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Absolute and Uniform Convergence of the Spectral
Expansion in the Eigenfunctions of an Odd Order
Differential Operator

V.M. Kurbanov*, R.I. Shahbazov, A.I. Ismailova

Abstract. We study the absolute and uniform convergence of spectral expansions of
functions of the class W) (G), p > 1, G = (0,1), in the eigenfunctions of an ordinary
differential operator of odd order with integrable coefficients. Sufficient conditions for
absolute and uniform convergence are obtained and the rate of uniform convergence of

these expansions on the interval G = [0,1] is found.
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1. Statement of results

On the interval G = (0, 1), consider the odd order differential operator

Lu = u™ + P (z)u™ Y + ..+ P,(2)u,

where n =2m+1, m=1,2,..., Pi(z) € La(G), P(x) € L1(G), 1 =2,2m + 1.

By D2p+1(G) we denote the class of functions absolutely continuous together
with their derivatives of order < 2m on the interval G = [0, 1].

An eigenfunction of L corresponding to an eigenvalue A is understood as a
function y(x) € Dapm+1(G) that is not identically zero and satisfies the equation
Ly + Ay = 0 almost everywhere in G (see [1]).

Let {ux(z)},_, be a complete orthonormal system in Ly(G) consisting of
eigenfunctions of the operator L, and let {\;}p-, be the corresponding system
of eigenvalues, ReA, = 0, k = 1,2, .... Parallel with the spectral parameter Ag,
we consider a parameter pi:
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_ (—idg)YC™ D for  ImA, >0
H (M) /@) for Tmy, < 0.

We say that a function f(x) belongs to Wpl(G), 1 <p < oo, if f(z) is ab-
solutely continuous on G and f/(z) belongs to L,(G). The norm of function
flx) € Wpl(G) is given by the equality

1 llwa ey = IF1, + [1F]

p )

where [, = I[1l,, (-
We now introduce a partial sum of the spectral expansion of the function
f(x) € Wy(G), p> 1, with respect to the system {uy(z)}p;:

oy(z, f) = Z frur(z), v>0,

pEe <V

where fp = (f,ux) = [ f(z)ug(z)dz, and the difference R,(z,f) = f(z) —
G
O',/(l‘,f)-

In this paper, we prove the following results.

Theorem 1. Assume that Pi(xz) =0, P(x) € L1(G), | =2,2m + 1; a function
f(z) of the class WI}(G), where p > 1, and a system {uy(x)}p—, satisfy the
condition

F@EI@) 3] < g gl 0Sa<om, w1 (1)

where C1(f) is a constant depending on f(x).

Then the spectral expansion of the function f(x) with respect to the system
{uk(z)} ey converges absolutely and uniformly on the interval G = [0,1] and the
following estimate holds:

||Ru(',f)||c[0,1} < const {Cl(f)ya—Zm + vB Hf,”p +

2m+1
w7 (Il + 171,) D2 v uaul}, (2)

=2

where v > 2, p~t 4+ ¢! =1, 3 = min {2_1,q_1}; and the constant const is

independent of function f(x).
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Corollary 1. If the constant C1(f) in Theorem 1 is zero or 0 < o < 2m — 1 —
B, f = min {2_1, q_l}, then the following estimate holds:

1B Pl = 0 (v77) v — +oc. (3)

Corollary 2. If the function f(x) € Wpl(G), p > 1, in Theorem 1 satisfies the
relations f(0) = f(1) = 0, then condition (1) is necessarily satisfied and the
following estimate holds:

IRy e, < constv™" fllwiey, v=2 (4)
where the constant const is independent of function f(x).

Theorem 2. Assume that Pi(z) € Lo(G), B(z) € Li(G),l = 2,2m+1; a
function f(x) of the class W (G) and a system {ug(z)}re, satisfy the condition
(1). Then the spectral expansion of the function f(x) with respect to the system
{ug(x)}p, converges absolutely and uniformly on the interval G = [0, 1], and the
following estimate holds:

1

IRy (-, H)ll o) < const {Cl(f)Va#m +rozXx

2m+1
< (IPLFlly + 1 F]ly) + v M Il D v HPZHI}? V22, (5)
=2

where the constant const is independent of f(x).

Corollary 3. If the function f(x) in Theorem 2 satisfies condition f(0) = f(1) =
0, then condition (1) is necessarily satisfied and the following estimate is true:

1Ry (5 Al < constr™2 (|Pflly + |1 £]],) - v > 2. (6)

where the constant const is independent of f(x).

