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On Perturbation of the Schrodinger Operator with
a Localized Complex-Valued Potential

I.Kh. Khusnullin

Abstract. The Schrédinger operator on the axis with a localized potential, which is the
sum of a small potential and a potential with a contracting carrier (narrow potential),
which can grow unlimitedly as the carrier is compressed, is considered. Potentials depend
on two small consistent parameters. One of the parameters describes the length of the
carrier of a narrow potential and the value of a small potential, the reciprocal of the second
corresponds to the potential values. A sufficient condition is obtained under which an
eigenvalue appears from the edge of the continuous spectrum and its asymptotic behavior
is constructed. A sufficient condition is also given under which the eigenvalue does not
appear.
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1. Introduction

As it is well known, under a perturbation of a quantum waveguide, eigenvalues
can appear from the edge of the continuous spectrum. In particular, in [1], [2],
for slightly curved waveguides, the existence of such an eigenvalue was proved
and, in [3], the asymptotic behavior of this eigenvalue was explored. In [3], the
conditions under which an eigenvalue appears from the border of the continuous
spectrum under a perturbation of a quantum waveguide by a small potential were
presented and its asymptotic behavior was explored. In [4]-]6], local deformations
of waveguides were considered. In [4], it was proved that, if the mean value of
a perturbation is positive, then an eigenvalue appears from the border of the
continuous spectrum and, if this value is negative, then there is no eigenvalue of
this kind. Moreover, in the two-dimensional case, the asymptotic behavior of the
eigenvalue thus appearing was studied, and, as proved in [5], such an eigenvalue
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can both appear and not appear in the critical case in which the mean value
of the perturbation of the boundary is zero. For the case where the eigenvalue
still appears, its asymptotic behavior was studied in [6]. The results of [1]-[5]
and the most of those of [6] were obtained using the Birman-Schwinger method
for self-adjoint operators. In [7], the two-dimensional Schrédinger operator with
magnetic and electric potentials was considered.

In [14], a rather arbitrary small localized perturbation of waveguides with
various types of boundary conditions was considered. In [10], [11], based on
the methods proposed in [8] and [9], respectively, two-parameter perturbations
of the Schrodinger and Hill operators on the axis were considered. Disturbance
conditions under which eigenvalues arise from the edge of the continuous spectrum
values were obtained. In [12], based on the approach proposed in [13], the results
in [10] were generalized to a wider class of parameters (in the case where the
perturbation is the sum of two narrow potentials).

In this paper, we study the eigenvalues of the Schrodinger operator on the
axis with a localized potential, which is the sum of a small potential and potential
with a contracting support that can grow unlimitedly as its support contracts.
Potentials depend on two small parameters. One of the parameters describes the
length of the carrier for a narrow potential and the value of a small potential,
the reciprocal of the second corresponds to the potential values. In contrast to
[10], weaker restrictions are imposed on the ratio of parameters (the product of
one parameter by the reciprocal of the second parameter tends to zero).

The structure of the work is as follows. In the next, second section, a theorem
which constitutes the main result of the paper, is formulated. In the third section
some auxiliary statements are formulated and proved. The fourth section gives
a proof of the main theorem. In the final, fifth section, qualitative statements
about spectrum structure of the considered operator are given.

2. Statement of the problem and formulation of results

Let Vi(x) and Va(z) be complex-valued functions from C§°(R), z; be an
arbitrary number, and the parameters 0 < u,e < 1 satisfy the relation

ep~t = o(1). (1)

In this paper we consider the operator

d? _ xT—x
Hewom g o (0 (757 £ ) 2

in Ly(R) on the domain W2(R).
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It is well known (see, for example, [15, Chapter V]) that the operator Hg :=
—% in Ly(R) on domain W (R) is self-adjoint, its discrete spectrum is empty,
and the continuous spectrum coincides with the semi-axis [0, +00).

Suppose that the segment @ = [a, b] is such that z; € Q and suppVj(z) C Q,
7 =1,2. We denote

Our main result is the following theorem.

Theorem 1. Suppose that the condition (1) holds true. If
Re (V1) + (V2)) > 0, (3)

then there exists the unique eigenvalue M., of operator H., tending to zero as
e — 0. This eigenvalue is simple and its asymptotics has the form

e =~ a1 (VR) + (1) 4.0 (37 @)

If
Re ((11) + (V2)) <0, (5)

then operator H. , has no eigenvalues converging to zero as € — 0.

