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Existence of Three Positive Solutions for Higher
Order Separated and Lidstone Type Boundary Value
Problems with p-Laplacian

L.T. Wesen*, K.G. Yeneblih

Abstract. In this paper, we consider a higher order p-Laplacian differential equations,
(=1)"ep (=2 () + FPu D))" = f(tult), 0<t<1,
associated with the boundary conditions

u)(0) =0=u®)(1), 1<i<n-—1,
a1u(0) — azu’(0) =0 bru(1) + beu'(1) = 0,
where n > 2 and k € (0, %77) is a constant. By applying Five functional fixed point

theorem, we establish sufficient conditions for the existence of triple positive solutions.
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1. Introduction

The p-Laplace equation has been much studied during the last fifty years and
its theory is by now rather developed. The p-Laplace equation is a degenerate or
singular elliptic equation in divergence form. And defined as

—div(|[VulP?Vu) =0 1< p< cc. (1)

When p = 2, the equation (1) reduces to the Laplace equation. When p # 0,
the equation (1) is nonlinear and degenerates at the zeros of the gradient of w.
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Consequently, in this case the solution, commonly referred to as p-harmonic func-
tions, need not be smooth, nor even C? [13]. The particular case of (1) is the
classical one dimensional p-Laplacian operator and is given by ¢,(s) = |s[P~2s,
where p > 1, ¢, e ¢q and % + % = 1. These type of problems appears in math-
ematical modeling of viscoelastic flows, image processing, turbulent filtration in
porous media, biophysics, plasma physics, rheology, glaciology, radiation of heat,
plastic molding etc. Recent advanced research indicated that even the Brownian
motion has its counter part and a mathematical game ‘tug of war’ leads to the
case p = co. For more details on applications and origin of p-Laplacian, we refer
to [6, 9]. Due to wide mathematical and physical background, the existence of
positive solutions for nonlinear boundary value problems with p-Laplacian op-
erators have received great attention in recent years. To mention a few paper
along these lines Wang [25], Lian and Wong [19], Agarwal et al. [2], Li and Ge
[16], Liu and Ge [20], Avery and Henderson [3], Li and Shen [18] and for further
development in the topic, see [11, 12, 22, 29, 31, 26, 27, 30].

Motivated by the papers mentioned above, in this paper, we establish exis-
tence of triple positive solutions for higher order p-Laplacian differential equations
of the form

(=1)"[gp(u®" 2 (1) + BV (@))" = f(tult), 0<t <1, (2)
with the separated boundary conditions

a1u(0) — agu/(0) = 0
blu(l) + bgu/(l) =0
and Lidstone type boundary condition

u®(0)=0=u®(1), i=1,2,3,...,n—1, (4)
where n > 2,a1,b1 > 0,a9,bo > 0, k € (0, %77) is a constant, k? < % and
f:[0,1] x RT — RT is a continuous function, by applying five functional fixed
point theorem. In the past few decades for £k = 0 and p = 2, a lot of work has
been done on the existence of one and multiple positive solutions of the boundary
value problems associated with differential equations by using various methods,
see [7, 8, 5, 10, 28, 24] and for k # 0 and p = 2, most of the authors focused on
the existence of positive solutions of second order differential equations satisfying

Neumann and Sturm-Liouville boundary conditions, see [14, 23, 17, 19].
The rest of the paper is organized as follows. In Section 2, we express the

solution of the boundary value problem (2)-(4) in to an equivalent integral equa-
tion involving Green’s functions as a kernel and estimate bounds for these Green’s
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functions. In Section 3, we establish criteria for the existence of triple positive
solution for the boundary value problem (2)-(4). Finally as an application, we
give an example to illustrate our results.

2. Green’s function and bounds

In this section, we express the solution of the boundary value problem (2)-(4)
in to an equivalent integral equation involving Green functions and we estimate
bounds for these Green functions.