Corollary 4. If C1(f) =0 or 0 < a < 2m — %, then the following estimate is
true:

_1
IRy (s P)lleony =0 (v3) o v +o0, (7)
where the symbol " 0" depends on f(x).

Theorem 3. Suppose that Pi(z) € L2(G), Pi(z) € Li(G), | =2,2m + 1, f(x) €
WH(G), 1 < p < 2, condition (1) is satisfied, and the system {ug(z)}e; is
uniformly bounded. Then the spectral expansion of the function f(x) with respect
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to the system {uy(z)}re, converges absolutely and uniformly on the interval G =
[0,1], and the following estimate holds:

—9m _1
IRy s F)llegoay < const {CL(Hv ="+ w3 | Py +

2m—+1
N+ U e v“uaul}, v>2, (®)
1=2

1

where p~! 4+ q~1 = 1 and the constant const is independent of f(x).

Corollary 5. If the constant C1(f) in Theorem 3 is zero or 0 < a < 2m — 1/q,
then

HRV (‘7 f)HC[O,l] =0 <V71/q) , V— +00, (9)
where the symbol " 0" depends on function f(x).

Corollary 6. If the function f(x) in Theorem 3 satisfies the relations f(0) =
f(1) = 0, then condition (1) is necessarily satisfied and the following estimate
holds:

IRy (-, f)”C[O,l] < const {V_1/2 P flly + v Hf,Hp} , V22, (10)

where the constant const is independent of function f(x).

Similar results for the even order operators were obtained in [2-8], for the third
order operator in [9-10], for the arbitrary odd order operators in the case f(x) €
W(G) (under some additional conditions) in [11-12]. Uniform convergence rate
was studied in [13].

Recall that the uniform convergence of the spectral expansion of a function
f(x) from the domain of definition of a self-adjoint differential operator has been
considered in the monograph [14] (chap III, sec. 9).

2. Some auxiliary lemmas

To prove our results, we must estimate the Fourier coefficients f; of the func-
tion f(z) € W}(G). To this end, we use representation of the eigenfunction
ug(z). Let as introduce
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M (€, up) = e 1ZP i=v—1, n=2m+1,

where the numbers w;, j = 1,n, are distinct roots of the number (—1)" of n-th
degree.

Lemma 1. (see [11,12]). If i, # 0, then the following representation is valid for
the eigenfunction ug(x):

ptul) () = D7 (i) X ()T 43 (i) By (0)%

Imw; <0 Imw;>0

t
weiwt(1=t) | Z i l“/M € g )i (€1 ge
0

Imw; <0

Imw] >0

1
_ 0w / M (& up)e™imE0de, 1=0,n—1, (11)
t

ifn=4q—1, ImA\y >0 orn=4q+1, Iml; <O0;

plu ()= 37 (i) KR 37 (i)' B (0)x

Imw;>0 Imw;<0

t
*Z"Jjﬂk (1—t) + Z l l+1/M €7uk *Z"Jjﬂk(f t)d€
0

Imw;>0
1
- ) (@)l / M (&, ug)e @imEDge 1 =0,n—1, (12)
Imw;<0 t

ifn=4q¢—1, Im \ <0 orn=4q+ 1, Im\p > 0. In these relations

1
B}.(0) = X}, (0)e™s" 4 w; / M (&, ug)e &g,
0

B3,(0) = X;,(0)e™# +wj; [ M(&, uy)e™ e,

o —
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For the coefficients Xﬁ(()) and Bjik(O) the following estimates are true (see
[15], formulas (42)-(45)):

‘X]ik(o)‘ < const |lug|ly < const, if Imw; = 0; (13)
‘X]ik(())‘ < const ||ug|| o, , if Imw; # 0; (14)
‘Bjik(O)‘ < const ||ug|| o - (15)

Lemma 2. Suppose that the function f(x) € WI}(G), p > 1, and the system
{ug(x)}z=, satisfy condition (1). Then the Fourier coefficients fi satisfy the
inequalities (ux > 1)

| fr| < const {Cl(f)‘ugﬂm*l el + 7" )<P1f, i (2m))‘ T

2m+1
| (o) |+ i (Zui-lupzm) ||ukuooufuw}; (16)
=

1
1l < const S [ a2+ S | [P0 mtar] +
Imw;<0 0

1

X | [T s 7,

Imw;>0 0

2m+1

l
< > my AL

=2

JetHktdt| 5 (17)

[k ]| o

0
if Pi(x) =0 andn=4q— 1, ImX\, >0 orn=4q+ 1, Im\; < 0;

1
1ot { [t s 3 |frmonea)
Imwj>0 0

1
X | [FE e i 151 1)

Imw;<0 0

2m+1

2—1
x Z e 12l

if Pi(x) =0 and n =4q — 1, ImX\; <0 orn:4q+1, ImMg > 0.

