Azerbaijan Journal of Mathematics
V. 10, No 2, 2020, July
ISSN  2218-6816

On Partial Derivatives of the /-Function of r-Variables

D. Kumar, F.Y. Ayant, S.D. Purohit, F. Ucar*

Abstract. The object of this paper is to establish some formulas involving the partial
derivatives of the Prasad’s I-function of r-variables. On specializing the parameters,
the results can be reduced to derivatives of H-function of r-variables, H-function of two
variables. As a result, we have four corollaries concerning the multivariable H-function.
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1. Introduction and preliminaries

Recently Sreenivas et al. [16] have studied some formulas involving the partial
derivatives of the multivariable I-function defined by Prathima et al. [10]. In this
paper, we establish four formulas concerning the multivariable I-function defined
by Prasad [9]. We shall give the formulas involving the multivariable H-function
defined by Srivastava and Panda [18, 19].

The multivariable I-function generalizes the multivariable H-function. This
function of r-variables is defined in term of multiple Mellin-Barnes type integral:
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For more details, see Y.N Prasad [9]. Throughout this paper, we assume that the
existence and convergence conditions of the multivariable I-function are satisfied.
The condition for absolute convergence of multiple Mellin-Barnes type contour
(1) can be obtained by extension of the corresponding conditions for multivariable
H-function given as
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and z; € C,z; #0 for ¢ = 1,...,r. We may establish the asymptotic expansion
in the following convenient form:

I(z1,...,2) =0(|z1|* ... |2 ]%), max(|z1],...,]2r]) = O;
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Here, k =1,...,r: aj = min {?R (bék)/ﬁj(k))} ,j=1,...,m®* and
B), = max [?R ((ag»k) — 1) /ozyg))} L ji=1,...,n®.

In this paper, we will use the following notations:
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2. Partial differentiation formulas for the Prasad’s /-function of
r-variables

In this section, we give four formulas involving the partial differentiation for
the multivariable I-function. Here, we also treat partial differentiation operators
Dgc—8 andDy—ay

Theorem 1.
H [Dy (ax + by + ¢) — Ni] {(az + by + ¢)"
i=1

X I[zl(aa:+by+c)h1,...,zr(ax—i—by—i—c)hT}}:am(aw+by+c)“
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Provided that

w>0,h; >0 forj=1,...,7. a,b,c are complex numbers, a # 0,b # 0, m is
a positive integer. Also, |arg z; (ax + by + c)h" | < %ij, where ; is defined by
(4); Ni=ap; fori=1,...,m
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Now, using the relation
r F<u+2—|—z7f_ h‘s-—p)
7=1""7°J ?
M+1+Zhjsj_pi: . , (16)
j=1 r (u + 1421 hysj — Pi)

and interpreting the multiple integrals with the help of Mellin-Barnes contour
integral (1), we arrive at the required result (15). <«

Theorem 2.

m

[y (az + by + ¢) — ki) {(az + by + )"
i=1

X I[zl(azn—i—by—{—c)hl,...,zr(ax+by+c)h’“}}:bm(aac—}—by—}—c)”

)

zl(a;v—l—by—l—c)h1 A: (pi—p—1hi,... hye)y,,, AT A

« IV;O,nTer;X
Uipr+m,qr+m;Y

2z (az 4 by + ¢) B: B,(pi —pshis... hy)y,, B
(17)
Provided that
w>0,h; >0 for j=1,...,r. a,b,c are complex numbers, a # 0,b # 0, m is a

positive integer. |arg z; (ax + by + o] < $Qm, where Q; is defined by (4); and
ki =bp; fori=1,...,m.