3. Auxiliary statements

It is easy to see that the function

Wi = 5 [ 16— Vit

solves the equation
W) =Vi(§), j=12 (6)

In what follows we assume that z; ¢ suppVa(x). Then for sufficiently small e
we have suppVi(*—*) NsuppVa(x) = @. That is why there exist fixed intervals
Q1 C Q and Q2 C @ such that suppVi(*22) C @1, suppla(z) C Q2 and
Q1N Q2 = @. We choose the cut-off functions x;(z) satisfying the following
conditions: functions x1(z), x2(z) equal to unity for € Q; and zero at = & Q;
respectively. Therefore, they satisfy the condition xi(x)x2(z) = 0.

We follow the approach proposed in [13]. We put

r — X

pop(@) = 1+ 2 o ()W ( ) Fep @ Wa (). ()
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We denote by U, ,, the operator of multiplication by function ¢, ,(x):

Ue plv] = @e pu(z)v. (8)

Operator U, , performs one-to-one correspondence of Ly(R) onto itself. Hence,
the eigenvalues of H. , coincide with the eigenvalues of operator U. ﬁ’H&MUE,H
(see [13]).

Lemma 1. Suppose that the condition (1) holds true. Then operator Ue ,, satisfies
the estimates

U] <G zeQ, 9)
U;ﬁ[l] =1+ O(f:/fl), T EQ, (10)
where the constant C is independent of €, .

Proof. Estimate (9) follows immediately from the definition of functions
X;j, Wj and (1), (7), (8). It follows from (8) that

T
Ue#[l] = (@) = Qeu().
Further,
657#('%') = 9557#(0) + ala,u(c)xa 0<ce< T, x€ Qu

where

~/ _5M_1 ! / / /

BLu(@) = = (a@W (&) + xa(@)W3 (@) +x) (@) Wi (1) + Xa(@)W2 () ).

CEMC))

& = (v —x1)e L.

The definition of function ¢, ,(x) yields

1
956#(0) :ma
Penle) == gjgf(lc) (at@wi <C ;m) +exi ()W (C _:1) (11)

+x2()W5 (0) + bW (c) ),

where

q=¢e’n" " x1(0)Wy (?) + e x2(0) W2 (0) .
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By (1), (7) and the definition of the functions x;, Wj, j = 1,2 we obtain the
estimates

gl < Coep™,  [ez (o) < Cs,

where Cs, C'3 are independent of ¢, u. Consequently, the last estimates and rela-
tions (11) imply

Peu(0) =1+0(g) =1+ O(en™),

PLulc) =O(en™).
The latter estimates imply (10). Lemma is completely proved. «

Lemma 2. Suppose that the condition (1) is satisfied. Then the representation
UspHepUeyp = Ho+ep™" Loy (12)

holds true, where L., is a second order differential operator with bounded com-
pactly supported coefficients satisfying the estimate

[Lentill L,y < Callullwzq) (13)
with Cy independent of €, u.
Proof. By (2) and (8) we get

HeaUep = (Mo + 17 (Vi(€1) + 2Va(@)) [1+ 20~ (@)W (&)

+en (@) Wa(a)|
=Ho +p~ " (Vi(&) + eVa(z)) + 2 xa (@) Ho Wi (&)]
+ep” xa(x) Ho[Wa ()]

+ 62,U,_1< — X[ (@)W1 (&) — x1(2) W1 (&)

2N @)W () — 24 ()W () o

2 @)W (@) ) e (— @) Wal)
2
o) W) oy

2, () W) — 2 ) W) - — 2ya) W () )
+ 20 2 (X @V E)WI(E) + Xa(@)Va(2) Waa)

V(€ (@)Wale) + V(@) ()W (1))

d2
da?
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By virtue of equations (6), the definitions of the operator H( and the functions
X;j» J = 1,2 from the last equalities we obtain

pt (V&) +eVa(a) + 2 xa e )Ho[Wl(fl)] +ep” e () Ho[Wa(x))
(V&) +eVa(2) + 2T xa (@) (e TP (&) +enxe(x) (W (@) =
Pt (Vi(&) +eVa(a) — u~t (Vi) + eVa(e)) = 0.
It follows from the definition of x; that

Vil§)xz(x)Wa(z) =0,  Va(x)xa(z)Wi(&) =0

In view of these identities and from (7), (8) we obtain

He wUe o =Ue u[11Ho + €M71< —ex{(Z)Wi(&) — 2x1 (2)W1(&1)

S W (E) o~ 2@ W) 5 — )W

)

~ 2@ W) — 2Xh(@)Wa(e) 5 — nale) (@)

e ViE)WA(E) + e Vala) Wala)).

o(z
d
dz

From (8) and the last equality, the representation (12) follows, where

Loy =UZ 1)~ X{(@)WA(6) 2 @)W (€0) — 20, () WA () o

2 ()W) 5 — XA W) — 2 () W)
2 ()W) 2~ 2na) W) )

+ UM (Vi€ Wa (6) + Va(@) Wa(x)).

