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Estimates of the Approximations by Zygmund Sums
in Morrey-Smirnov Classes of Analytic Functions

S.7Z. Jafarov

Abstract. In the present work, we investigate the approximation of the functions by
Zygmund means of Fourier series in Morrey spaces LP* (T),0 <A < 2,1 < p < oo in
the terms of the modulus of smoothness. The obtained results are applied to estimate the
approximation of functions by Zygmund sums of Faber series in Morrey-Smirnov classes
defined on simply connected domains of the complex plane. In this case, the obtained
estimation depends on the sequence of the best approximation in Morrey-Smirnov classes.
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1. Introduction, some auxiliary results and main results

Let T denote the interval [0,2x]. Let LP(T), 1 < p < oo be the Lebesgue
space of all measurable 2w —periodic functions defined on T such that

T /|f Pz < oo

The Morrey spaces Lg’ (T) for a given 0 < A < 2 and p > 1, are defined as
the set of functions f € L] (T) such that

RS

HfHLgv’\(']r) = sup ’f |p dt < 00,
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where the supremum is taken over all intervals I C [0, 27]. Note that Lg’)‘ (T) isa
Banach space, for A = 2 it coincides with L” (T) and for A =0 with L* (T).If0
< A\ < Ag <2, then LEM (T) € L2 (T) . Also, if f € L5 (T), then f € LP (T)
and hence f € L' (T). The Morrey spaces were first introduced by C. B. Morrey
in 1938. The properties of these spaces have been investigated by many authors
and, together with weighted Lebesgue spaces L%, | they play an important role
in the theory of partial differential equations, in the study of local behavior of
the solitions of elliptic differential equations and describe local reqularity more
precisely than Lebesgue spaces LP. The detailed information about properties of
the Morrey spaces can be found in [7-11, 14-17, 19, 20, 26, 29, 30, 33, 35, 37, 39,
42, 44].

In what follows, by LP* (T) we denote the closure of the linear subspace of
Lg’)‘ (T) functions, whose shifts are continuous in Lg’)‘ (T). Suppose that z,h
are real, and let’s consider the following series:

pf) =) (—1)F ( Z > flx4+(a—k)h), a>0, felLPMT).
k=

0

Then, by [34, Theorem 11, pp.135] the last series converges absolutely almost
everywhere (a. e.) on T. Hence the operator A by [25] is bounded in the space
LPA(T). Namely,

@ =30 () 16 - mm
k=0
:za:(_na—k < ‘;‘ )f(x+k:h).
k=0

The function

WA (£.8) = sup AR (. )| gy - @ € ZF
|h|<6

is called a-th modulus of smoothness of f € LP*(T), 0 <A <2, p> 1.
The modulus of smoothness wi, (f,d)a has the following properties [24, 25]:
1) wy\(f,6) is an increasing function;

2 ginéw;)\(f,é):()forevery ferPMT),0<A<2 and p>1;
4) ’

)
)
3) wpn (f+9,0) Swpy (f,6) +wpy (g,6) for f,g € LPA(T);
4) wa,\(fv ’I”L(;) é nocw;z’)\(f’ 5)7 ne Na

) wp,

5 z}(f, $6) < (s +1)*wa, (£, 0);
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6) W\ (£,6) < [(n+1)6 + 1w, (f, 747), n €N
Let

ag >

k=1
be the Fourier series of the function f € Li(T), where Ag(x, f) := (ax (f) cos kz+
by (f)sinkz), ar(f) and bg(f) are Fourier coefficients of the function f € Ly(T).

The n-th partial sums, Zygmund means of order k (k € N) of the series (1)
are defined, respectively, as

Sula, ) =5 + DA )
Z i +Z n+1 A(z, f), k=1,2,...

It is clear that a
0
S()(l',f) = ZO,k(‘T’f) = 5

The best approximation to f € LP* (T), 0 < A < 2,1 < p < oo in the class
[, of trigonometric polynomials of degree not exceeding n is defined by

() =int {If Tl T I ).

LIM(T)
Let G be a finite domain in the complex plane C, bounded by a rectifiable Jordan
curve I', and let G~ := extl'. Further, let

T:={weC:|lw=1}, D:=intT and D™ := ext T.

