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Solving Two Initial-Boundary Value Problems
Including Fractional Partial Differential Equations
By Spectral and Contour Integral Methods

M. Jahanshahi, N. Aliyev*, F. Jahanshahi

Abstract. Initial-boundary value problems including fractional partial differential equa-
tions are the mathematical models of physical problems and natural phenomena. In this
paper, at first we consider a fractional partial differential equation which has no mixed
term derivative with respect to spatial and time variable. We first consider the spectral
problem, then its eigenvalues and eigenfunctions are calculated. After that the eigen-
values and eigenfunctions of the adjoint problem are calculated. By using these eigen-
functions and Mittag-Leffler functions the approximate solution is constructed. In second
section, we consider differential equation which has a mixed term derivative. In this case,
by using Laplace transformation, the analytic solution and approximate solution are cal-
culated as integral expression over suitable closed contours by contour integral method.
At the end, some examples are presented for several cases of different distributions of
eigenvalues in complex plane.
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1. Introduction

Initial-boundary value problems have been considered in more classical cases:
Fourier (separation of variables) and Fourier-Birkhoff methods are applied to ob-
tain their spectral problems in classical cases [1, 2, 3]. When the given PDEs
(partial differential equations) have mixed term derivatives with respect to time
variable and spatial variables, the above-mentioned methods are not applicable.
Because of mixed term derivative, we can not separate the given partial differ-
ential equation and given boundary conditions with respect to time variable and
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spatial variables [4]. In addition, there are many important differential equa-
tions with mixed term derivative and they appear in engineering and physical
problems as well. In nonlinear case of these equations, we can mention to the
Camassa-Holm equation of the form

Ut — Uggt + 2kuy + Uty = 2UpUpy + Ulgey,
and the Degasperis-Procesi equation given by
Up — Uggt + 2kuy + (b + Duug = bugyy + Uliggy.

Both of these equations are third order PDEs with mixed term derivatives [5].
These and many other equations have been considered more often and have been
solved by numerical methods such as methods of Adomian decomposition in [6,
7] and % in [8, 9, 10]. Also in the linear case, there are important linear PDEs
having mixed terms like this:
Bu(z,t) 0u(z,t) 0?u(z,t) ou
o8 o Ve e =

Because of mixed term derivative for linear case, we can not solve them via
above-mentioned classical methods either. Furthermore, in linear case, it is not
possible to use the Laplace transformation method when the eigenvalues of the
spectral problem are distributed in the whole of complex plane or in the case
of the spectral problem which has no eigenvalue. In this cases, we should use
contour integral method.

This paper involves three parts. In first part, the given PDE has no mixed
term derivative and in second part, the given PDE has a mixed term derivative.
Third part presents some suitable examples.

2. Fractional equation without mixed term derivative

2.1. Main problem and its spectral problem

We consider the following fractional equation with initial and boundary con-
ditions:
0%*u 0%u

ou
%—Qw‘i‘b%‘kcu, xG(O,l),t>0,0<a<1, (1)

u(0,t) = u(l,t) =0, t>0, (2)
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u(z,0) = ¢(x), z € [0,1], (3)

where u(z,t) is an unknown function and () is a known continuous function.
We consider

u(z, t) = y(x)T(t),
and substituting this into the equation (1), we have:
yT(t) = aTy" + bTy + cTy.
Then the following spectral problem is obtained:

ay” + by 4+ (c— Ny =0, x€(0,1), (4)

Furthermore, the fractional equation with respect to t is:
T — T =0, t>0. (6)

We will compute the solutions of fractional equation with respect to ¢ by using
Mittag-Leffler functions.

Remark 1. Without lost of generality, the spectral problem of (4)-(5) can be
considered in the following form:

y' (@) + 20y (z) — Ny(z) = 0, x € (0,1), y(0) =0, y(1) =0.  (7)

Then the characteristic equation of the equation (7) is

02 +200 — N> =0 = A =4a%+4)\2,

01 =—a—Va®+ N2, 0o = —a+ Va%+ \2.

and the general solution of the equation (7) is as follows:

y(z) = Cle(—a—\/m)a: + 026(—a+\/m)r’ (8)

where c1,co are arbitrary constants.