Further, we show that the operator L., satisfies estimate (13). It follows
from (9) that

(14)

el agey <=Ca ([ @ e, QIO .
e e o] e 2H><1(a:)W{(£1)%\ .
+\xg’<x>Wz<w>u\L2 Wil (15)

LAk 2)\X2<x>w2’<x>;% )
e ([Wemiend g, + oo, )
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Next, we estimate each term on the right-hand side of (15). By the definition of
the functions x;, 7 = 1,2 we have

X1 (2)Wi(é1)u Lok

= [@wiEu

< Csllullwz ()

HWa(&)]| g Ilai

La(Q)

/ ! — / ! < / /
@i, = [xewien|, < Memie)],  iwe
< Csllullwzg)
d
[e@mwien], . = [a@wie s )
< <
< Wi(&1) H dr o S Crllullwz ),
X1 (z )W1(§1) = |IXi(= )W1(§1)
L2(R) LQ(Q)
< Wi(&1) H P < Csllullwz )
GaWau|, = @Waan|, < [d@wa@]| | e
< Oollullwz ),
W@, = @i, < [h@m@), e
< Cuollullwz ),
/ we _ / dﬂ
S g, o = [em@ g, o < e, |7 ],
< Cullullwz g
' dﬁ _ ooy du
ng(az)WQ(az)d:E L2(R)—HX2($)WQ(@’)% Lo(Q) HXQ z)Ws(z H H L2(Q)

< Crzllullwz(q)
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[nemien|, = emen|,  <[neme], e
< Cusllullwz(q)
[va@maey, = [ve@waeu|, < [reme)|, e

< Cl4||u||W22(Q),

where the constants Cj, j = 5,...,14 are independent of ¢, u. Estimate (13)
follows from the last estimates, (15) and (1). Lemma is proved completely. «

4. Proof of the theorem

We introduce the notations

m{Y) ::/ L, [1]dz, m(?) = / Le [/ |x —t|£57u[1]dt] dz,
’ R ’ R R (16)
(

—1 —1\2
£ 9
b= mtl) + S L),

Since operator L., satisfies inequality (13), Theorem 1 in [8] implies that
once
ey =cep ter+ (ep™)2ea+ O ((ep™)%),  c1,c0 = const, (17)

a sufficient condition for the existence of an eigenvalue converging to zero as
g, o — 0 of the operator (Ho — au_lﬁau) is the inequality

Re(e; +epten) <0, (18)
while a sufficient condition for the absence of such eigenvalue is the inequality
Re(e; + e ten) > 0. (19)

If (18) is satisfied, then the operator (Ho — e~ L. ,) has the unique eigenvalue
converging to zero. This eigenvalue is simple and has the asymptotics

Aoy = — (epler + (en™)%e2)” + O (er(ep™)* + (ep™)%) . (20)
It follows from (14) that

[ £eudttdn = [ Uzt~ @i - 2 @Wice)
~ X(@)Wa(x) = 2xh(x) Wi (x) ) da (21)

+ep! /R Uz 1 (Vi€ (&) + Vo) Wa(a) ) da.
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Changing the variable, we obtain the estimate

/va <x_€x1> W, (x;xl)dxza/R%(t)Wl(t)dt

. /Q VA(H Wi (8)dt = O(e),

/VQ(:C)W2 (:r)d:c:/ Vs () Ws (2) dz = O(1).
R Q

The last estimates, by virtue of (1) and (10), imply the estimate
e [ U (REWA@) + Ve Wa(w))dr = O™

From (21) and the last estimate we obtain
| £euditan = [ Uzt~ exi@Wi(6) - 2@ W)
— X3 (2)Walw) = 2xs(x)Wi(x) )dw + Ofep™),
From the last equality and (6) it follows
[ Ced@Wie) - 26@Wi) do = - [ Wi
=¢! /RXl(x)W{’(gl)dx = sl/RVl(&)dx = /va(t)dt,

/ (@) Wi () — 20 (@) Wi () d = — / o) W) de
R R

:/RXQ(x)WQ”(x)dx:AVQ(x)dx.