Ye iyl (18)

ek o
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Proof. Since the eigenfunction is a solution of the equation Luy = —Aguy, we
represent the Fourier coefficient fi of py > 1 in the form

fo = (frue) = (f, =2y 'Lug) = v (f, u](€2m+1)) B

2m—+1

_XI;I ZZ; (f,Plu;(me_l)) _ —XZI (f, u§€2m+1)> _
2m+1
oyl (2m)\ -1 (2m+1-1)
N (5 P = % > (£, P70 (19)

By virtue of the estimate (see [16], [17])

||| < const(t + )2 el 921, 5 = 0,2, (20)

we obtain the following estimate for the third term on the right-hand side of (19):

12m-i-1 ) ( ) 2m+1
~— 2m+1— —(2m+1
N3 (£ RN < B S A X
=2 =2
2m+1
2m+1—1 —(2m+1 _
< a0 < constyg " )HfHoo<Z 1Bl l>x
=2
2m+1
_ —1
< urllog < constin® 1 flo lunlloe D2 2~ 1P - (21)
=2

Integrating the first term on the right-hand side of equality (19) by parts and
using condition (1), we get

Al [(Fu® )| < OO o + 2 (1) (22)

Estimate (16) now follows from relations (19), (21), and (22).

We now estimate the expression ,u,;zm_l 1, u,(fm)> ‘ in the case where P (z) =

0. To this end, we use relations (11) and (12) depending on the sign of ImM\.
For certainty, we consider the case n =2m+1=4¢—1, ¢ € N, ImA; > 0 and
apply relation (11) with [ = 2m. Thus, by virtue of estimates (13)-(15), (20),

and
—2m 2m+1

I (2m+1-1)
D B )| <
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2m+1
< const,u,;l ( Z ,u%fl |Pl(f)|) 1wkl oo 5
=2
we find

() 2 () 2050 ()

Imw; <0

t
gt S (B0 ) gt S / M (€, up)e" i E0dg | |+
0

Imw;>0 Imw; <0

1
gt > | / M (&, ug)esrE=0dg | | <
t

Imw;>0

<ut D0 KRO] e )t Y B o)] | (7 e a0 4

Imw; <0 mw>
e
—|—constu,;2 (Z 2 ZHPIH1> HukHoo Hf Hl =
1=2
1
< consty; ! / Je MR | o /f/ Jettdt |+
Imw;<0 |y

1

+consty; ! Z (L= t)e ittt ||ug || o +
Imw;>07

2m+1
- -1
—i—constqu < Z ui HPIH1> [kl oo N1 £111 -

1=2
Taking into account the last estimate in equality (22) and combining the
result with estimate (21), we derive inequality (17) from equality (19). Lemma 2
is proved. <«

Lemma 3. (see [17]). Assume that Pi(x) € Lao(G), P(x) € Li(G), | =
2,2m + 1. Then for the orthonormal system of eigenfunctions {ug(x)}re, and
the sequence {py}req, the following estimates are true:

Z 1 < const for any T > 0, (23)
T<pE<T+1
Z gl < const(1+7) for any T > 0. (24)

0<pr<T
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Lemma 4. (see [15], [18]). If the conditions of Lemma 3 are satisfied, then

{2 @)}~ w0,

k=1

is a Bessel system, i.e., for any function f(x) € Lo(G), the following inequality

s true:
1/2

Z )(f, P (Qm)ﬂ < const || fl|5. (25)

>0

Lemma 5. Under condition (23), the systems {ei“kt}zozl and {e*”‘kt};o:l satisfy
the Riesz inequality for 1 < p < 2.