Imposing boundary conditions (5) on the solution (8) yields the following
algebraic system:

cre~ vV a?+M\2

c1+co =0,
atVETR _ g

+ coe
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To obtain non-trivial solutions, coefficent determinant should be zero:

1 1 L atVaTIR _ e VAR _
—a—va?2+\2 e—a+\/a2+)\2 - -

e
therefore, the eigenvalues of spectral problem will be in the following form:

62\/a2+/\2 — eZlmri ’ a? + )\2 _ —k271'2 - )\2 — —(CL2 + ]627'(2) _ (a2 + k27r2)2'2,

A = v/ (a? + k2m2)i | keZ, (9)
and the related eigenfunctions are as follows:
yi(z) = Agle”(@TVaPHADT _ o=(a=y/a?+X0))

= Ape™ [e_kmm — ekmx] = —21Ae “sinknz,

yp(z) = e “sinknmx , keN. (10)

Eigenfunctions (10) are not orthogonal. In this case, the eigenfunctions can not
form a complete basis system and we should use the eigenfunctions of related
adjoint problem.

2.2. Adjoint problem and its eigenvalues and eigenfunctions

For adjoint problem, we have:

Z" - 207" — p*’Z =0, xe€(0,1), (11)

Z0)=0, Z(1) =0, (12)
and the characteristic equation of adjoint equation (11) is as follows:
pr=2apu—p*=0 = p=a+a?+p2
The general solution of the equation (11) is as follows:

Z(x,p) = c3e™™™V a?+p%e 4 o c0rty a2+ (13)
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Imposing boundary conditions (12) on the solution (13) yields the following al-
gebraic system:

Cc3 + Cq4 = 07
c3e? V0?4 oy eaty a0 —

1 1
ea—Vatt+p?  gaty/a+p?

where c3, c4 are arbitrary constants.
The eigenvalues of adjoint problem are computed here:

_ ea+\/a2+p2 _ ea—\/aQ—‘,-pZ =0,

VAR e 22 g2 2 (62 k20 = (a2 o+ K2a2)i2,

pr = £/ (a® + k272)i |, keZ, (14)
and the eigenfunctions of adjoint problem are as follows:
Zi(z, p) = Bk[eax—\/mx _ poat a2+pgx]
= Bje®®[e kmiT _ okmit] — _9i By e sin krx, k€ N. (15)

Note that the eigenfunctions of main problem are not equal to the eigenfunc-
tions of adjoint problem. We will show that the eigenfunctions of (7) and the
eigenfunctions of (11) are biorthogonal, that is:

0 m#n,

1
(ym(x, A, Zn(z, pp)) = /0 e~ sinmzx.e*” sinnxdr = { 1 men

Then the approximate solution of problem (1)-(3) is constructed as follows:

oo o0
’U,(:I}, t) - Z Tk(t)yk(xa )‘k) = Z Tyha (ta /\k)yk(xa /\k)v (16)
k=1 k=1
where hq(t, \r) are Mittag-Leffler function and we compute T} by imposing
initial condition

o(z) = u(@,0) = Y Teha(0, Ae)ys(x, M),
k=1

1
(@2 Zon (2, pm)) = /0 (@) Zon (2, )i
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0 1
= Tpha(0, Ar) / Ui (T, M) Zon (0, o ) d. (17)
k=1 0

Because of the following relation:

1
/0 Yz, \e) Zm (2, pm)dx = { (1) 2 i ::

and (15), the coefficients T, are computed as follows:

(#: Zm(2, pm))

Ty =
ha (0, Am)

Remark 2. The modified form of Mittag-Leffler function is as follows:

e thp—1 -1 +2p—1 $3p—1
wO=2 G = o T e 0 (09

We assume that this function is invariant with respect to the fractional derivative
of order p , that is: DU™P)h,,(t) = hy(t).

For solving the fractional equation with respect to t, we use the general form
of Mittag-Leffler function:

e ktkp 1

T(t) = Z e (19)
k=1

T () = D™y (t, ) = r™hy(t, 7). (20)
Remark 3. By using Mittag-Leffler function, we solve the fractional equations
amT % () + am 1T () + ... + a1 T () + agT = 0. (21)
The related characteristics equation is:
U™ + 1™ 4+ a1 4+ ag = 0. (22)
Then the general solution of the fractional equation is as follows:
T(t) = c1hy(t,r1) + c2hp(t, r2) + ... + cmhp(t, mm), (23)

where p = L is the order of fractional derivative [12].
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Example 1. Consider the following initial-boundary value fractional problem:

0“u PPu 0%u ou
e = Y% 3—|—b8 2+c%+du z€(0,1),t>0,0<a< 1.