Let v = <(—1)"‘1 (¢p(u(2n_2) (t) 4 k2un—4) (t)))) Then we construct the
Green’s function k1 (¢, s) for the homogeneous problem

—"(t)=0, 0<t <1, (5)

v(0) =0 =v(1). (6)

Lemma 1. Let y(t) € LY[0,1]. Then the problem (5)-(6) has a unique positive
solution

1
o) = [ (e s)u(o)is, (7)
where
)t —s), t<s
Falt,s) = {s(l—t), s <t. (®)

Clearly, ¢, is an odd function, from Lemma 1

1
¢p<(_1)n—1(u(2n—2)(t)+k.2u(2n—4)(t))> _/0 ki(t,s)f(s,u(s))ds.

Since ¢, = ¢g, it follows that
1
(=12 = (" (1) + Ku(t))P=2)] = ¢q< / ki(t, s) f(&u(s))ds).
0

Lemma 2. Let ¢q<f01 kl(t,s)f(s,u(s))ds> € L'0,1] and x(t) = —(u"(t) +
k2u(t)). Then the BVP

(_1)n—2x(2n—4) (t) — 0’ 0 <t< 1’ (9)

220(0)=0=2®)(1), 2<i<n-3 (10)
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has a unique solution

1 1
2(t) = /0 s (t, 8)a /0 k(5,7 £ (r, u(r))dr)ds. (1)

The Green’s function for the homogeneous boundary value problem (9), (10) as
described in [1, 28] is kn—_a(t, s), where k,_2(t,s) is defined recursively as

1
ky(ts) = /0 kjo1 (1, Eka (€, $)dE, for2<j<n—2, (12)

and k1(t,s) was defined in (8).

Combining the assumptions of Lemma 2 and (11) we get

1 1
—("(t) + k2u(t)) = /0 kn—aol(t, s)gbq(/o ky(s,7)f(r,u(r))dr)ds. (13)

Lemma 3. The boundary value problem (2)—(4) has a unique solution

1 1 1
u(t) = /0 h(t,7) /0 Fon—a (1, 5) /0 k(. 7)F(rou(7))dr)ds)dr,  (14)

where h(t, s) is the Green’s function for the corresponding homogeneous BVP (13)
with the boundary conditions (3) and given by

1
bt 5) — (a1 sin kt + agk cos kt)(by sink(1 — s) + bekcos k(1 — s)), t<s,
t,s) =
a(al sin ks + agk cos ks)(by sink(1 — t) + bekcosk(1 —t)), s <t.

(15)
where d = k(a1by — azbak?) sink + k?(a1ba + agby) cosk # 0.

Equation (14) is the equivalent integral equation for the boundary value prob-
lem (2)—(4).

Lemma 4. The Green’s function h(t,s) satisfies the following inequalities:
(i) h(t,s) >0, for allt,s € (0,1),
(ii) h(t,s) < Mh(s,s), forall (t,s)€[0,1] x[0,1],

(iii) %h(s,s) < h(t,s), forall (ts)€[0,1] x [0,1],

where M = ma:v{al +azk b+ bok }

ask cosk’ bak cosk
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Proof. For the proof we refer to [21]. <
Lemma 5. [28] The Green’s function ki(t,s) in (8) satisfies the following in-
equalities:
(1) ki(t,s) >0, forall t,se0,1],
(i1) ki(t,s) < ki(s,s), forall t,s € [0,1],

1
(111) ki(t,s) > Zkrl(s,s), for all te€I and s € [0,1],

where I = [%, %]

Lemma 6. [28] The Green’s function kn—2(t,s) in (12) satisfies the following
inequalities:

(1) kn—2(t,s) >0, forall t,se[0,1],

1
(11) kp—o(t,s) < 6n73k1(5,s), for all t,s € [0,1],

1 (11\"7°
(111) kp_o(t,s) > 3 (96) ki(s,s), forall t€I and s € [0,1],

where I = [%, %]

For the reader’s convenience, we present some necessary definitions and the-
orems we may use throughout the entire paper.

Definition 1. Let X be a Banach space over R. A nonempty, closed set P C X
18 a cone, provided

(a) aqu+agv € P for allu,v € P and all ay,as > 0, and
(b) u,—u € P implies u = 0.