Proof. Note that each of these systems is a Bessel system in Ly(G) (see [19])
under condition (23) and in addition, the following inequality is true:

1

/ f(@)or(@)dz| < const||f]);

0

for any f(z) € L2(G), where {¢i(z)} is any of the above-mentioned systems.
Thus, by virtue of the Riesz-Thorin theorem (see [20], chap. XII, sec. 1), the Riesz
inequality holds for these systems, i.e., for any function f(z) € L,(G), 1 <p < 2,
the following inequality is true:

q\ 1/q

00 1
S / f@)or(ds| | < const|f],, (26)
0

k=1

where ¢ = p/(p — 1). Lemma 5 is proved. «

Lemma 6. Suppose that the conditions of Lemma 8 are satisfied. Then the
following estimates hold for the system {uy(x)}rey for any p > 2:

4)
ST T w2 < Co(0)u, 5> 0, (27)
Hie = b
> P llukl® < Cs(p)p' P, 1< p <2, (28)
Hi 2

where C2(6) and Cs(p) are positive constants.
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Proof. Take a positive integer ng. By the estimates (23), (24), using the Abel
transformation, we obtain the inequalities

— (146 2 —(1+6 2
STl < Y Y R <

<k <[ul+no (1] <pr<[pl+no
[1]+m0 [1]+m0—1
< Y a0 Sl ] < > > el | x
n=[u] n<pp<ntl n=[u] 1<pp<n+1
S R V) R D DR 71 9 K7 A s
1<pp<[p]+no+1
[u]+no—1 5
2 —(149) (14+6)(1+n)
+ 2 lJull5 | (1] < const Z (n+1) (n(n+ 1))+ +
1<pk<[u] n=[p]
no+ [pu] +1 1+ (4]
+const ————=—=— + const <
(no + [u])*+0 [t +o =

e.9]
< const ¢ (14 0) Z n~ U+ L[]0 < Co(0)p0,
n=[u]

whence, since the number ng is arbitrary, we obtain the estimate (27).

Let us prove the estimate (28). Obviously, for p = 2 this estimate is a special
case of the estimate (27) for § = 1.

Consider the case of 1 < p < 2. Then, applying the Holder inequality for
p' =2/pand ¢ =2/(2 — p) we obtain

- —1/2 ( —p+1/2
S P el = 37 e (i ) <

Hi 21 Hi 2>
(2—-p)/2 p/2
< Z Hl;l/(pr) Z Iu];2+1/p HukHio <
n=|u] > p
- (2—-p)/2 p/2
<[ S aven| o S a2
n=[u] n<pp<nt1 > 1

Now we apply the estimate (27) with 6 = 1 — 1/p and the first estimate (i.e.,
estimate (23)) in Lemma 3 to obtain

S P llugl, < Cp)u P02 -P2 < Cy(p)ut .
Wi >



Absolute and Uniform Convergence of the Spectral Expansion in the Eigenfunctions 179

The proof of Lemma 6 is complete. <«

Lemma 7. (see [15]). Suppose that, for any number N = 1,2, ..., a sequence
{ag e, an > 0, satisfies the condition

N
Zak < const - N.
k=0

Then, for any f(x) € Ly(G), 1 < p < 2, the following inequality is true:

1 a\ 1/a

> ae| [ f@e ezl | <),
k=0

0

where B is a complex number with Re > 0, p~'4+q¢~ ' =1, and M, is independent

of f(x).

Lemma 8. Under the conditions of Lemma 3, for any system
L. oo
{||uk||iéq e’“”“kt}k:l , Imw; >0

and
o0

{2 et L~ Iy < 0
form=4l—1, ImA, <0 orn=414+1, ImA; > 0 and any system
{20 =it |

o0
, Imw; <0
k=1

and -
{27 et} ™ Imeo; > 0

form=4l—1, ImAx >0 orn =41+ 1, ImA; < 0 the Riesz inequality is true
for1<p<2, wherep ' +q 1 =1.

Proof. Consider a number j with Imw; > 0 and denote v = I'mw;. Taking
into account the relation ‘eiwj“kt‘ = e 7kt for any function f(z) € L,(G) we
obtain the chain of inequalities

q
00

1 q 0 1
S funl2e / Femtar] | < g2 / F@O)lemetdr | <
0 k=1 0

k=1
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q

1
<> Y ml / Ol | <
0

n=0n<pr<n+1

1 q ) q
> o
<3| X i) | furereta) <3 e fisolear)
n=0 \n<pp<n+l 0 — )
(29)
where o, = ) HukHio
n<pp<n+1

By virtue of inequality (24), for any positive integer N we obtain the estimate

N N
Yoan=> 1 > Ml )= > luwli < const-N,
n=0 n=0 \nlpur<n+1 0<pr<N+1
and hence the assumption of Lemma 7 is satisfied.
Therefore,
1 qy 1/q
o0
Soan | [lrwlea) b <5,
n=0 0

This, together which inequality (29), implies that the Riesz inequality holds
for the system

. o0
{||uk||zéq e“"j“’“t}kil, Imw; > 0.