Suppose a =b=0,c=d = 1. Then we have:

@ @ + u.
o> Ox
Let the approximate solution of (25) be as follows:
ha—1 o1 s20—1
ZAk a1~ Al@)m + A2(gc)m
+A3(m)£_11)! + A4(x)£_11)!.
Now, we compute D%u(z, 1), 8”5?” as follows:
a1 [2a—1 3a—1
D%u(z,t) = Ag(x)m + Ag(x)m + A4(x)m,
a—1 2a—1 3a—1
Pt — M) + A5 Gy + A5 e
a—1
+Aﬁl(x)m.
By substituting the relations (26),(27),(28) in (25), we have:
o1 t2a—1 $3a—1
(@) gy F AWy T A g Ty
/ o1 , 120—1 / 3a—1 / pla—1
= Aj(x) (a@—1) + Ag(iv)m + A3($)m + A4($)m
a1 s2a—1 3a—1 Aa—1
+A1(!E)m + Az(ﬂﬁ)m + A3($)m + A4(33)m,

From (29), we obtain:

As(w) = Ay(@) + Ai(), As(x) = Ab(x) + As(a),
Aulw) = Ay(w) + As(),  Aj() + As() = 0.

Consequently, we get

Al(x) = —e %, Ay(x) = —e 7, A3(x) = —e %, Ay(x)=¢e"".

(24)

(25)
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3. Fractional equation with mixed term derivative
3.1. Main problem and its spectral problem
In this section, we consider the fractional PDE with mixed term derivative

D2u(x,t) + aDyDu(x,t) + bDyu(x,t) + cDfu(z, t) 4+ du(z,t) =0,
xe(0,1),t>0,0<a<l, (31)

with boundary and initial conditions

w(0,8) =0, u(l,t) =0, ¢>0, (32)

u(z,0) = ¢(x), =z €][0,1]. (33)

Since we can not apply the separation of variables method, the spectral problem
is obtained by Laplace transformation method.

B (2, 0) + aDy N5 (2, A) — ulx, 0)] + bl (2, \)+
+e[Au(z, \) — u(x,0)] + du(z, \) = 0,

(2, \) + (@Y + )T (x,\) + (e + d)tu(z, \) = ap'(z) + cp(x), x € (0,1),
(34)
a(0,\) =a(1,\) =0. (35)

We suppose
y(z, A) =1z, ) . f@) = ap' (@) + cpl).

Then the spectral problem is as follows:

Y (2, A) + (aX* + )y (2, \) + (A* + d)y(z) = f(x), =€ (0,1), (36)

The homogeneous type of equation (36) is
Y+ (A + b)Y + (eA® + d)y =0, (38)

and its characteristic equation is

—(aA\*+0b) £ A+ b)2 —4(eX> +d
02+ (aX“+b)0+(cA+d) =0 , H(\*) = (aX* +b) £ /(a S +0) (eA> + )'
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Let us suppose A* = p. Then we have:

—(ap +b) £ /(ap + b)2 — 4(cp + d)

0(A%) = 6(p) =

2 )
—(ap+b) —+/(ap+b)? —4(cp+d
6,(p) =~ Y \/(P2 )2~ 4ot d)
—(ap +b) + /(ap +b)2 — 4(cp + d)
02(p) = 5 :
y(z, \) = ¢ 4 cef2(P)7 (39)

3.2. The asymptotic expansion of roots of characteristic equation
and eigenvalues

Now, we compute the asymptotic expansion of above mentioned roots [13]:

(o) =~ b (0

2 2
__ap—i—b_\/122 L 1o
= 5 4 +(2ab c),o—i—(4b d).
The square part has the following asymptotic expansion:
Gyg oy (20 Lo =214 A1 A
\/(2)0 H(G —dpt(p—d)=gp+ A0+ S Tzt
a.9 o ,ab b? a.9 o 9 1
(5) p +(?—c)p+(z—d) = (5) p +aAop+(A0+aA,1)+(2A0A,1+aA,2);+....
By equalizing the coefficients of powers of p , we have:
b ¢ be 2 d
Ag==-——-, A1=—— ———.
0792 @ T2 @

ap+0b [% b c E—%—d A_s

01(p) = 5 5
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be c? d

be L4y

:—ap—(b—E)—GQ o o _ -2
a P P

Similarly, the asymptotic expansion of fa(p) is:

be c d
ap+b ap b ¢ —=3—, A
0 =— — 4+ (=—- e u
2(p) 5, Tl +E -2+ p ot ]
2
R - et
a p p?