Let w = ¢(z) be the conformal mapping of G~ onto D™ normalized by

p(o0) =00, lim #2)

z—00 %

> 0,

and let 1 stand for the inverse of ¢.

Let w = p1(z) denote a function that maps the domain G conformally onto
the disk |w| < 1. The inverse mapping of ¢; will be denoted by v. Let I'; be
the image of the circle |p1(z)| =r, 0 < r < 1 under the mapping z = ¢ (w).

Let us denote by E,, where p > 0, the class of all functions f(z) # 0 that are
analytic in G and have the property that the integral

/ P ldz]
T
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is uniformly bounded for 0 < r < 1. We shall call the E),-class the Smirnov class.
If the function f(z) belongs to E,, then f(z) has limiting values f(z’) almost
everywhere on I' over all nontangential paths, | f(z’)| is summable on I', and

ti [ 17 =l = [ [P |az'.
T, r

It is known that ¢’ = E1(G~) and ¢’ € E1(D™). General information about
Smirnov classes can be found in [12, pp. 168-185].

Let I' be a rectifiable Jordan curve in the complex plane C. The Morrey
spaces LP* (T') for a given 0 < A < 2 and p > 1, are defined as the set of
functions f € L}, (T') such that

1
iy = { s ———— [IfPd | <o,
FAFND2

where the supremum is taken over all disks F' centered on I'. Let G := intl’ and
IPAT),0<A<2,1<p<oo, bea Morrey space defined on I'. We define
the Morrey-Smirnov classes EP* (G) as

EPA(G) = {f € E1(G): f € LP (r)} .
For f € EPA (G) , we define the EP* (G) norm as

1l zer ey = Il zoncry -

Note that if G =D = {z: |z| < 1}, then we have the space HP* (D) := EP* (D).
The space HP* (D) is called Morrey-Hardy space on the unit disk D. For
f € LPA (') we define the function

fot) == f (), teT.

Let h be a continuous function on [0, 27]. Its modulus of continuity is defined
by

w(t,h) :==sup{|h(t1) = h(t2)] : t1,12 € [0,27], |t1 —ta| < t}, >0,
The curve I' is called Dini-smooth if it has a parametrization

I:po(s), 0<s<2rm
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such that ¢((s) is Dini-continuous, i.e.

™

!
t
/w(goto, )dt < 00
0

and ¢, (s) # 0 [36, p. 48].
If " is a Dini-smooth curve, then there exist [43] the constants ¢; and ¢z such
that
0<c <[ ()| <ep<oo, |t|>1.

Note that if I' is a Dini-smooth curve, then according to the above property
we have fo € LPA(T) if f € LPM(T).

Let ¢i(2), £ =0,1,2,... be the Faber polynomials for G. The Faber polyno-
mials pg(z), associated with G UT, are defined through the expansion

Y (w) — %k () _

. 1 0 2EGTED (2)
and the equalities
1wy (w)
@k(z)—m/qu)_zdw’ z € G, (3)
T
k L [¢"(s) -

cpk(z):ap(z)—l—z—m, S_st, 2€G7, k=0,1, 2,.. (4)

38, p. 33-38].
Let f € EPA(G). Since f € E; (G), we have

foy = L [1ds 1))

ComiJp s—z  2mi )y Y(w) -z ’

for every z € G. Considering this formula and expansion (2), we can associate
with f the formal series [25]

[~ aDenz) L z€ @, (5)
k=0

where

1
ag(f) = M/T‘de, k=0, 1, 2,..
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This series is called the Faber series expansion of f, and the coefficients ax(f), k
0, 1, 2,... are called Faber coefficients of f.

The n-th partial sums and Zygmund sums of the series (5) are defined, re-
spectively, as

Sn(zvf) Zak(f)cpk(z)

Zn (2, f) +Z n+1 3 )ak(f)er(2).

Note that if f € EP*(G),

0<A<2,1<p< oo, then by [24] and [25] the
function

fo (). = 2m fg(—t)u()it’ weD
T

belongs to HP* (D).

