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Unique Continuation of the Quasilinear Elliptic
Equation on Lebesgue Spaces L,

R.E. Castillo, H. Rafeiro, E.M. Rojas*

Abstract. In this paper we make the convolution between ¢, the fundamental solution
of the Laplace equation, and function V' that belongs to the space L%(]R"). Since this
convolution solves Poisson’s equation —Az = V| we use this result to derive Fefferman’s
inequality, which will be the cornerstone in the proof of our main result, which deals with
the unique continuation property of the nonnegative solution of the quasilinear elliptic
equation divA(z,u, Vu) = B(x,u, Vu), whose coefficients belong to the L (R™) space.
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1. Introduction

Let’s define all the function spaces to be used throughout this paper.

Let Q C R™. The Sobolev space W1P(€) consists of all integrable functions
u :  — R such that for each multiindex o with || < 1, D%u exists in the weak
sense and belongs to L,(€2). We write:

C%*(Q) ={u:R" — R : u is two times continuously differentiable

with compact support},
and
C(Q) ={u:R™ — R : w is infinitely continuously differentiable

with compact support}.

*Corresponding author.
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We denote by W&’p(Q) the closure of C2°(9) in WHP(€2). On the other hand, as
usual, we write
1
Hy () = Wy (Q)

and
(a) H'(Q) =W*(Q),
(b) H2(Q) = W22(Q).
If u € WHP(), we define its norm as

1/p

o = ( 3 [102upds| L it1<p <o
la|<1

and

lu|lyyi,0e = Z esssupq | D%ul.
o<1

Let us start with some historical background. Let Q@ C R™ be a bounded
connected open set, let P be a linear operator given by

Pu = a’*ju + ¥ dju + cu,

where the coefficients satisfy, for instance, a/* € Wh>®(Q), i/ € Loo(Q), ¢ €
Loo(9) and (a?*) is a symmetric matrix satisfying the uniform ellipticity condition
for some constant A > 0,

a?*(2)€&p > NEP?, forall z € Q, and € € R™.

A simple example to keep in mind is the elliptic Schrodinger operator P =
—A 4V, where V € Ly (£2). The unique continuation principle comes in several
different forms:

(c) (Weak) If u € H?(Q) satisfies Pu = 0 in  and u = 0 in some ball B
contained in €2, then v = 0 in €.

(d) (Strong) If v € H?(Q) satisfies Pu = 0 in Q and if u vanishes to infinite
order at xg € {2, in the sense that

r—0 "
B(zo,7)

1
lim — / lu|*dz =0, for all n >0,

then v =0 in €.
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The purpose of this paper is to discuss the unique continuation principle for
non-negative solution of the quasilinear elliptic equation

divA(z,u, Vu) = B(z,u, Vu),

where the coefficients belong to the Lebesgue space Lz (R™) (1 < p < n).

In order to do that, we combine the central step i; the Moser proof of Har-
nack’s inequality with the Fefferman inequality (Theorem 3 below) and the dou-
bling condition (Corollary 3). To prove our main result (Theorem 5), it is impor-
tant to point out that in [11, 12, 13] some problems were studied in a different
setting and the authors used different techniques than the one we used here to
prove it.

2. Basic results

In what follows we gather some known results. However, for completeness and
convenience of the reader we include their proofs. We need to state the definition
of maximal function. The Hardy-Littlewood maximal function for x € R"” is
defined as follows:

M f(x) = sup

1 n
M (Bl r) / 1f(W)ldy, f € L, (R™).

B(z,r)

Here m denotes the Lebesgue measure and B(x,r) is the ball centered at = with
radius 7.

Lemma 1. Let pu be a Radon measure in R™ and o« < n. Then

7du(y) =(n—« Oora_"_l x,7))dr
RZ'“@/'” = (n=a) [ 1 (B

0

Proof. Using Cavalieri’s principle, we can write

—70# <{y o —yl < (i)”l‘*}> dX
:7,# (B(x, (i)nla)> i
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1
Making the change of variable (%) n—e = we obtain

70“ (B (:c <i> "10‘)) d\ = (n —a) 7ra”1u(3(x, r))dr.

0 0

Finally
du(y)

|z — y[n—o

=(n-— a)/ranlu(B(x,r))dr. <
0

Theorem 1. I[f0<a<n, >0 and § > 0, then for x € R"™
[ Yy < oo,
B(z,0)
where Co, = Zm(B(0,1)).

