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Abstract. The concept of vector-valued nonuniform multiresolution analysis on local
field of positive characteristic was considered by Shah and Bhat. We construct the
associated wavelet packets for such an MRA and investigate their properties. Moreover,
we show how to obtain several new bases of the space L? (K ,CN ) by constructing a series
of subspaces of these wavelet packets.
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1. Introduction

In recent years there has been a considerable interest in the problem of con-
structing wavelet bases on various groups. Recently, R.L. Benedetto and J.J.
Benedetto [5] developed a wavelet theory for local fields and related groups. They
did not develop the multiresolution analysis (MRA) approach, their method is
based on the theory of wavelet sets and only allows the construction of wavelet
functions whose Fourier transforms are characteristic functions of some sets. Since
local fields are essentially of two types: zero and positive characteristic (excluding
the connected local fields R and C). Examples of local fields of characteristic zero
include the p-adic field %, where as local fields of positive characteristic are the
Cantor dyadic group and the Vilenkin p-groups. Even though the structures and
metrics of local fields of zero and positive characteristics are similar, their wavelet
and multiresolution analysis theory are quite different. The concept of multires-
olution analysis on a local field K of positive characteristic was introduced by
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Jiang et al. [9]. They pointed out a method for constructing orthogonal wavelets
on local field K with a constant generating sequence.

It is well known that the classical orthonormal wavelet bases have poor fre-
quency localization. For example, if the wavelet ¢ is band limited, then the
measure of the supp of ()" is 2/-times that of supp Y. To overcome this
disadvantage, Coifman et al. [7] introduced the notion of orthogonal univariate
wavelet packets. Well known Daubechies orthogonal wavelets are a special case
of wavelet packets. Chui and Li[6] generalized the concept of orthogonal wavelet
packets to the case of compactly supported orthogonal vector-valued wavelet
packets so that they can be employed to the spline wavelets and so on. Shen [14]
generalized the notion of univariate orthogonal wavelet packets to the case of mul-
tivariate wavelet packets. Mittal and Manchanda [10] constructed vector-valued
nonuniform wavelet packets. The construction of wavelet packets and wavelet
frame packets on local fields of positive characteristic were recently reported by
Behera and Jahan in [2]. They proved lemma on the so-called splitting trick
and several theorems concerning the Fourier transform of the wavelet packets
and the construction of wavelet packets to show that their translates form an
orthonormal basis of L?(K). Other notable generalizations are the vector-valued
wavelets. More details on wavelet packets can be found in [1, 3, 4, 8, 11, 13] and
the references therein.

Recently Shah and Bhat [12] have generalized the concept of multiresolu-
tion analysis on Euclidean spaces R” to vector-valued nonuniform multiresolution
analysis on local fields of positive characteristic. They called it a vector-valued
nonuniform multiresolution analysis (VNMRA) on local fields of positive charac-
teristic.

Motivated and inspired by the concept of vector-valued nonuniform multires-
olution analysis on local fields of positive characteristic, we construct the asso-
ciated orthogonal wavelet packets for such an MRA on local fields of positive
characteristic. More precisely, we show that the collection of all dilations and
translations of the wavelet packets is an overcomplete system in L? (K ,CN ) Fi-
nally, we investigate certain properties of the vector-valued wavelet packets on
local fields of positive characteristic by introducing a notion of decomposition of
the space L? (K, (CN).