Definition 2. The map « is said to be nonnegative continuous concave functional
on P provided that o : P — [0,00), is continuous and

afte 4+ (1 —t)y) > ta(z) + (1 — t)aly)

for all x,y € P, and 0 < t < 1. Similarly, we say the map B is a nonnegative
continuous convex functional on P provided that f : P — [0,00), is continuous
and

Bltr + (1 —t)y) <tf(x) + (1 —1)B(y)
forallxz,y e P, and 0 <t < 1.
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Definition 3. An operator T is called completely continuous, if it is continuous
and maps bounded sets into precompact sets.

Let v, 8,and 6 be nonnegative, continuous, convex functionals on P and «,
be nonnegative, continuous, concave functionals on P. Then, for nonnegative
real numbers h, a,b,d and ¢, we define the convex sets

P(v,¢) ={z € P:v(x) < ¢},
P(y,a,a,¢) ={z € P:a < ax),y(x)

(7,

( ¢},
Q(Y; B, d;c) ={x € P: f(x) < d,(x)

P(

(v

c}
) < b,9(x) < ¢}, and

() d,y(x) < ¢}

The following Avery Five Functional Fixed Point Theorem [4] which was the
generalization of Leggett-Williams Fixed Point Theorem [15], will be used to
prove our main results.

v,0,a,a,b,¢c) ={xr € P:a<a(x),0
8,9, hyd,c) ={z € P:h < (),

QAI/\I/\

Q

Theorem 1. Let P be a cone in real Banach space E. Suppose there exist positive
numbers ¢ and e, nonnegative, continuous, concave functionals o and 1 on P,
and nonnegative, continuous, convexr functionals v, 3, and 0 on P, with

a(z) < B(z)and [|lz|| < evy(z)

for all x € P(~,c). Suppose

A: P(v,¢) = P(v,¢)

1s completely continuous and there exist nonnegative numbers h,a, k,b with 0 <
a < b such that:

(i) {x € P(7,0,a,b,k,c) : az) > b} # 0 and a(Az) > b for © € P(7,6,0,b, k, c),
(ii) {z € Q(v, 8,9, h,a,c) : Bz) < a} # 0 and B(Ax) < a forz € Q(v, 8,9, h,a,c),
(iii) o(Azx) > b provided x € P(v,a,b,c) with 0(Az) > k,

(iv) B(Az) < a provided = € Q(, B, a,c) with ¥(Az) < h. Then A has at least

three fized points x1,z2,x3 € P(v,c) such that

B(x1) < a, b<a(zr), and a < B(x3) with axz) < b.
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3. Existence of three positive solutions

In this section, we will impose conditions on f(¢,u(t)) to establish the exis-
tence of at least three positive solutions for nonlinear p-Laplacian boundary value
problem (2)-(4) by applying Five Functional Fixed Point Theorem.

Let B = {ulu € C0, 1]} be a Banach space with the norm |lu = max¢[o 1 [ul,
and let

P = {u € Blu(t) > 0,t € [0,1] and min |u(t)] = #llul},

where n = (#) (2161,:%{1) We note that P is a cone in B. Define an integral
operator T': P — B by

1 1 1
Tu(t) = /0 h(t,r) /0 (1, 8)bal /0 k(5. 7) £ (7, u(r))dr)dsdr, ¢ € [0,1]. (16)

Now it’s time to define the nonnegative continuous concave functionals «;, 1 and
the nonnegative continuous convex functionals 5,6,y on P by

a(u) = min [u(t)],

tel
Y(u) = min lu(t)|,
B(u) = maxu(t),
tel

1 1 1 (17)
lull < minu(t) < max u(t) = _oy(u),
where J = {tl,tg],% <t ta < %. We denote
M 1 1 —1
L= _/ h(Tﬂ")/ k1(8,8)¢q(k1(7,7)d7)dsdr
6" 3 0 0
1 (18)

M= <n Gi‘{g /0 ) /O (5, 5)6 (ka7 T)dT)de?“)

The p-Laplacian BVP (2)-(4) has a solution u(t) if and only if u(t) is a fixed
point of the operator 1" defined in the cone P.
We assume the following conditions hold throughout this paper:

(A1) 0< fol ki(t,s)ds < oo,
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(A2) f:]0,1] x [0,00] — [0, 00] is a continuous function.
Lemma 7. The operator T : P — B defined by (16) is a self map on P.