Proof. For x € R” and d > 0 we use Lemma 1. Then we obtain

T d
/ |$|‘_f(yy|21|ady: (n—a)/ / |f(y)|dy Tn—izﬂ
B(z,5) 0 (z,r)NB(z,d)
; dr
< (n - a) m(B(Ov 1)) / Mf(x)T‘n rn— a+1 0 1 /Mf rn— pn—atl

0

= Zm(B(0, 1)) M f(2)5°

e
which ends the proof. «

Theorem 2 (Hedberg inequality). Let 0 < o« < n and f € L,(R™). Then for
1 < p < & we have the following pointwise inequality:

Laf(@)] < Ifll (M f() 5

Proof. For x € R™ and é > 0 we have

B(z,0) R\ B(z,0)
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By Theorem 1, we obtain

B(z,0) B(z,r)NB(z, 5)

<(n—a) (m (0,1)) /Mf - a+1

50,1 /Mf ¢ )

< —m(B(0,1))M f(x)s*

Q13

Now, for > 0 the Hélder inequality implies that

S

[ A< [ sy
R\ B(z,5) "\B(z,9)
. :
— 1l nuB«Lny/rnlq@fﬁm)
é
m(B(0,1 a—n
< I

Finally, from (1) and (2), we get

(500 f () + 11,877 ).

ﬂwdx'<7MB®JD

|z — y|n—e “n—gqn—a)

[

If we choose 6 = (Mf(m))_n, then (3) transforms into

m(B(0,1))

n—q(n—a)

fafe)l < MA@ E IS

/ mﬁﬁyﬁw:@rﬁnf / Ty | 2
0

(3)
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3. The Poisson equation and Fefferman’s inequality

Let us consider the following problem (Dirichlet problem):

(4)

—Az=V onB
z=0 on 0B.

The equation —Az = V is known as the Poisson equation. It is well-known that
the solution of the above problem is given by the convolution

2(x) = / oz — y)V (y)dy,
R’!’L

where ¢ is the fundamental solution of the Laplace equation, and if V' € C?(R™),
it is clear that z € C2(R™) (see [9] for details).
Furthermore, z can be written as

_ 1 Vz(y) - (x —y)
Z(i[]) - wn—l]R[ ’.’IZ _ dyv

y["
where w,,_1 represents the (n — 1)-dimensional measure of the sphere S"~!. Then

22’ . x J—
Vz(z) = wnl_l / v ’(j)_( y) dy
Rn

y|"

Thus

22

Wn—1 T — y|n71 ‘

R

(It is known that V22 = Az.)

Definition 1. A function w(z) > 0 is said to be of A;-class if
Muw(z) < Crw(z)

for almost all x € R™ and for some constant C.

Our next task is going to be to state the Fefferman inequality, assuming that
V belongs to

A NLa(RY)NCHR™Y) with 1< p < —.
p

3

Note that, since 2 C R"™ is a bounded subset, we have m(£2) < oo, implying that
L%(Q) CLy(2) 1<p<3)
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Zamboni proved in [15] the Fefferman inequality allowing V' to be in a gener-
alized Kato class, see also [5]. On the other hand, Castillo, Ramos and Rojas in
[7] proved the Fefferman inequality allowing V' to belong to the Kato class with
p = 2. For definitions and details see [4, 5, 6, 7, 15].

Based on the ideas given in [8], we prove the following result.

Theorem 3. Let  C R™ be a bounded set and let V € A1 N L%(Q) N C2(Q),
1<p< %. Then

[ @V @ds < VI, [ 190 da.
Q Q

Proof. For any u € C°(R"™), let us consider a ball B such that u € CZ°(B)
and consider the solution z of the problem (4). Next, using

LV (z / dy,
' |z ylnl

and invoking the Hoélder inequality, the Green formula and Theorem 2, one can
see that

/\u PV /\u \Az da:—/V]u ]Vz)

/ (@) |3 V()| V2 () de

/]u \Vu x)||Vz(z)|dz

1 2
/]u \Vu x)| v Z(yldydx
Wn—1 |$ - y|n
B
1 A
/]u \Vu x)| | z<y)l1dyd:n
Wn—1 |z —y|"

B
/]u Vu(z / ) Tdydx
wn 1 ’x_y|n

/ )5~ V(@) | LV () de
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Clp,n) /|

p7 n |
= V n
2y, / ()]
B

C(p

C(p,n b n
guf WWIE, | [ v
n—1
B

Finally

33

B

Therefore,

[u@v@a < Sy,
B

<aen) uvn / () [ MV (2)de

P ya
V(@) (MV (2)) ' (V[ de

()" [Vu(a)|da

/ |Vu(x)|Pdx
B

1—-2 P
n n

/ \Vu(z)Pdz
B

1—2

y2

[u@pvea | <SP | fivaere)
Wn—1 2

/ \Vu(a:)\%dx <

4. Space of functions of bounded mean oscillation (BMO)

143

3

In the same sense that the Hardy space H'(R") is a substitute for L'(R"),
it will turn out that the space BMO(R™) (the space of “bounded mean oscilla-
tion”) is the corresponding natural substitute for the space L>°(R™) of bounded

functions on R™.