This paper is organized as follows. In Section 2, we discuss some preliminary
facts about local fields of positive characteristic and also some results which are
required in the subsequent sections. In Section 3, we introduce the notion of
vector-valued wavelet packets on local field K and prove that they generate an
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orthonormal basis for L? (K ,CN ) In Section 4, we define vector-valued nonuni-
form wavelet packets and we study their properties on the space L? (K ,CN )

2. Preliminaries on local fields

A local field K is a locally compact, non-discrete and totally disconnected
field. If it is of characteristic zero, then it is a field of p-adic numbers %, or its
finite extension. If K is of positive characteristic, then K is a field of formal
Laurent series over a finite field GF(p®). If ¢ = 1, it is a p-series field, while for
¢ # 1, it is an algebraic extension of degree c of a p-series field. Let K be a fixed
local field with the ring of integers ® = {z € K : |z] < 1}. Since K is a locally
compact Abelian group, we choose a Haar measure dz for K*. The field K is
locally compact, non-trivial, totally disconnected and complete topological field
endowed with non—Archimedean norm |- | : K — RT satisfying

(a) |z| = 0 if and only if x = 0;
(b) [z y| = |zlly| for all z,y € K;
(¢) |z +y| <max{|z|,|y|} for all z,y € K.

Property (c) is called the ultrametric inequality. Let B = {x € K : |z| < 1} be
the prime ideal of the ring of integers © in K. Then, the residue space D/ is
isomorphic to a finite field GF(q), where ¢ = p° for some prime p and ¢ € N.
Since K is totally disconnected and 8 is both prime and principal ideal, so there
exists a prime element p of K such that B = (p) = pD. Let D* =D\ B =
{z € K : |x| = 1}. Clearly, ©* is a group of units in K* and if x # 0, then we can
write © = p"y,y € ©*. Moreover, if U = {a,,, :m =0,1,...,qg— 1} denotes the
fixed full set of coset representatives of B in 2, then every element x € K can

o
be expressed uniquely as x = Z cy pg with ¢, € U. Recall that 8 is compact and
l=k
open, so each fractional ideal B* = p¢¥® = {ac eK:l|z| < @fk} is also compact
and open and is a subgroup of K+. We use the notation in Taibleson’s book [15].
In the rest of this paper, we use the symbols N, Ny and Z to denote the sets of
natural numbers, non-negative integers and integers, respectively.

Let x be a fixed character on KT that is trivial on © but non-trivial on B!,
Therefore, x is constant on cosets of D, so if y € B, then x, (z) = x(y,2),r € K.
Suppose that x, is any character on KT, then the restriction y,|® is a character
on ®. Moreover, as characters on D, x, = X, if and only if u — v € ®. Hence,
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if {u(n):n € No} is a complete list of distinct coset representatives of ® in K+,
then, as it was proved in [15], the set {Xu(n) 'n € NO} of distinct characters on
® is a complete orthonormal system on 2.

We now impose a natural order on the sequence {u(n)}>2,. We have © /9B =
GF(q), where GF(q) is a c-dimensional vector space over the field GF(p). We
choose a set {1 =no,m1,M2,...,Mc—1} C D©* such that span{nj}j;é =~ GF(q). For
n € Ny satisfying

0<n<gq n=as+ap+---+a1p "', 0<ap<p, andk=0,1,...,c—1,

we define

u(n) = (ao +aim + -+ ac1me—1) P

Also, for n = by + b1g + b2©O? + --- +b,0°, n € Ny, 0 < H;, < ¢,k =
0,1,2,...,s, we set

u(n) = u(by) + u(b)p™ + -+ u(bs)p .

This defines u(n) for all n € Ny. In general, it is not true that u(m 4+ n) =
u(m)+u(n). But, if 7,k € Ng and 0 < s < OF, then u(r0* +s) = u(r)p=* +u(s).
Further, it is also easy to verify that u(n) = 0 if and only if n = 0 and {u(¢)+u(k) :
k € No} = {u(k) : k € Ny} for a fixed ¢ € Ny. Hereafter we use the notation
Xn = Xu(n), ™ = 0.

Let the local field K be of characteristic p > 0 and 79, 91,72, .. .,7.—1 be as
above. We define a character y on K as follows:

i exp(2mi/p), =0and j =1,
xGph={° p(27i/p) = J '
, p=1,...,c—1lorj#1

The Fourier transform of f € L'(K) is denoted by f({ ) and defined by

F{f(x)} = (&) = /K (@) xe(@) da.