The proof of the lemma is complete. <«

3. Proof of the results

Proof of Theorem 1. Consider the case n =2m +1=4r — 1,7 € N, and
1 < p < 2. We prove the uniform convergence of the series

o
>l fun()]
k=1
on G = [0, 1]. To this end, we split this series into the sums

Y fellun@)] and Y | ful fur(@)] -

0<p<2 HE>2
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By virtue of estimate (24), the first sum does not exceed the quantity const || f||; .
To study the second series, we apply Lemma 2, i.e., estimates (17) and (18) de-
pending on the sign of ImAg. To this end, we represent this series in the form

Skl fur(@)] = D7 el fur @)+ D il lun(@)] = T + Ja,

pE>2 kel kel

where It = {k : pp > 2, ImA, <0}, In = {k: ux > 2, ImAg > 0}.
By virtue of estimate (18), we find

= > |ful lun(@)] < const Co(f) Y > flunllz +

kel kel

Yer ikt dt | [lu |2, +

1
+const Z ,u,;l /
0

kel Imw;>0

+const Z it Z /f’(l — tye @itk gt ||ug | +

kel Imw]-<0 0
2m—+1
+const (HfHOO + Hlel) Z M;;Q ( Z Nz_l HPIH1> HukHio +
kel =2

ekt gy HukHio = const (Jl1 + R+ R+ I+ J15) :

1
+constZu;1 /f’(t)
0

kel

Further, we prove convergence of the series J{ , 7 =1,5. By virtue of Lemma
6 and the condition 0 < o < 2m, we get

2
9 2 HukH
DY % = €)Y e <
kel kel Mg

< CCL(f)207°™ < 0. (30)

To estimate the series J?, we first apply the Holder inequality to this sum
and then Lemmas 6 and 8. This yields

1
RSt 3| [Tl -

kel Imw;>0 |}
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1 1/p
2
- Y S| [T < ¥ (2l
Imw;>0 kel 0 Imw; >0 \kel Fig
a\ 1/q
Z HUkH / (t)e™itnkt dt < constMp271/pme'Hp < 0.

kel

The series J; is estimated similar to the series J?. To estimate the series J{,
we apply Lemma 6 and obtain

J4 ”uk”io gy 2—1
= const (| flls + |71, Z 2 Z P <
kel
2m—+1
< const (Il +11£1,) Z 2H1Bl, < oo (31)
=2

Finally, we estimate the series J7. To this end, we first apply the Holder
inequality and then Lemmas 5 and 6. This yields

1 1/p
J5 _ -1 FIH) ikt ||uk:||p
1 = const Z m f'(t)e dt| ||ugl|l o, < const Z
kel 0 kel i
1 qy 1/q
/ Ye ikt dt < const2™ /1 Hf’”p < 00.

kel |

Thus, the series .J; is uniformly convergent on G. By using estimate (17) for
the coefficients fi, in exactly the same way, we prove the uniform convergence of
[e.e]

the series Jo on G. Hence, the series > |fx||ux(x)| uniformly converges on G.
k=1
In view of the completeness of the system {ug(x)}r-; in Le(G) and continuity of
e o0
function f(z) on G, the series ) frug(z) uniformly converges to f(z), i.e., the

k=1
equality

=Y frur(z) (32)
k=1

is true.
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We now check the validity of estimate (2). By virtue of equality (32), we find

Ry, )| = | f (@) = ou(z, )l = | Y frur(e)| <
BE>V
<3 flllunllg = D Uallu(@)+ D 1fil lun(@)| = Ki(v) + Ka(v),
P2V keBi(v) keBa(v)

where Bi(v) = {k: ur > v, ImA, <0} and Ba(v) = {k: ux > v, ImA; > 0}.
Further, the series K;(v) and Ks(v) are estimated by using the same proce-
dure as in estimating the series J; and J,. As a result, we get

K;(v) < const {01(f)7/a_2m + V_% Hf/Hp +v! (HfHoo + Hlel) X

2m+1
x y v HPzHl}, j=1.2
=2

Hence, estimate (2) is true for 1 < p < 2. Thus, Theorem 1 is proved for
1 < p <2 Forp > 2, the validity of Theorem 1 follows from the embedding
L,(G) C Ly(G).