Let T" be a Dini-smooth curve. We define the k-th modulus of smoothness
of fEEPMNG), 0<A<2,1<p<o00,as

Fp,(f5) ];,/\(fg_vd)75>07

forl=1,2,3...
Let P :={all polynomials (with no restriction on the degree)}, and let P(D)
be the set of traces of members of P on D. We define the operator 1" as follows

T ) — Ep’ (G)

T(P)(z) : =5 / e dt 2 €G.

Then taking into account (4) and (5) we have

T (Z bkwk> = Zbk@k(z), z € G.
k=0 k=0

We use the constants ¢, ¢y, co,

(which can be different in different places)
which depend only on the quantities that are not important for the questions of
interest

The approximation of the functions by trigonometric polynomials in non-
weighted and weighted Morrey spaces have been investigated in [4-6, 18, 24, 25
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31, 32]. In this work, we study the deviation of functions from their Zygmund
means in terms of the modulus of smoothness w;f,)\( f,+) and best approxima-
tion Ey(f) () of these functions in the Morrey spaces LPA(T), 0 < A < 2,
1 < p < 00. Also, we investigate the approximation of the functions by Zygmund
sums of Faber series in Morrey-Smirnov classes EP(G),0 < A < 2,1 < p < 00
defined in the domains with a Dini-smooth boundary of the complex plane in
terms of the best approximation Ey,(f) gp.x (). Similar problems in different spaces
have been studied in, for example, [1-3, 13, 21-23, 27-28, 40].

Using Bernstein inequality for trigonometric polynomials T,, of degree < n in
the Morrey spaces LP* (0,27), 0 < A < 2,1 < p < 0o, and taking into account
the above properties of modulus of smoothness w;f’/\( f,-) and the proof scheme
developed in [40] (see also [13], p. 210), we can prove the following theorem.

Theorem 1. Let f € LPA(T), 0< A <2 and 1< p < oo. Then for k € N*
the estimate

C3 - — .
w];,/\(fv 7) < ﬁ {Z V,Bk 1E5(f)Lp,>\(T>} y N E N+ ’ /3 = min {pa 2}
v=1

holds with a constant cs = c3(p,k,\) > 0 independent of n, where § =
min {p, 2} .

Theorem 2. Let G be a finite, simply connected domain with a Dini-smooth
boundary ' and f € EPMNG),0 < A <2, p> 1. Then the inequality

C4 " _
OF (6, f) < % {Z yok 1E5(f)EPA(G)} ,neN*
v=0

holds with a constant ¢4 > 0 independent of n, where f = min {p, 2} .

Proof. Let f € EPAG),0 < X\ <2, p> 1. According to [25], T(fgr) =/
The operator T : HP* (D) — EPA(G) is linear, bounded , one-to-one and onto.
Then T~ : EPA(G) — HPA (D) is linear and bounded. We take a pi, € P, as
the best approximating algebraic polynomial for f in EP*(G). That is

Ey (f)Lm(G) =|f —pZHLP,A(F)'

Then by [25] we have T~ (p}) € P, (D). Since the operator T~! is bounded,
the inequality
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En (15 D) ooy < fo =17 <p:;>HLp,A(T)
— -7 () - T p;)HLM(T)
=|-7- f P ooy
< H_ 1” I —PnHLp,A(g)
= H—T_lﬂ E, (f)Lp,A(G)

holds. Finally, considering the last inequality and Theorem 1 we obtain

1

1 1 -~
QF (£, E) =wh \(f g) < % {Z Vﬁk_lEf(f)HP»/\(D)}
v=1
C
S%H_ 1”{2’/61C YEJ(f) gera )}
C
SFZH_ 1”{21151c 1E"67 E'pA( )}

s Be-1pB f
Snk{ZV E EP/\( )} )

which completes the proof of Theorem 2. <«

1

S

Our main results are the following.

Theorem 3. Let f € LPA(T), 0 <A <2 and 1< p < oco. Then the inequality

T
Hf - Zn,k('a f)HLP»/\(’]I‘) < ng;];’)\(f, E)

holds with a constant cg > 0 independent of n.