Note that
]?(5) = /Kf(:L‘) xe(2)de = /Kf(x)x(—ﬁa:) dz.

The properties of Fourier transforms on local field K are much similar to
those on the classical field R. In fact, the Fourier transform on local fields of
positive characteristic have the following properties:
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e The map f — f is a bounded linear transformation of LY(K) into L*®(K),
and ||f]|., < 1£],-

o If f € L'(K), then f is uniformly continuous.
o If f e L'(K) N LA(K), then || f]|, = || |-

The Fourier transform of a function f € L?(K) is defined by

~

f(©) = Jim fi(¢) = lim f(@)xe () de,

k—o0 |z| <Ok

where f; = f®_j and @, is the characteristic function of B¥. Furthermore, if
f € L*(®), then we define the Fourier coefficients of f as

Flutn)) = [ 1o @) do

The series Z f(u(n)) Xu(n)(7) is called the Fourier series of f. From the
n€Ng
standard L2-theory for compact Abelian groups, we conclude that the Fourier

series of f converges to f in L?(®D) and Parseval’s identity holds:

5= [ 1r@)Pae = 3 [Flutm)

neNp

‘ 2

Let 2 = {u(n) : n € Ny}, where {u(n) : n € Ny} is a complete list of
(distinct) coset representations of © in K*. Then we define

PE2)={z:25C: Y |2un)P < oo
n€eNp

as a Hilbert space with inner product

(z,w) = Y 2(u(n))w(u(n)).

n€Ng

The Fourier transform on (?(Z) is the map~: £2(Z) — L*(®) defined for
z € 2(Z) by

n€eNg
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and the Inverse Fourier transform on L?(®) is the map V : L?(D) — (%(2)
defined for f € L?(D) by

£ @) = (f X)) = /@ 7 () Xa (@ de
For z € (?(Z), we have

— < Z Z(u(m))XU(m)7Xu(n)>

meENy

= 37 2(u(m)) (Xum)s Xur)

mENy
= z(u(n)).

Since {Xu(n) : n € No} is an orthonormal basis for L?(D). It is also clear that the
function 7 is an integral periodic function because for m € Ny, we have

n€Ng

= Z 2(u(n))Xu(n) (§)

n€eNg
=z().

For z,w € (?(Z), we have Parseval’s relation:

(z,w) = Y 2(u(n))w(u(n)) 2/93(5)@()615: (z,w),

neNg
and Plancherel’s formula:
21 = > J=(u(n)? =/ 2(6)|? dé = ||2]>.
n€Ng D

We now reconsider vector valued multiresolution on local fields as defined in
[1]. Let M be a constant and M < s € Z. By L?(K,CM) we denote the set of all
vector valued functions f(z), i.e.

L(K,CM) = {f(z) = (Ai(x), fo(2), o frr (@) :
x € K, fi(x) € L*(K),k=1,2,...,s},
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where T' means the transpose of the vector.
The space L?(K,CM) is called vector-valued function space.  For
f ¢ L2(K,CM), ||f|| denotes the norm of the vector-valued function f and

is defined as )
M 3
_ 2
|I£]] = (;/K\ft(w)\ dt) : (1)

For a vector-valued function f € L?(K,CM) the integration of f(z) is defined as

/K fa)dt = ( /K fi(@), /K fola), /K fM<x>)T.

The Fourier transform of f(z) is defined by

For any two vector-valued functions f, g € L?(K,CM) the inner product (f,g) is
defined as

(f,g) = /K f(z)g(z)dx. (2)
A sequence {f;(z)} € L?(K,CM) is said to be orthonormal if it satisfies
(£(-), £ () = bsednr, st € Z, (3)

where 05; denotes the Kronecker symbol such that d,; = 1 when s = ¢ and
0s0 = 0 when s #t, Iy denotes the identity matrix of order M x M.