Proof. From (A1) and the positivity of the Green’s function h(t, s) and kq (¢, s)
in Lemma 4 and 5, respectively, u € P, Tu(t) > 0 on t € [0,1]. Now, for u € P
and by Lemmas 4-6, we have

(Tu)(t) = 1 h(t,r) 1 kn—a(r, s)oq( 1 ki(s,7)f(1,u(T))dr)dsdr,
0 0 0

1 1 1
< s [ ) /0 (s, 8)bal /0 k(7. 7) £ (7, u(r))dr)dsdr
So that

[Tul| <

1 1 1
6‘3{3 /O hr, ) /0 Fa (s, )by /O by (s, 7) f(r u(e))dr)dsdr.  (19)

Then by Lemmas 4— 6, for u € P we have

1 1 1
min(7u)(t) :min/o h(t,r)/o kp—ao(r, s)d>q(/0 ki(s,7)f(r,u(r))dr)dsdr

tel tel
1 ) .
> % ; h(T,T)(Ml_Q(;é)nJ)(/O k1(s,5)¢q(/0 ki(s,7)f (7, u(r))dr)ds)dr

> | Tuf.
So (Tw)(t) € P. Hence T : P — P. «

Further, the operator T is completely continuous by an application of the
Arzela—Ascoli theorem.

Theorem 2. Suppose that there exist 0 < b < k < % < ¢, such that f satisfies
the following conditions:

W1. f(t,u(t)) < ¢p(bL), t € [0,1] and u € [nb,b],
W2. f(t,u(t)) > ¢p(kM), t € I and u € [k, g],
W3. f(t,u(t)) < ¢p(cL), t € [0,1] and u € [0, .

Then the p-Laplacian BVP (2)-(4) has at least three positive solutions, ui,usz,
and ug such that B(u1) < b,k < a(uz) and b < B(us) with a(us) < k.
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Proof. Recall T defined in (16):

1 1 1
Tu(t) :/0 h(t,r)/o p—ao(r, s)d)q(/o k1 (s, 1) f(r,u(7))dr)dsdr, t € [0,1].

Hence we need to prove the existence of three fixed points for T which satisfy the
conditions of Theorem 1. As shown in Lemma 7, the operator T is a self map on
P, and also T is completely continuous. From (17), for each u € P,a(u) < f(u),
and ||ul| < %’y(u) It is shown that 7" : P(vy,c) — P(v,c). Let u € P(v,c). Then
0 < y(u) = maxyecp 1) u(t) = [Jul]| < c. By using condition W3,

Y(Tu(t)) = e Tu(t)

[/htr/kngrsqﬁq/k‘lsf (7, u(r))dr ) dsdr

/ Mh(r, ) / 6n1_3k1(s,3)¢q( / ko (7, 7)oy (L) dr ) dsdr

0

M 1 1 1
<c£6n—3/0 h(rjr)/o kl(s,s)(ﬁq(/o kl(T,T)dT)deT’<C. (20)

Thus, Tu(t) € P(y,c), we have T : P(v,¢) — P(v,c). From this end we claim
condition (i) and (éi) of Theorem 1. It is clear that

k
e fue Pw,e,a,k,z,cm(u) >k} A0, (21)

77b+

€ {ue€Q(v,8,¢.nb,b,c), B(u) <b} #0. (22)

NOW’ let CAS P(’}/’g’a’ k’ E’C) or u € Q(%ﬁﬂﬁﬂ?b, b7 C)' Then k S ‘U(t” S % and
nb < |u(t)| < b. By using the hypothesis (1/2) we get

a(Tu(t)) = Itnel}l Tu(t)

— min [ /O Chien) /0 (. 5)64 /O (s, 7) £ (7, u(r))dr ) dsdr
2/01A14h(r,r) /01;2(;9”&(3,3)%(/01 Fa (5, 7)p (kM) dr) dsdr

96>n_3/01 h(r,r)/ol Fa(s, )6 (; /01 ko (r,7)dr)dsdr > k. (23)
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By considering condition W1,

B(Tu(t)) = maxTu(?)

