tunis, LRO3ES04 partial differential
Equations and applications, 2092 Tunis, Tunisia

E-mails: tarek.saanouni@ipeiem.rnu.tn ; t.saanouni@qu.edu.sa

Received 08 January 2020
Accepted 07 April 2020