Definition 1. A sequence {fi(x)} € L?*(K,CM), t € Z is called an orthonormal
basis for L?(K,CM) if it satisfies (3) and, moreover, for any f € L?(K,CM)
there exists a sequence of M x M constant matrices {Fy }rez such that

f(x) =) Ffi(x), z€K, (4)
teZ

where the multiplication Fif,(x) for each fized = is the M x 1 matriz multiplication,
and the convergence for infinite summation is as same as of the norm ||.|| defined
by (1) for the vector-valued function space.

Let {f;(x)}rez be an orthonormal basis for L2(K,CM). Then the expansion
(4) for any f € L?(K,CM) is unique and

F, = (£.£), teZ (5)
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We also call the expansion (4) the Fourier expansion of f.
The corresponding Parseval equality is

6.8 =S T (6)
teZ
From Eq. (6) it is clear that (f,f) = 0 if and only if f = 0, where 0 is the zero
vector.
Let ®(z) = (p1(x), 02(z), ..., oar(x))’ € L2(K,CM) satisfy the following refine-
ment equation:
B(2) = 3 Hy®(p~'a — u(k)), (7)
keNg

where {Hy }ren, is a M x M constant matrix sequence. Define a closed subspace
Vi C L?(K,CM) by

Vi = clospz g cm) (span{gp(p_jx —u(k)): k € No}),j € Z. (8)

Vector-valued multiresolution analysis defined by Abdullah on local fields [1] is
as follows:

Definition 2. ®(z) defined by (7) generates a vector-valued multiresolution anal-
ysis {Vj}jez of L*(K,CM), if the sequence {V;};ez defined in (8) satisfies:

1. ...cVicCcVWcVcC..,

2. NjezVj = {bf0}, UjezV; is dense in L2(K,CM), where 0 is the zero vector
of L*(K,CM),

3. ®(x) € Vo if and only if ®(p~Ix) € V;Vj € Z,

4. there exists ®(x) € Viy such that the sequence {®(x — u(k)),k € No} is
an orthonormal basis of Vy. The vector-valued function ¢(x) is called a scaling
function of the vector-valued multiresolution analysis.

On taking the Fourier transform on both sides of (7), and assuming that

N

®(() is continuous at zero, we have

() =H(p)®(p¢), (€K, (9)
where
H(C)=q Y Puxx(0). (10)
keNp

Let Wj,j € Z denote the orthogonal complement of V; in Vi1 and there
exist a vector-valued function ¥(x) € L?(K,CM) such that the translations and
dilations of ¥(x) form a Riesz basis of W; i.e.

W; = clospz(g cm) (span{®(p~Iz —u(k)) : k € No}) ,j € Z. (11)
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Since ®(z) € Wy C Vi, there exists a unique finitely supported sequence {G}, } ken,
of M x M constant matrices such that

(z) =Y Gr®(p 'z —u(k)). (12)
keNy
Let
H()=q Y Grxx(C) (13)
keNy

¥(¢) = Gr(pQ)®(nC), ¢ € K. (14)

3. Vector-valued nonuniform multiresolution analysis

Vector-valued nonuniform multiresolution analysis on local fields defined in
[12] is as follows:

Definition 3. Given integers N > 1 and r odd with 1 < r < gN — 1 such that r
and N are relatively prime, we say that ® € L*(K,CM) generates a VNUMRA
{ViYiez of L*(K,CM), if the sequence {V;};cz satisfies:

(a)..CV_yCVoCVC..,

(b) UjezV; is dense in L?(K,CM),

(¢) NjezVj = {0}, where 0O is the zero vector of L*(K,CM),

(d) ®(x) € V; if and only if {®(p~'Nz) € Vi1 V j €L},

(e) there exists ®(x) € Vy such that the sequence {®(x — X\), A € A} is an
orthonormal basis of Vi, where A = {0,u(r)/N} + Z. The vector valued function
®(x) is called a scaling function of the VNUMRA.

Note that when N = 1, one recovers from the above definition, the definition
of vector-valued multiresolution analysis on local fields of positive characteristic.