We see that the asymptotic expansion of 61 (p) includes the terms with p and its
negative powers, while the asymptotic expansion of #3(p) includes the term of
constant value and negative powers of p . Therefore, from the point of view of
convergence, we focus only on 6;(p) .

ab—c¢ abc—c* —da® A_,

01 (A%) = —aX\® — —
1) “ a as )\ A2 e
¢ abc—c?—da® A,
O (A\Y) = —— 40
2( ) a + a3 e + 2o + ) ( )
consequently, the solutions of spectral problem are
o —gb=c, « — £z
yr(z, A*) = e e T, yo(2, AY) = [e”a"]. (41)

Now, we compute the solution of non-homogeneous part of spectral problem by
Lagrange method, that is:

y(z) = c1e?1(PT 4 oo el2(P)T (42)
We suppose the particular solution has the following form:
y(x) = (a:)e'gl(p)x + 02($)692(p)$. (43)

By substituting values y, 3, 4" in (36), we have the following algebraic system for
unknowns c;(x) and ca(z):

)y (x)eh1® + ¢y (z)ef2* = 0,
) (x)01eM% + chhee?2® = ay (z) + cp(x),

6011 692:17

9166” 9260” — (92 _ 91)6(914—92)35’

W(x) =
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a / X colx e—elx

cll(x) = _W:tx) (a‘Pl(x) + C‘P(l'))eew = _( ¢ )0—’2— _909(1 ) 7
a@' () + cp(z))eb2®
cy(x) = Wl(w) (ag/(2) + cp(a)) ™ = 221 );;_@9(1)) |

xX / 91£
C1 (x) =1 — / (CW (5)92 C@@(f))e lf,

T / 02€
ca(w) = ca + / (o (5)02 6909(15))6 ¢

If we suppose 1 = z9 = 0, then we have:

— o 01 fou T (ay! (&) + cp(€))ef1@=8)
y(x) = c1”* + c9e”?* — /0 — d¢
" (ag(€) + cp(§))e” =0
+A 0y — 6, ds,
y(x) = 6169196 + 626921 I /‘:c Mk%(az*@ . 691(x*§)]d§. (44)
0 o — 01

Considering boundary conditions (37) of spectral problem in (44) yeilds

c1+co =0,
1€ + coef? + fol %[6%(1—@ — 1(1-9)g¢ = 0,

C1 Co = —C1,

1 Lad' () +co(®) pa-e) e
__&2_&14 e .

ehe Lag/(€) +cp() | g,
_ (1-¢) _ _61(1-¢)
y(m) ef2 — et /0 92 — 91 [e ‘ ]d§
e /Hwﬁﬂfﬂawﬂétmwlmﬁ
ef2 —efr [, o — 01

T ap'(§) + o)t pyo—g)  or(o—g)
—I—/O =00, e e |d€. (45)
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From the relation (45), we have:

W x> ¢, e02(2=8) _ b1 (=€)
9(x,€) = sl =Ty g 9
0,z <&,
1, x>,
Oz —§) =
0, x <&,

where O(x—¢) is the Heaviside function and g(x, &, A%) is a fundamental solution
of the equation (38),[2].
Consequently, we have:

1
y(2, ) = c1e 4 cpe® 4 /0 g, €A% F(€)dE. (46)

For computing the eigenvalues, by considering boundary conditions (37) in (46),
we obtain:

c1+co= —fo (0,&, %) f(£)dE,

c1e?t + coef? = —fO (1,&,\%) f(&)d¢,

1 1 0 0 _c _a)\¥r —ab=c
A()\O‘):egl o2 =e?—elt=leal—e e a |=0.
Therefore, we have:
a c 2 b 2 2kmi
e — e AN = b— 42k = N = -4 - ke
a a a a

(47)

Now, we compute the related eigenfunctions. For this, we consider:

1
¢ = —c1 — /O 90,6, %) f(£)de.
Therefore

1
U (2, A8) = er[ ORI 200)%] _ 200 /0 9(0,€, X0 £(€)de

1
+ / o, 6 X)) | ke,
0
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4. The analytic and approximate solutions of main problem

According to the distribution of eigenvalues (47) in complex plane

b 2 2kmi
Az‘:—fjt—gi iy
a a a

In the following theorem, we consider different cases for the approximate solution
of the initial-boundary value problem (31)-(33) and its spectral problem (36)-(37).