Proof. L.H.S. of (17) (say P2)=

H[Dy(ax+by+c) — k;] x
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Now, using the relation (16) and then interpreting the multiple integrals with the
help of (1), we obtain required result (17). <

Theorem 3. Let 4t > 0,h; >0 (j=1,---,r), \i=ap; (i=1,...,m), a,b,c €

C, also a # 0,b # 0, and m be a positive integer. Let |arg zj (ax + by + ol <
3, where Q; is given by (4). Then

s
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Proof. L.H.S. of (18) (say Ps)=
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i=1
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Now, using the relation

" r <M+ 143 1 hisj —pi)
Het D hysi—pi= ; :
—1 r (M + 2 j=1hisi — Pi)

and then interpreting the multiple integrals with the help of Mellin-Barnes con-
tour integral as given by (1), we finally arrive at the required result (18). «

(19)

Theorem 4. Let n > 0,h; >0 (j=1,---,7), \i=0bp; (i=1,...,m), a,b,c €

C, also a # 0,b # 0, and m be a positive integer. Let |argz; (ax + by + o) <
lQ jm. Then

H (ax + by + ¢) Dy — k] {(az + by + )"
i=1

><I[zl(ax—i-by—i-c)hl,...,zr(ax—f—by—f—c)h’“]}:bm(ax—i—by—i—c)“

zl(ax—l—by—i—c)hl A (pi—whiyo s he)y AT A

Vi0,np+m; X
X IU Prt+mugr+m;Y

zr(am+by+c)hr B: B,(Pi—ﬂ+1%h1a--~vhr)1,m: B
(20)
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Proof. L.H.S. of (20) (say P4)=

H (ax + by + ¢) Dy — k] {(az + by + ¢)*
i=1

><I[zl(ax—i-by—i—c)hl,...,z,«(a:):—l—by—i—c)h’"]}

= H{(am—i—by—i—c)Dy(ax—i-by—i-c)“
i=1

I [zl (az+by+c)" ... 2 (aac—l—by—i—c)h’}
—ki(aa:—i—by—i—c)uf[zl (am—i—by—i—c)hl,...,zr(aﬂc—i—by-l-c)hr}}

m

H {bu (ax + by + )"
i=1

x I [zl(a:c+by+c)h1,...,zr(ax—i—by—i—c)hr} + (az + by + )t

X D 27.‘.&] / ¢ S1,70 8 {H¢z i |:Zz a:c+by+0) Z} Z.dSl...dSr}

—ki(ax+by+c)“ I{zl(ax—l—by—l—c) 1,...,zr(a$+by+c)hr]}

=b" (ax + by + )" / (b S1, . "aS'I’)qui (si) |:Zi(a3')—|—by+c)hi:|8i

1=1
m r
X H ,LL—I—Zhij—pi dsy...ds,
i=1 j=1

Now, using the relation (19) and then interpreting the multiple integrals with the
help of (1), we obtain the required result (20). <

3. Special cases

In this section, we assume U = V = A = B = 0. Then the multivariable
I-function defined in (1) reduces to multivariable H-function [2, 3, 4, 8].
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Note that
n(® p@® m® q® ong s e
o=Yofl= 3 vl X A el 3 el-yal
k=1 k=n(®)+1 k=1 k=m(®)+1 k=1 k=ns+1 k=1

(21)

We have the following corollaries:

Corollary 1. Let 4 > 0,h; >0 (j=1,---,r), \i=ap; (i=1,---,m), a,b,c e
C, also a # 0,b # 0, and m be a positive integer. Let |arg zj (ax + by +¢)" | <
%Q;-ﬂ', where 2 is defined as (21). Then

[Dy (ax + by + ¢) — Ni] {(az + by + ¢)*
i=1

><H[zl(am—i—by—i—c)hl,...,zr(aac—i-by—i-c)h"”:am(aw—l—by—l—c)“

zl(a:z:—i—by—i—c)hl (pi—,u—l;hl,...,hr)l’m,A:A

0,nr+m;X
X Hpr+m,qr+m;Y

m(aa?—i—by-i—c)hr Bv(piilu’;hla"'ahr)lm:B

)

(22)
Corollary 2. Let k; = bp; fori =1,...,m, and a,b,c € C, > 0,h; > 0 for

j=1,---,r;alsoa#0,b# 0, m be a positive integer, | arg z; (ax + by + ol <
%Q}ﬂ'. Then