Let ®(x) = (¢1(2),2(2), ..., om(x))T € L2(K,CM) satisfy the following
refinement equation:

B(2) = > Hoe (7 N)z = A) (15)
AEA

where {Hy}rea is M x M constant matrix sequence that has only finite number
of terms. Define a closed subspace V; € L2(K,CM) by

Vi = clospa g cmy (span{® ((p_lN)jx —A), €A}, jEL. (16)
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Given a VNUMRA, let W,,, denote the orthogonal complement of V,,, in V41,
for any integer m. It is clear from the conditions (a)-(c) of Definition 3 that

LZ(Kv (CM) = 69mEZVVm-

As is the case in the standard situation (see [6, 10, 14, 15]), the main purpose of
VNUMRA is to construct orthonormal basis of L?(K,C) given by appropriate
translates and dilates of a finite collection of functions, called the associated
wavelets.

Definition 4. A collection {¥s}i—12. . qn-1 of functions in Vi will be called
a set of wavelets associated with a given VNUMRA if the family of functions
{®y(r — N)}e=1,2,.. gN—1,7eA 5 an orthonormal system of Wy.

On taking the Fourier transform on both sides of (15), we have

B(p'NC) =G()®(), CEeK, (17)
where )
GO =y %Gm(@. (18)

Since A = {0, u(r)/N} + Z, we can write
G() = Gh + Gx (1) (19)

where {G}} and {G3} are M x M constant symmetric matrix sequences, (for
details see [12]). Then

_ ﬁ ((%)m) $(0). (20)

GO)=Iy or Y Gy=Iy, (21)
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where Ip; denotes the identity matrix of order M x M.

W; = clospzk cm) (span{\Ifk ((p_lN)j:U — /\) AEAN k=1,2,....,gN — 1}) ,j € 7.

(22)
Since Wi (x) € Wy C Vi, there exists a uniquely supported sequence
{Grrtrenk=12,.qv—1 of M x M constant matrices such that
i(z) =Y Grp®((p'N)z - A). (23)
AEA
On taking the Fourier transform on both sides of (23), we have
Wi ((p™'N)C) = Hi(¢)2(0), (24)
where 1
Hy(C) = — > Grrx(A). (25)
1 AEA
Since A = {0,u(r)/N} + Z, we can write
—
Hi(Q) = G+ Gix (77) ¢ (26)

where {G}\k} and {G?\k} are M x M constant symmetric matrix sequences.

Lemma 1. Consider a VNUMRA as in Definition 3. Let g = ®, Hy(-) = G(+)
and suppose that there exists gN — 1 functions ¥, k=1,2,...,qN —1in Vy. Then
the family of functions {¥r(x — A)}xea k=0,12,...qn—1 will form an orthonormal
system for Vi iff for k,l € {0,1,2,...,qN — 1}

gN—1

S° He (2 (C+pulr) He (¢ +pu(r)) = sl (27)

r=0

For the proof of the lemma, we refer to [12].
By the orthonormality of ¥, (z) € L?(K,CM), k =0,1,2,....qN — 1 (or
the orthonormality of VNUMRA Vj), as proved in [12] we have the following

conditions:
gN—1

D Fre(C+puls)) = gopelar (28)
s=0

In [12], the following result on the existence of a vector-valued wavelet function
was proved:
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Theorem 1. Suppose {¥;(t — X\)xeA, k=0.1,..qN—1 IS the system as defined in
Lemma 1 and orthonormal in V. Then this system is complete in Wy = V1 © V).