A locally integrable function f belongs to BMO if

holds for all balls B, = B(z,r), where

— fBT\dm S A

:B]ffdm
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denotes the mean value of f over the ball and m stands for the Lebesgue measure
on R™. The inequality (5) asserts that over any ball B, the average oscillation of
f is bounded. The smallest bound A for which (5) is satisfied is then taken to be
the norm of f in this space, and is denoted by || f|[Bmo- Let us begin by making
some remarks about functions that are in BMO.

The following result is due to John-Niremberg. If f € BMO, then there exist
positive constants C; and Cy such that, for every r > 0 and every ball B,

m({z € By : |f(x) = fp,| > A}) < Cem @MW Ivom(B,),
One consequence of the above result is the following corollary.

Corollary 1. If f € BMO, then there exist positive constants C1 and Cy such

that o0
Clf(@)=FB.| gy < 1
/e dm_<C,2_C+1>m(BT)

Br
for every ball B, and 0 < C' < Cj.

Proof. Let us define p(z) = e* — 1. Notice that ¢(0) = 0, and hence

/(eCIf() farl 1) c/e”m {w € By : |f(x) = fz.| > \})dA
0

By

gccl e (G2 Ad)\ m(B,).

From the above inequality we have

cc
Clf(z)—fB,| < L
/e dm_(CQ_CJrl)m(BT). <

B,

5. Useful results

The following tools are the spinal cord of our main results.

Lemma 2. Let 2 C R™ be an open and bounded set and u € WHP(Q). Then we
have for any measurable set B C Q with m(B) > 0

" m 1 (dim n
[ tute) = unffa | <, [D]T LB oy,
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Theorem 4. Let B C R”, u € WYP(Bg) and assume that for all B, C Bp,
there exists a constant k > 0 such that

b
n

/|Vu(x)|zd:13 < krP7L.
Then there exist two constants B and ¢ depending only on k,p and n such that

/ SPu(@) g / e @) dg | < clm(Bg))>
Br Br

Proof. 1t is enough to take u € C°(R") supported in B, = B(xp,r). From
Lemma 2 we know that

3

1 g |Fde | <, TR G
. B/ u(e) —up,|de | < mun S IVl

Thus by Holder’s inequality we have

33

33

which implies v € BMO. Then by Corollary 1 we obtain

/€6IU(I)—“BRdg; < em(BRr), (6)

Br
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where ¢ is the constant that appeared in Corollary 1. Next, (6) implies that

/eﬁ(u(z)uBR)dx < /e'Bu(w)“BRld:C < Cm(BR)

Bgr Bgr
and
/eﬁ(u(x)—uBR)de /eﬁu(z)—uBRldxgcm(BR),
Bgr Br
Thus
/ ) gy / P g | = / P B gy / e~ Bul)unR) gy
Br Br Br Er
<(em(Bg))>.

The theorem is proved. <«

Corollary 2. Ifu € WYP(Bg) is such that for all B, C Bp there exits a constant
k > 0 which satisfy

P
n

/ |V log u(a:)\%dac < krP71, (7)

then there exist two positive constants 5 and ¢ depending only on k, p and n such
that

Proof. By Theorem 4 there exist two positive constants § and ¢ depending
only on k, p and n such that

/eﬁlogU(w)dx /e—BIOg“(x)dx < ¢[m(BR))%,
BR BR

which implies
/u|ﬁdg; /\ude < ¢(m(BR))?,
Br

as was announced. <«
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Corollary 3. Suppose that (7) holds. Then there exists a positive constant c

such that
/ luPdx < c/|u]5dx

where Ba, C . The above mequalzty s known as a doubling condition.

Proof. If (7) holds, then we have
1/2

1/2
/]u\ﬁdx /\u\_ﬁdx < % (m(B,)).