[Dy (az + by + ¢) — k) {(az + by + )"
i=1

><H[zl(am—I—by—I—c)hl,...,zT(ax—i-by—i-c)h*”:bm(ax—i-by—i-c)“

zl(owc—l—by—i—c)h1 (p,-—,u—l;hl,...,hr)l’m,A: A

0,np+m; X
X Hpr+m7QT+m;Y . .
Z'r(al‘—Fby‘i‘C)hr Bv(pi_ﬂ;hla”'th)l,m:B

(23)

Corollary 3.

m

H [(ax + by + ¢) Dy — N] {(az + by + ¢)*
i=1
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><H[zl(ax+by+c)h1,...,zr(ax—i-by—i-c)m”:am(ax+by+c)“

21 (az + by + )™ (pi —piha, e he)y AT A
0,nr+m; X . .
x Hpr+m,qr+m;Y . .
zr(a:c—&—by—&—c)hr Ba(pi_u+1;hl?"'ahr)17m: B
(24)

Provided that
w>0,h; >0 forj=1,...,7; a,b,c are complex numbers; and a # 0,b # 0, m

is a positive integer. Here, |arg z; (ax + by + ol < %Qgﬂ', where ) is defined
by (21). Also, \i = ap; fori=1,--- ,m.

Corollary 4. Let k; = bp;(i=1,...,m), a,b,c € Com € Z*, u > 0,h; >
0(=1,...,7);a#0,b#0, and\argzj(ax—l—by—i-c)hﬂ<%Q;7r. Then

m

1] l(az + by + ¢) Dy — kil {(az + by + ¢)"
=1

X H[zl(aac—}—by—}—c)hl,...,zr(a:v—i—by%—c)h’“}}:bm(ax+by—i—c)“

zl(a:r—I—by—i—c)h1 (pi—u;hl,...,hT)Lm,A: A
0,nr+m; X .
X HpT+m7q7‘+m§Y

zr(ax—}—by—}—c)h’r B,(pi—p+1h1, .. b))y, 0 B

)

(25)

Remark 1. By using the similar methods, we can obtain the similar relations
with the multivariable A-function defined by Gautam and Asgar [6], the multi-
variable Aleph-function defined by Ayant [1] (also see, Saxena et al. [12]), the
Aleph-function of two variables defined by Kumar [7] (see also, Sharma [15]), the
I-function of two variables defined by Sharma and Mishra [14], the H -function of
two variables defined by Srivastava et al. [17] (see also, Ram and Kumar [11]),
the Aleph-function of one variable defined by Studland [20, 21], the I-function of
one variable defined by Saxena [13] and the A-function of one variable defined
by Gautam and Asgar [5]. We can generalize these formulas considering the

argument y ;- a;x; and the partial derivatives a%»'
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4. Concluding remarks

The multivariable I-function can also be suitably specialized to a remarkably

wide variety of useful special functions of one or several variables or product
of several such special functions which are expressible in terms of F, G and
H-functions of one, two and more variables available in the literature. Thus
the integral formulas established in this paper would serve as key formulas from
which, upon specializing the parameters, as many as desired results involving
E, G and H-functions of one, two and more variables and other simpler special
functions can be obtained.

1]

References

F.Y. Ayant, An integral associated with the Aleph-functions of several vari-
ables, International Journal of Mathematics Trends and Technology, 31(3),
2016, 142-154.

D. Baleanu, D. Kumar, S.D. Purohit, Generalized fractional integrals of prod-
uct of two H-functions and a general class of polynomials, International
Journal of Computer Mathematics, 93(8), 2016, 1320-1329.

J. Choi, J. Daiya, D. Kumar, R.K. Saxena, Fractional differentiation of
the product of Appell function F3 and multivariable H-function, Commun.
Korean Math. Soc., 31(1), 2016, 115-129.

J. Daiya, J. Ram, D. Kumar, The multivariable H-function and the gen-
eral class of Srivastava polynomials involving the generalized Mellin-Barnes
contour integrals, Filomat, 30(6), 2016, 1457-1464.

B.P. Gautam, A.S. Asga,The A-function, Revista Mathematica, Tucuman,
1980.