If o, Wq,....,¥ynv_1 € V1 are as in Lemma 1 , one can obtain from them
an orthonormal basis for L?(K,CM) by following the standard procedure for con-
struction of wavelets from a given MRA [6, 10, 14, 15]. It can be easily checked
that for every m € 7Z, the collection {(qN)m/Q\Ilk((ple)mx—)\)}AeA, k=0,1,....qN—1
is a complete orthonormal system for Vy,1+1. Given a VNUMRA, since W, is the
orthogonal complement of Vi, in Viypp1,m € Z and

LZ(Ka (CM) = €‘B’mEZVVTFM

where @ denotes the orthogonal direct sum with the inner product of L?(K,CM).
From this it follows immediately that the collection {(qN)™?®((p~'N)™z —
M IreA, mez, k=0.1...qn—1 forms a complete orthonormal system for L*(K, cM).
When N = 1, we recover the usual construction of vector-valued wavelets from
vector-valued multiresolution analysis.

4. Vector-valued nonuniform wavelet packets and their
properties

In this section, we will define the vector-valued nonuniform wavelet packets
(VNUWP) and investigate their properties. Let

I0(z) = o(z), T*(x) = ¢r(z), 0 = Gy,
O =Gy A€Mk =1,2...,gN — 1.

Definition 5. The family of vector-valued nonuniform functions {F(pilN)m'“(k) (x),
n €Ny, k=0,1,..,qN —1} is called a vector-valued nonuniform wavelet packet
w.r.t the orthogonal vector-valued scaling function T°(x), where

re Mntu®) ) = S oW (pIN)z — A), k=0,1,...,qN —1.  (29)
AEA

By taking the Fourier transform on both sides, we get
e N NGy = 0W(OT"(Q), k=0,1,...aN — 1, (30)

where

oM () =3 0"\(A0), k=0,1,.,¢N 1. (31)
AEA
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Since A = {0,u(r)/N} + Z, we can write
k k) =7 7~
o®(¢) = K\ + S{X(r/N. ), (32)

where {K ik)} and {S&k)} are M x M constant symmetric matrix sequences.
Thus we have

0 () = G().0M(¢) = Hr(). (33)
Then (27) can be written as

oM (o) + oM (c n Ei‘“)) o0 (c ; §“<1>)

IN -IN
(k) pu(2)\ oo pu(2)
+06 <C+p_1N C) C—i—p_lN
(k) pu(gN —1) (1) pu(gN —1)
bt o (oo PN g (¢4 BT D)
=0k dy, (€K, k,i1€0,1,2,..,gN —1. (34)
(28) can be written as
gN—1
Z aPw" ((+u(p)) =0, where «a=x(r/N), (35)
p=0

and w"(¢) = Z (¢ 4+ Nj)I™(¢ + Nj)*. Now we will investigate the properties
JEZ
of the vector-valued nonuniform wavelet packets.

Theorem 2. If {I'"™(z),n € No} is a vector-valued nonuniform wavelet packet
with respect to orthogonal vector-valued nonuniform scaling function ¢(x), then
Vn € Ny, we have

<Fn(- - )\),Fn(- - U)> = 5,\7JIM, Ao €A (36)

Proof. We will prove the result by induction on n.
If n = 0, then (36) follows directly from hypothesis. Suppose 0 < n < (¢N)!

for some integer 1. Then, for some (gN)"~1 < [qLN} < O, where [z] denotes the
greatest integer of x and order n = q¢N [qLN] +k, k=0,1,2,....qN — 1.
Therefore by induction, we have

n n

<F[IJ_LV](-)\),F[QN] (O‘)> = ool (37)
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We obtain
=N =) = [ O o), OO (0 de
K
| XO=a0.0 S+ NiE" (¢ + Ni)de.