Theorem 1 is proved. «

Proof of Theorem 2. Let Pi(z) € Ly(G), Bi(z) € L1(G), | = 2,2m + 1,
f(z) € W(G) and let condition (1) be satisfied. We now prove the uniform

convergence of the series Y |fx||ux(z)] on G.
Hi>2

By virtue of estimate (16), we get

D 1l (@)l < const S CL(f) D pp 2™ ], +

M >2 pHE>2
_ - _ 2 _
+ 3 [ (P ™) ol + S i el %
g >2 Hp=>2
— 2 — 2
| (2N 1 e 3 i %
HE>2

2m—+1
x (Z i ||Pl||1>} = const {1 +Tp + Ts + T}
=2

We estimate the series 77 and Ty similar to the the series J11 and Jf. The
series 17 satisfies estimate (30) and the series T satisfies estimate (31) with
replacement of the factor (|| f||,, + ||f'll;) by the factor || f||...
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To estimate the series 75 and T3 we apply Lemma 4 to the system
{ufmu,(fm)(:c)}, pr > 2, and also Lemma 6 with 6 = 1 and 4 = 2. As a

result, we obtain

— —2m 2m
o= 3" i il | (Pufo ™) | <

HE>2
1/2 1/2
2 —
<X || S (P[] < const27 2 |[Pug],,
HE>2 M >2
— 2
= > i el | (7™ | <
Mg >2
1/2 1/2
2
— — 2 —
<\ ZmPhuli )| ()| const 2721
HE>2 HE>2

o0 J—
Hence, the series Y |fx| |ug(x)| is uniformly convergent on G. This implies the

oo

uniform convergence of the series > frug(x). In view of the completeness of the
k=1

system {ug(x)}r—; in Lo(G) and the continuity of the function f(z), we obtain

2) =Y frup(z), z€G.
k=1

Note that the remainder R, (z, f) of this series (in the remainder, summation
is carried out over the numbers k for which uj > v) can be estimated as follows:

1Ry (5 Dllgo,y < const {Cr (w2 4+ w72 ([P f ], +

2m+1
1Al + 27 I lloe D VQ_lHPz\h}v V=2
=2
Theorem 2 is proved. «
To substantiate estimate (7), it suffices to take into account the fact that, in
the proof of Theorem 2 the sequence of remainders of the convergent series tends
to zero, i.e.,

5 (Pt ) <ot v

HE 2V
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Z ‘(f’,ulzzmugfm)) ’2 =o0(1), v— +o0,

HE 2V

where the symbol ”0” depends on function f(z).

Proof of Theorem 3. Let Pi(z) € Ly(G), Bi(z) € Li(G), | = 2,2m + 1,
f(x) € Wp(G), 1< p <2, condition (1) be satisfied, and the system {uy(z)};2,
be uniformly bounded.

By virtue of the orthonormality of the system {u(x)},-, in La2(G), condition
(23) is satisfied. On the other hand,

L= (g, we)| < furell, Nuwll, < luell oo e, -

This yields [Jug||,? < [[ugll% -
In view of inequality (23) and the uniform boundedness of the system {u(z)}r,
for any 7 > 0, we get

upl|L Nugl| 9 < ug||?? < const 1 < const T.
[Juk 5 luxll, 5
0<pr<t 0<pr<t 0<pr<t

Thus, the system {uy(x)},, satisfies all conditions of the sufficient part of
Theorem 3 in [15,18]. Therefore the system {u;Qmufm) (:Jc)}, ur > 1, satisfies
the Riesz inequality for 1 < p < 2.

To prove Theorem 3, it suffices to estimate the series T3 (the other series 11, T
and Ty have been estimated in Theorem 2 without the restriction of uniform
boundedness of the system {ug(x)};—,). By using the Holder inequality and
Riesz inequality for the system { ufmugfm) (x)} , g > 1, and Lemma 6 we arrive
at the following results for the series T3 and its remainder:

1/p
_ — 2 —
Ty = 3 i oo | (7 2 m))( < | ST Pl | x
g >2 HE>2
1/q
q

X Z ‘(f’,ufmugm)ﬂ < const 2714 Hf,Hp,

HE>2

1/p

_ _ 2 —
S oo | (£ e < S0 el |

M2V HE 2V
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1/q
q
X Z ‘(f',,u,fmu,(fm))‘ < const v~ 1/1 Hf'Hp.
M >V
Theorem 3 is proved.
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