B.P. Gautam, A.S. Asgar, On the multivariable A-function, Vijnana Parishas
Anusandhan Patrika, 29(4), 1986, 67-81.

D. Kumar, Generalized fractional differintegral operators of the Aleph-
function of two wariables, Journal of Chemical, Biological and Physical
Sciences- Section C, 6(3), 2016, 1116-1131.

D. Kumar, S.D. Purohit, J. Choi, Generalized fractional integrals involving
product of multivariable H-function and a general class of polynomials, J.
Nonlinear Sci. Appl., 9, 2016, 8-21.



60

[9]

[10]

[13]

[14]

[15]

[16]

D. Kumar, F.Y. Ayant, S.D. Purohit, F. Ucar

Y.N. Prasad, Multivariable I-function, Vijnana Parishad Anusandhan Pa-
trika, 29, 1986, 231-237.

J. Prathima, V. Nambisan, S.K. Kurumujji, A study of I-function of several
complex variables, International Journal of Engineering Mathematics, 2014,
2014, 1-12.

J. Ram, D. Kumar, Generalized fractional integration involving Appell hyper-
geometric of the product of two H -functions, Vijanana Parishad Anusandhan
Patrika, 54(3), 2011, 33-43.

R.K. Saxena, J. Ram, D. Kumar, Generalized fractional integral of the prod-
uct of two Aleph-functions, Applications and Applied Mathematics, 8(2),
2013, 631-646.

V.P. Saxena, Formal solution of certain new pair of dual integral equations
involving H -function, Proc. Nat. Acad. Sci. India Sect., A51, 2001, 366-375.

C.K. Sharma, P.L. Mishra, On the I-function of two variables and its prop-
erties, Acta Ciencia Indica Math., 17, 1991, 667-672.

K. Sharma, On the integral representation and applications of the generalized
function of two variables, International Journal of Mathematical Engineering
and Sciences, 3(1), 2014, 1-13.

P.C. Sreenivas, T.M.V. Nambisan, M. Sunitha, On partial derivatives of the
I-function of r-variables, International Journal of Science, Engineering and
Technology, 5(5), 2017, 116-124.

H.M. Srivastava, K.C. Gupta, S.P. Goyal, The H-function of one and two
variables with applications, South Asian Publications, New Delhi, Madras,
1982.

H.M. Srivastava, R. Panda, Some expansion theorems and generating rela-
tions for the H-function of several complex variables, Comment. Math. Univ.
St. Paul., 24, 1975, 119-137.

H.M. Srivastava, R. Panda, Some expansion theorems and generating rela-
tions for the H-function of several complex variables II, Comment. Math.
Univ. St. Paul., 25, 1976, 167-197.

N. Studland, B. Baumann, T.F. Nonnenmacher, Open problem : who knows
about the Aleph-function? Fract. Calc. Appl. Anal., 1(4), 1998, 401-402.



On Partial Derivatives of the I-Function of r-Variables 61

[21] N. Siidland, B. Baumann, T.F. Nonnenmacher, Fractional drift-less Fokker-
Planck equation with power law diffusion coefficients, Computer Algebra in
Scientific Computing (CASC Konstanz 2001), (in V.G. Gangha, E.W. Mayr,
W.G. Vorozhtsov (Eds.)), 513-525, Springer, Berlin, 2011.

Dinesh Kumar

Department of Statistics € Mathematics, College of Agriculture, Sumerpur-Pali, Agriculture
University of Jodhpur, Jodhpur 342304, India

E-mail: dinesh_dino03@yahoo.com

Frederic A. Ayant
Teacher in high school, Department: VAR, Siz-Fours Les Plages-83140, France
E-mail: fredericayant@gmail.com

Sunil D. Purohit
Department of HEAS (Mathematics), Rajasthan Technical University, Kota-324010, INDIA
E-mail: sunil_a_purohit@yahoo.com

Faruk Ugar

Department of Mathematics, Faculty of Science and Letters, Marmara University, TR-34722
Kadikéy, Istanbul, Turkey.

E-mail: fucar@marmara.edu.tr

Received 29 May 2019
Accepted 07 January 2020