ND jez

Let
w'(¢) =Y T™(¢+ NI (¢ + Nj)*.
JEZL
Then, using (30) and (37), we obtain
w"(gN¢)
= T N+ u()I (N (S + ul))))
JEZ

= 3" 09+ u@)EFE (¢ w4 utrem(c 4 UG))

jEZ

_ @<k>(<+nN)f[ ](C+nN)F[ 1N](C+nN)*@<’“ )(¢ +nN)
j=n.gN

+ Y W (¢ N +u(l) Pl (¢ 4 0l + (1)
j=n.gN+1

« DI (¢ 4 v 1 u(1)) O C N T uD)

+ > 0 ((+nN +u(2) pliw) (C 4+ nN +u(2))
Jj=n.gN+2

X f‘[P‘LIN} (C+nN+u(2) 0K (¢ +nN +u(2))

+ Y eW(¢+aN tupIN 1)) 2l (¢ 1 upN - 1)
j=n.gN+(gN-1)

X f[ﬁ} (C+nN+u(p—tN-1)) 0F) ((+nN +u(p~'N —1))

o) | 3 e C—i—nN)P[ ](C+nN) ok (¢)

j=n.gN
+ 0% (¢ +u(1))
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X ! Z f‘[WLlN] (< —i—nN—i—u(l))f[P’LlN] (¢ +nN —i—u(l))]

j=n.qN+1
x OF) (¢ 4+ u(1))
+ 0" (¢ +u(2))

x[ 3 f[qu](CwLnN+u(2))f[l’qN](C+nN+u(2))]

j=n.qN+2
x OF) (¢ 4 u(2))
P

Ok (¢ +u(p™'N —1)) { > pliw] (C+nN+u(p™'N —1))

J=n.gN+(gN-1)

plit) (C+nN+u(p=tN —1))| 0F) (C +u(p~IN —1))

[60(CRME) + 6% (¢ + u(1)) 0  +u(D)
+ 60 (¢ 42 BT @) +
+ 0® (¢ +ulgN - 1)) 0 ((+u(gN —1)]

gN—1

q Y O (C+u(3)OW (¢ + u(j)).

j=0

Also

gN—-1
> w(CHulp) =D T(C+u(@)I (¢ +ulj)
p=0 JEL
gN—-1
—¢ > 00 (2 (¢+puli)) OB (£ (¢ +puis))

o JEL
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_ / X @y — ma), Qw"(¢)dC
ND

p=0

"~ p P
= q [ XTufmr =m0 Y e (£ (¢ +pug)) 0B (£ (C+pui))dc
:5m1,mQIM
:6)\,O'IM'

When A = u(my),0 = u(msg) + r/N, where my, ms € Z, we obtain using (35)
(" =A),I"( = 0))
= [ NTatmn = ma), Ox (37 )ur(©)d
ND N

Theorem 3. For any ni,ns € Ng and Mo € A, we have
<]_‘\TL1( - )\)’an( - U)> = 6N1,n25>\,UIM>

where {I"™(z) : n € No} is VNUWP with respect to orthogonal vector-valued
scaling function o(x).

Proof. If ny = no, then the result follows by Theorem 2. If ny # ns, without
loss of generality we can assume that ni > ns.

Write
ny = gqgN {m} +k, ng=¢qN [] +1,
qN
where k,1 € {0,1,2,...,qN — 1}.

Case (i) If [%ﬁv} - [;—ﬁ,} , then k # 1.

(L= A), T (- = 0))
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X (A=), O™ (OT2(¢)d¢
X(X=0),0) Y _T™(C + Nj)Im=(¢ + Nj)d¢
JEZ

X (A =), Qu(¢)dc,

D

D

I
S

where v(¢) = Zf’"l(C + Nj)I'2(¢ + Nj). Therefore,
iz

v(@NQ) =Y T™ (p'N(¢ +u(5))) T2 (pIN (¢ + u(j)))

JEZL

= O"(¢+u(j [ ](C+u( ))r[

JEZ

"2

wJ(¢c 1 (i) OC T ulh)).

On proceeding as in Theorem 2, we obtain

gN—1

v(gN¢) = Z 0" (¢ + u(4)O(¢ + u(y))-

Also
gN—-1
> o(CHu) = DI+ u()I(C + u())
p=0 JEZ

gN—1

—qze“f( (C+pu(i) O® (£ (¢ +pu)).