From (10), (21), (22) and (23) it follows that

/R Loull]de = (Vi) + (Va) + O(ep™).

Let us prove the estimate

mg; =0(1).

(22)

(24)

(25)
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By (16) we get

m®) = /R Lo [ /R |x—t\£5,u[1]dt} di = /R Lo (2))dz

where

7) = /R & =t [1]dt. (26)

The definition of operator L., for x € @ and (24) yield

’/ z — t|£w[1]dt’ _ '/ o — t]ﬁg,u[l]dt' < Cq ‘/ Lw[l]dt' < Cis,
R Q Q

where Cg = n%aé |z — t|, therefore
x,te

’f(l’)| < 015’ WS Qv (27)

where (15 is independent of ¢, u.
Estimate (15) yields

geatro

+2 [ h@wie) <x>]dw+2a i )W1(§1)x’1(:r)f’(x)’dw
2 [ Pa@WiE)r@|te+ [ W) )f(x)]dg:
+2/IR (@) Wiz ‘dm+2/‘W2 2)xh (@ ‘dx
+2/]R X2 W(w) /()| do ) +

+eu‘101</R“/1(€1)W1<51 (d:c+/ ‘Vg YWa(z ‘m)

Since functions x; and Vj; are compactly supported, by (27) we obtain the

\C'( /‘Wl E1)xi (z ‘d$
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estimates
[ Wi @s|is = [ W@ s < o
R Q
G@WiE @i = [ [a@wie) @] <o,
R Q
[ ewatens)ds = [ m(&)vvl(a)f(:c)]dx <O,
: i (29)
[ [Warg@ f@)ds = [ [Walapd@)f(e)|ds < Cra
R Q
[ @i f@la = [ [a@wie)s@)]ds < o,
R Q
[ @ Waors@)|de = [ va(enWate)s(@)]do < o,
R Q
where the constants Cj, j = 16, ...,21 are independent of ¢, u.
It follows from (26) that
_ / Ceomdt+ [ Lo (30)
—00 +o0

We denote
fi(@) =xa1(@)Wi(&), folz) = Xi(2)Wi (&),

fa(x) =xa(@)Wi(2),  falz) = X5(2)Wa().
By (30) the inequality

/R‘fj(@f/(:z)‘dxg/R‘fj(az)/ioﬁau[l]dt‘dx—k/ﬂ%‘fj(a:) ;zwmdt‘dx

holds true, where 5 = 1,2,3,4. Changing the order of integration in the second
term, we rewrite the latter inequality in the form

/R (@) (@) do < 2 /R Hie) [ g;ﬁg,u[l]dt

By (24) we have
/R £(a) /_ OO Lo [1)dt| d = /Q £(x) /_ OO Lo [1)dt
dz < /Q £5(@)

< /Q £(@)

/ E&M[l]dt‘ < O,
Q

dx. (31)

dx

dzx

e.pll]dt e pll]dt
—00 Q

J
< Oy
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where the constants Cég, j=1,...,4 are independent of ¢, u.
This inequality and (31) 1mp1y that

/ |fJ ’dm 20%3

The last inequality and (28), (29) imply the estimate (25).
From (16), (24), (25) it follows

-1

Fe = o (VA) + (Va) + 0 (272). (32)
From (17), (32) it follows
o = W e = 0(1). (33)

It follows from (18) and (19) that the sufficient condition for the existence of
an eigenvalue converging to zero as €, u — 0 for the operator (Hy + 5,u_1ﬁg7u) is
the inequality

Re(cr +epte) > 0, (34)

while the sufficient condition for the absence of such eigenvalue is the inequality
Re(er +epten) < 0. (35)

It follows from (1) and (33) that for sufficiently small e, uu, the sign of Re(¢; +
e~ ley) coincides with the sign of Re(c;). Consequently, inequalities (3) and (5)
follow from (34), (35) and (33). Asymptotics (4) is implied by (20) and (33). The

theorem is proved.

5. Concluding remarks

It follows from Lemma 2.3 of [14] that the following statement is true.

Theorem 2. If condition (1) is satisfied, then the continuous spectrum of the
operator H. ,, coincides with the continuous spectrum of the operator Hy.

It follows from Theorem 1 in [8] that apart from the eigenvalue converging
to zero, all other eigenvalues of operator H. , (if they exist) tend to infinity as
e, pn— 0.
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