From this we obtain

1/2 —-1/2

/|u|_6daz < c?(m /|u\6daz . (8)

On the other hand, by the Schwartz inequality we have

— [ 1l ul e
B,
1/2
/]u|ﬁdx /|u|ﬁdx
1/2
/]u\ﬁd:n /|u]_ﬂdx
1/2 ~1/2

< (m /\u|’8dac / |u|® da

In the last inequality we use (8). Thus

1/2

1/2

1/2
/|u]5dx
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/|u\5d3:<c/|u|5dx. <
Bo,. By

Finally

6. The unique continuation principle for elliptic partial
differential equations

This principle which states that any solution of an elliptic equation vanishing
in a small ball must be identically zero (see, (c) in page 137), is a fundamen-
tal property that has various applications e.g. in solvability questions, inverse
problems, and control theory.

Definition 2. Assume w € Li (Q), w(z) # 0 for all x € Q. We say that w has

loc
a zero of infinite order at xg € Q) if

/ w(z)da

. B(zo,R)
lim

o (Bl R k>0

Which is equivalent to say that a function u € LfOC(Q) vanishes of infinite order

at point xg if for any natural number N there exists a constant Cn such that
lu(z)|P de < CyrN
B(zo,r)
for all N € N and for a small positive number r. Here
B (zg,r) ={y € R": |y — x| < r}.
Let © C R™ be a bounded open set. It is not hard to check that the function

1 1
w(z) = We\z\ (z € R")

vanishes of infinite order at xg = 0.

Lemma 3. Assume w € Li _(Q) and w(x) # 0 for all x € Q. If there exists a

loc
positive constant C' such that

/ w(z)dr < C / w(z)dr, VR >0, 9)
B(z0,2R) B(zo,R)

where B(xo,2R) C 2, then w(x) has no zero of infinite order in Q.



Unique Continuation of the Quasilinear Elliptic Equation 149

Proof. Suppose that

w(z)dzx
m B(zo,R)
R=0 (m(B(zo, R)))*

Next, applying (9) several times, we have

=0, A>0.

/ w(z)dx <C / w(z)de <C | C / w(z)dx
5

G o) (o 8)

Thus
/ w(z)de < CF / w(z)dx
B(ao,R) B (oo )
Then
R\ 1
w(x)dz <C* [ m  B(zo, =) w(z)dx
B(:ro/,R) < < 2 >> (m(B (J,‘(), %)))AB 37!212)
—CH2FR)™ (m(B(0, 1)) ! w(z)dz.
(m (5 (wo,;%m*B(xo/R)

Now, let us choose A in such a way that C2~* = 1. Thus

/ w(z)de < ¢ ™ ((m T (; R))ﬁ) / w(z)dz — 0

B(ao,R) 2 )
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if k — oo, where ¢; = (m(B(0,1)))*. Therefore w = 0, which contradict the fact
that w(x) # 0 for all x € . «

Let Q be a bounded open set in R™. The equation we consider is of the form
divA(z,u, Vu) = B(z,u, Vu), (10)
where
Alz,u, &) : A x Rx R" — R"

and
B(z,u,&) : Q@ xR" — R

are two continuous functions satisfying the conditions

A, w. &)l < alélr ™ + bl
8o O] < e + ol -
Az, u, &) > |¢|r —d(x)|u|r

for almost all x € Q, Yu € R, V¢ € R™. We assume that p is a fixed point in
(1,n), a is a positive constant and b, ¢ and d are measurable functions in Q whose
extensions with zero values outside {2 are such that

bip, e, d € La(R"). (12)

For more applications such as some existence results for singular elliptic problems
see Maagli and Zribi 2001, Bachar et al 2002, Bachar et al 2003, Zeddini 2003,
Bachar and Maagli 2005, Maagli and Zribi 2005 [1, 2, 3, 12, 16, 13]. For the study
of the unique continuation property on different framework see, for instance, the
works of Tao and Zhang 2007 and Granlund and Marola 2012 [10, 14].

Definition 3. We say that a function u € Hé’p(Q) is a local weak solution of
(10) in Q if

/{A(x, u(z), Vu(x))Ve(z) + Bz, u(z), Vu(z))d(z) }dx =0 (13)
Q

for every ¢ € C*(Q).

Theorem 5. Let u € HY(Q), u >0, u # 0, be a solution of (10) satisfying (11)
and (12). Then u has zero of infinite order in Q.
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Proof. Let xg € Q, and let B(xg, R) be a ball such that B(zg, 2R) is contained
in Q. Consider any Bj, contained in B(zg, R). Let n be a non negative smooth
function with support in Byy,. Using ¢ = nu!~P as a test function in (13) we get

/ 1V log u(@)[3n} (x)dz < C1 (p,a) / V() [Fde + / V(e (o) 5, (14)
Q Q Q

where V' is defined by
V =bi7 4 cr +d.