If A\=wu(mi) and o =wu(ma), where mi, mg € 7Z, we obtain

(I (=), " ( = 0))
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= 5m1 ,mo 6k,lIM

= Oxo0k -
If A\ =wu(my)+r/N and o = u(ms), where my, my € Z, we obtain using (35)

(L™ (= A),T™(. — o))

:/NDX —my), ¢)X (%,C)x(%,c)v(g)dg
= | Xl =ma), Ox (7€) q;i: (5 €) (¢ +utp)) | d
=0.

Case (ii) If { N} = { ] then take [—1} =gN {[nl/qN]} + u(k1) and [;—]ﬂ =
gN [[nz/qN]} + (I1), where u(k1),l; € {0,1,2,...,qN — 1}.
Let [:—]{,} = qNp1 + u(k1) and [:—]ﬂ = qN©O; + u(ly), where p; = [[711(]/7]371\71}

and ©; = [7[712(1/]3]\7]} )
If py = ©1, then the result follows immediately from Case (i).
If p1 # ©1, then take
= g | NI u(ka) = gNpa + ulks) and Oy = gV [ PN | 4 (i) =
qN@Q + u(ly), where kg, ly € {0,1,2,...,qN — 1}.

If po = O, then the result follows from Case (i).

If po # O3, then apply the above procedure. After performing a finite
number of steps, we have py,—1 = ¢Npy, +u(ky,) and Op—1 = qNOy, +u(ly),
where ky,, Iy, € {0,1,2,...¢N — 1} and py,, O, € {0,1,2,...qN — 1}.

Case I If p,,, = ©,,.

Case 11 If p,, # O,.

For Case I the result follows from Case (i).

For Case II, we have

~

T™(-=\),I™2(-—0)) = /I(anl(C)F"Q(C)dC
= [ xO=anget (o)l (2o)

n2

T () o (i
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- [ Tm=ge (o ((2)')
o (3 ()"
()0 ()9

0 (1)) 0 (g )

- [ XT=0

which completes the proof. «

Corollary 1. If {T"(z),n € Ny} is a vector-valued nonuniform wavelet packet
with respect to orthogonal vector-valued nonuniform scaling function ¢(x), then
Vn €Ny, and k,l€{0,1,....qN — 1}, we have

(RO (), DO () = by obhiTa, Ao € A

Proof. We have

(e Nntu(k) . xy PO Nntu) (L g))

- / X (A —0), QL E Nntul®) () Po=* Nyntu(®) (¢ ) d¢
K
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:/ Zr(p IN)n+u(k C—{—N])F( “IN)n+u(l (<+N]) C.
ND jez

Let

Zr(p INYn—+u(k C—{—N])F( “IN)n+u(l (<+N])
JEZ

Therefore, on solving the equation as in Theorem 2, we have

M(gNC) = Y DETINImHuR) (pTIN(C () DO (p=IN(C + ()
JEZ
= OW(C+u(@)I"(C + u()T(C + u() OD(C + u(f))
JEZ
gN—1

=q Z W (¢ + u(5))0B (¢ + u(4)).

Also
gN—1
3 w(¢ Fulp) = S DTN rE) (¢ oy () PO Nntu (¢ 4 u(f)).
j=0 JEZ

Therefore, we have

SO PETINIm) (¢ ()T VR (1 ()
JEZ

Z 9(E ) o0 (£ c+em)).
=0
When A = u(my) and o =u(msa), where mi,ma € Z, using (34) we obtain

(L Nyntuk) (- x) TG Nntu)( _ 5))

— / (O =), O (C)dc
ND
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= Q/ X (A =), ¢)0kIndC
D
= 0m1,m20k 1 Inr = 000k 110

When A = u(my),0 = u(ma) +r/N, where my,mg € Z, we obtain using (35)

<p(p*1N)n+u(k)(_ —\), pe Nntu) (| _ )

— [ XG0 (5:¢)e"00¢

- fgqN-1______
= [XO=a0x (5:9) | X x (- um) | a¢
p=0
= 0,
which completes the proof. «
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