Theorem 1. Let the following conditions hold for initial-boundary value problem

(81)-(33):
o € C*0,1), ©(0) = ¢'(0) =0,a > 0,b,¢c,d € R.

Then the initial-boundary value problem (31)-(33) has a unique analytic solution
in the form of (48) and its approximate solution is in the form of (49).

Proof. As the locations of eigenvalues in the complex plane may be different,
we give the proof of this theorem for different cases:

A) If the eigenvalues lie in left-hand side of Laplace line L = (c—ioo, c+ico) in
complex plane, where ¢ > 0, then we have two cases:

A.1: If the eigenvalues are distributed according to Figure 1, then by choosing
a suitable closed contour which includes finite eigenvalues in left-hand side of
Laplace line, we compute the solution by using residual theory in complex analysis
[11,14,15].

If the closed contours '), = [a,, b,]Uc, according to Figure 1, then the analytic
solution will be as follows:

u(z,t) = / eMy(x, \)d\ = lim eMy(z, \)d\ = Z Mly(z, \p)dN,  (48)
L

V—r00 1—1’/ =0
where [ay,b,] C (¢ —ico,c+i00) , veN.

And the approximate solution is computed using contour integral method by
choosing series (48).

N
u(a,t) 2> My, Ap)dA. (49)
k=0
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....

\ \ roT aw

_____

Figure 1. The eigenvalues lie in left-hand side of Laplace line

Remark 4. If the real part of A\* is zero, that is:

2 b ki
o= N =

a? a

)

then the eigenvalues are on imaginary axis (according to Figure 2), and we can
write the analytic solution and related approzimate solution by choosing a closed
contour integral as (48) and (49), respectively.

Y

Figure 2. The eigenvalues lie on imaginary axis

A.2: If the eigenvalues are distributed in left-hand side of Laplace line and the
contour M, (Figure 3), the contour M, is chosen such that there is no eigenvalue
between this contour and Laplace line. In this case, we can compute the solution
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over contour M, and the approximate solution can be calculated by Laplace
transformation method [14,16,17].
As B, is a closed contour, by the Cauchy integral theorem we have:

/ My (i, \)dA = 0. (50)

v

Consider the following closed contours B,, :

BVl = LV1 U CVI U Dl/1 U MI/17
BV2 - Ly2 U CV2 U Dy2 U MV27

B,, = L,,UC,, UD,, UM,,.

According to the relation (50), we have:

0:/ eMy(z, \)d\ = e’\ty(:v,)\)d)\—k/ eMy(z, N)dA
B.,

Ly, G,

+/ eMy(z, N)dA +/ eMy(z, N)dA.
Dy, M,,
Note that the curves Cy,and D,, have opposite directions:

/ e/\ty(:c,)\)d)\: —/ e)‘ty(x, A)dA,
o,

Dy,

therefore,

/ eMy(z, N)d\ = —/ eMy(z, N)d\ :/ eMy(z, N)dA
Ly, —M,, M,

Vi

= e)‘ty(:c,)\)d/\:/ eMy(z, N)dA, (51)
L, v

c+ioo
u(x,t) :/ eMy(z,\)d\ = lim eMy(z, \)d\

—ico V;—00 Ll/i

& / eMy(x, \)d\ = / eMy(x, \)dA. (52)

This completes the proof. «
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Figure 3. The eigenvalues lie in the left-hand side of curve M,

B) If the eigenvalues lie in right-hand side of Laplace line, then the initial-
boundary value problem has no solution. Because the series solution (48) is not
convergent for positive and infinite values of real parts of eigenvalues.

Example 2. As we saw in (47):

b 2 2k
)‘g:_i—i—éi Tm?

a a a
2kmi ol 2kmi ol2m 1
Ajp ~ . = A\p ~ |/ P \/;(kl)a. (53)

Due to (53), we can consider two cases.

Ifa= 2(T1+1)’ then the eigenvalues lie on the negative part of real axes and
the approximate solution is computed in the form of (A.2).
Ifa= 4(%, then the eigenvalues lie on the positive part of real axes. If they
n)

lie in left-hand side of Laplace line, the approximate solution is computed in the
form of (A.1) and if they lie in right-hand side of Laplace line, the problem has
no solution (case B).
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