By Theorem 3, we have
[ Ve @ae < s [ 19 .
Q Q

Inserting this in inequality (14), we obtain

[ vt @Viogu(@)Fdz < ¢4 [ Vata)fFaa. (15)
Q Q
Choosing 7 so that n = 1 in By, and |Vn| < 3/h, by (15) we have
/\Vlogu(x)ﬁdx < Cyhm =),
By,
Therefore, by Corollary 2, we have
/u‘s(x)dx/u_‘s(a:) < Cm(Bp)>.
By, By,

Therefore, Corollary 3 implies

/ lu|’dz < c/|u!6dm.
Ba, B

That is, the assumption of Lemma 3 is satisfied, hence the conclusion follows for
w9 and thus for u. <



152

[1]

[10]

[11]

[12]

[13]

R.E. Castillo, H. Rafeiro, E.M. Rojas

References

I. Bachar, H. Maagli, Estimates on the Green’s function and ezistence of
positive solutions of nonlinear singular elliptic equations in the half space,
Positivity, 9, 2005, 53—-192.

I. Bachar, H. Maagli, L. Maatoug, Positive solutions of nonlinear elliptic
equations in a half space in R?, Electron J. Diff. Equ., (41), 2002, 1-24.

I. Bachar, H. Maagli, N, Zeddini, Estimates on the Green function and exis-

tence of positive solutions of nonlinear singular elliptic equations, Commun.
Contemp. Math., 5, 2003, 401-434.

R.E. Castillo, Generalized non-autonomous Kato classes and nonlinear
Bessel potentials, Thesis (Ph.D.)-Ohio University, 2005, 63 pp. ISBN: 978-
0542-41496-1.

R.E. Castillo, Nonlinear Bessel Potentials and Generalizations of the Kato
Class, Proyecciones, 30(3), 2011, 285-294.

R.E. Castillo, J. Ramos-Fernddez, Nonlinear Kato class and unique continu-
ation of eigenfunctions for p-Laplacian operator, Journal of Function Spaces
and Applications, 2013, Art. I.D. 512050, 7 pp.

R.E. Castillo, J.C. Ramos-Fernandez and E.M. Rojas; A note on the Kato
class and some applications, Positivity, 23(2), 2019, 327-356.

F. Chiarenza, M. Frasca, A remark on a paper by Fefferman, Proc. Amer.
Math. Soc., 108, 1990, 407-4009.

L.C. Evans, Partial Differential Equations, 2nd Ed. GMT, Amer. Math. Soc.,
2010.

S. Granlund, N. Marola, On a frequency function approach to the unique
continuation principle, Expo. Math., 30, 2012, 154-167.

T. Kato, Schiodinger operator with singular potentials, Israel J. Math., 13,
1973, 135-148.

H. Maagli, M. Zribi, Ezistence and estimates of solutions for singular non-
linear elliptic problems, J. Math. Anal. Appl., 263(2), 2001, 522-542.

H. Maagli, M. Zribi, On a new Kato class and singular solutions of a nonlin-
ear elliptic equation in bounded domains of R™, Positivity, 9, 2005, 667-686.



Unique Continuation of the Quasilinear Elliptic Equation 153

[14] X. Tao, S. Zhang, On the unique continuation properties for elliptic operators
with singular potentials, Acta Math. Sin (Eng. Ser.), 23, 2007, 297-308.

[15] P. Zamboni, Unique continuation for non-negative solutions of quasilinear
elliptic equations, Bull. Austral. Math. Soc., 64, 2001, 149-156.

[16] N. Zeddini, Positive solutions for a singular nonlinear problem on a bounded
domain in R?, Potential Anal., 18(2), 2003, 97-118.

R.E. Castillo
Universidad Nacional de Colombia, Departamento de Matemdticas, Bogotd, Colombia
E-mail: recastilloQunal.edu.co

H. Rafeiro

United Arab Emirates University, Department of Mathematical Sciences, Al Ain, United Arab
Emirates

E-mail: rafeiroQuaeu.ac.ae

E.M. Rojas
Universidad Nacional de Colombia, Departamento de Matemdticas, Bogotd, Colombia
FE-mail: emrojass@unal.edu.co

Received 22 April 2020
Accepted 05 August 2020