Theorem 4. Under the conditions of Theorem 3, there is a constant ¢ = ¢ (p, k, ) >
0 independent of n such that the inequality

C
1 = Zak (o D)l oy < 10{2 B wm} (©)

holds, where f = min {p, 2} .
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Theorem 5. Let I' be a Dini-smooth curve. Then for f € EPMNG),0 < X <
2,p > 1 the inequality

1

B
C
Hf_Zn,k('7f)HLp,)\ > 11 {Z Pl— 1Eﬁ EPA( )} ,TLGN+

holds with a constant c1; > 0 independent of n, where f = min{p, 2} .

Note that Theorems 3 and 4 in the Lebesgue spaces L,(T), p > 1 have been
obtained in [21] and [41], respectively.

2. Proofs of the results
Proof of Theorem 3 Let f € Lp(T). Then the following inequality holds:

1f = Zne G Ol oy S =Sl Hllpeacr
F(n+1)k \‘VkAu(.,f)(

Lr:A(T)
=Uy + U, (7)
From [24] we get
U1 = 1 = Sules Dll ooy < c12Falf) sy )
According to [25] the inequality
1
Bnl) ncy < e1slh M7 ) Q
holds. Using (8) and (9) we have
1
Ur = 1f = SnCs Dllwrimy < crall, MwpA(f,~)- (10)
If £k is even
Z VkAV(ma f) - (_1)’6/25”(1]6)(.1,, f)7
v=1
if k is odd

ZukA (2. ) = (~1)=+/25, P (2, p),
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where g(z) is the function that is trigonometricaly conjugate to g(x). Then we
can write

, k—even

1 —k
(n+1) L)

e

u® _ N 11
2 (n+1)* ||, . k — odd. (1D

Lr:A(T)

If k£ is even, then, according to the definition of modulus of smoothness, Bernstein
inequality for the Morrey spaces [25] and (11), we have

U =(n 1) | Sé“(-i)\ o
<crs(n41)F27F _kHAw/n (’f)‘Lm(T)
<2~ 016HA,T/TL (f)‘Lp,A(T)

—obeus A (5u0 0~ £+ )

ch(M,k){llf—S( Dl + [ A% )‘mm}

<ers(M kWi (f. ). (12)

By [25] (see also [24]), we have

If k is odd, then, combining (11), (13) and (12), we obtain the following inequality:

o k)

S (5 f) (13)

< cg qu(q,k)("f)‘

Lp’A(T) LP,)\(T) .

% || ®
0 =+ )7 S5
<en(n+ )7 SO
e (M, R)whA(f, ). (14)

Taking into account (7), (10), (12) and (14), we obtain the inequality in Theorem
3. The proof of Theorem 3 is completed. «

Proof of Theorem 4. From Theorem 3 and Theorem 1 we obtain Theorem 4.
<

Proof of Theorem 5. Let f € EPMNG), 0 < A < 2and 1< p < oco. Since
I' is a Dini smooth curve, by virtue of [25] (see also [24]), the operator T :
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HPAD) — EPANG), 0< A <2, 1<p<oo isbounded, one-to-one and onto,
and T(fy) = f. For the function f € EPA(G) , we have the following Faber
series [25]:

f(2) = an(fen(z), 2z €G,
k=0
where

_ 1 [ fo(w)
ag (f) T Tm wk+1
T
By [25] we get f;7 € HP*(D). Then for the function fj we have the following

Taylor expansion:

dw,k € N.

[ (w) =" ar(fHw*.
k=0

Note that f; € E1(D) and boundary function f;” € LP*(T). Then according to
[12, Theorem 3.4, pp.38] the function f;"(w) has the following Fourier expansion:

fEE) > ar(f)e™.
k=0

Taking into account the boundedness of the operator T, Theorems 3 and 2, we
have

1S = Zngels 1) lpr@y= 1 T(fg) = T(Vam (s f5) llzorc)

<eca || f(;r — Zn k(s f(;r) HLN(T)

1

<caswi \(fo s )
1

:023QI]27 p,A( s ﬁ)

C " _
S% {Z e lEf(f)EM(G)}

v=1

=

which proves Theorem 5. «
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