= max [ /0 1 h(t, ) /0 1 k(7 8)ég ( /0 1 k1 (s, 7) £ (7, u(r))dr) dsdr

teJ

1 1y 1
§/0 Mh(r,r)/o 6n_gkrl(s,s)qbq(/o ki1 (s, 7)¢p(bL)dT)dsdr

M [t 1 1
< b£6n_3/0 h(r, 7")/0 k1(573)d)q(/0 k‘1(T,T)dT)dsdr < b. (24)

Thus, conditions (i) and (i) of Theorem 1 are verified. Let’s prove (iii). Let
u € P(v,a,k,c) with 0(Tu(t)) > % Then

a(Tu(t)) = rtnel}l Tu(t)

— min [ /0 Chin) /0 o a(r, )6 /0 (s, 7) £ (7, u(r))dr ) dsdr

> /01 ! h(r,r) /01 M1_2<;(13>n3k1(3,s)¢q(/01 kl(s,r)f(T,u(T))dT)dsdr

> %4711*2 <;é>n3 /01 h(r, ) /01 kl(s,s)gﬁq(/ol ko (s,7) (7, u(r))dr) dsdr

1173 1 1 1
/Oh(t,r)/o kl(r,s)gbq(/o ki(s,7) f(r,u(r))dr)dsdr

= Mzaon1oGn—3
1! ! '
=] /0 h(t,r) /0 k1(r, s)oq ( /0 ki (s, 7) f(r,u(r))dr)dsdr

1 1 1
Zntren[(zﬁ]/o h(t,r)/o kp—ao(r, s)gbq(/o kl(s,T)f(T,u(T))dT)dsdr:nG(Tu(t)()25>) k.

Finally, to assert (iv) of Theorem 1, let u € Q(~, B, b, ¢) with ¥(Tu(t)) < nb.

B(Tu(t)) = maxTu(t)

= max [/01 h(t,r) /01 kpn—ao(r, s)d)q(/ol kl(S,T)f(T,U(T))dT)deT:|

< max [/01 h(t,r) /01 kp—a(r, s)gbq(/o1 kl(S,T)f(T,U(T))dT)deT]
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1 1 1 1
< / Mh(r, ) / (5, 5)6 / ka(s,7)f (v, u(r))dr) dsdr
0 0 0

1M !
-6

1 [l 1 1
< mln/o h(t, 7‘)/0 kp—ao(r, s)gf)q(/o k1(s,7)f (7, u(r))dr)dsdr

1 1
h(r, ) k1 (s, s)¢q( k1 (s, T)f(T,u(T))dT)dsdr
0 0

T on tel

1 1 1 1 1
<Lmin / h(t,r) / o, )64 ( / k(s 7)f (7 u(r))dr)dsdr = S(Tu(t)) < b.
n tes Jo 0 0 n
(26)
From (23)-(26), all the conditions of Theorem 1 satisfied, then by Theorem 1 the
assertion of Theorem 2 follows. <«

4. Example

Let us consider an example to illustrate our results.

Example 1. Consider the boundary value problem

(=1)[dp (ulV (1) + K" (1)) = f(t,u(t), 0<t<T, (27)
u(0) — 2u/(0) = 0,
u(l) + 3/ (1) = 0,} (28)

(29)
Setp=2 and k = % The solution of the BVP (28)-(29) is given by

1 1 1
u(t) :/0 h(t, 7“)/0 k1 (r, 8)/0 ki(s, ) f (7, u(7))drdsdr,

where
h(t,s) =
1 {(sin(é) + 2 cos(£))(sin(3(1 — s)) + 2 cos(3(1 — s)))
sin(1/3) + 5 cos(1/3) (sin(£) 4+ 2 cos(£))(sin(3(1 —t)) + Z cos(3(1 — 1))
and

el + %,t € [0,1],u € [0,1],
f(tu(t) = S et + 28 4 271(u? — 1),t € [1/4,3/4],u € [1,43],

et + %)t S [07 1]’u € [43’00)
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By computing the value of the parameters we get n = 0.0356, L = 8.1778, M =
229.713. f(t,u(t)) satisfies all the conditions of Theorem 2. Then the p-Laplacian
BVP (27)-(29) has at least three positive solutions wui,us, and ug such that
max;e (1 3) Uy <1,3/2 < minte[ 3] U2 and 1 < maxe(1 3) U3 with minte[%%} ug <
3/2 by Theorem 1.

1]

1
11
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