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Hardy Banach Spaces, Cauchy Formula and Riesz
Theorem
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Abstract. In this paper, Banach function space and the Hardy classes of analytic func-
tions generated by this space are considered. An analogue of the classical Riesz theorem
in these classes and the validity of the Cauchy formula for analytic functions from these
classes are established. The basicity of the parts of exponential system in the correspond-
ing Hardy classes is proved.
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1. Introduction

Lately, in connection with the new non-standard function spaces, there had
been great interest in conjugation problems of the theory of analytic functions
in different settings. Every Banach functional space generates a corresponding
Banach Hardy (or Smirnov) class of analytic functions. Non-standard spaces in-
clude the Lebesgue spaces with a variable summability exponent, Morrey spaces,
grand-Lebesgue spaces, etc. Numerous articles, review papers, and monographs
have been dedicated to the study of various problems of analysis in these spaces
(see [1-9] and references therein). Each of the above-mentioned spaces presents
specific difficulties to treat your problem depending on the geometry of the space.
The solutions of considered problems depend on the parameters of the space (in-
cluding the norm it is supplied with) and the problem data, and you have to find
the relationships between them to solve your problem. Despite these circum-
stances, it should be noted that these spaces are basically (unlike, for example,
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Lebesgue spaces with variable summability index) so called rearrangement in-
variant Banach function spaces (r.i.s. for short). For the theory of these spaces
we refer the readers to the monographs [10-12]. Along with this, the Hardy and
Smirnov classes associated with these spaces have also begun to be considered
and the Riemann-Hilbert problems in these spaces have been studied (see, for
example, [13-22]).

In this paper, Banach function spaces and the Hardy classes of analytic func-
tions generated by this space are considered. An analogue of the classical Riesz
theorem in these classes and the validity of the Cauchy formula for analytic func-
tions from these classes are established. The basicity of the parts of exponential
system in the corresponding Hardy classes is proved.

2. Needful information and auxiliary facts

We will use the following standard notations and concepts. R = (0, +400);
X (+) is the characteristic function of the set M; R is the set of real numbers; C
is the complex plane; w = {z € C': |z| < 1} is a unit disk in C; 7y = dw is a unit
circle; M is the closure of the set M with respect to the corresponding norm;
(%) is the complex conjugate. By [X] we denote the algebra of linear bounded
operators acting in a Banach space X.

We will need some concepts and facts from the theory of Banach function
spaces (see, e.g., [10, 11]).

Let (Rp; 1) be a measure space. Let .# 1 be the cone of p-measurable func-
tions on Ry whose values lie in [0, +00].

Definition 1. A mapping p : 4 — [0,+00| is called a Banach function norm
(or simply a function norm) if, for all f,g, fn,n € N, in A", for all constants
a > 0 and for all p-measurable subsets E C Ry, the following properties hold:
(P1) p(f) =04 f=0p-ae;plaf) =ap(f); p(f+9) <p(f)+r(9);
(P2)0<g <[ p-ae =p(g) <p(f);
(P3)0 < fo [ p-a.e. = p(fn) T o(f);
(P4) p(E) < +00 = p(xg) < +00;
(P5) u(E) < 400 = fE fdu < Cgp(f), for some constant CF :

0<Cg < +o0.
Let .# denote the collection of all extended scalar-valued (real or complex)

pu-measurable functions and .#y C .# denote the subclass of functions that are
finite p-a.e. .
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Definition 2. Let p be a function norm. The collection X = X (p) of all func-
tions f in A for which p (|f|) < +o0 is called a Banach function space. For each

feX, define [[fllx = p(If])-

The following theorem is valid.

Theorem 1. Let p be a function norm, X = X (p) and ||-||x be as above. Then
under the natural vector space operations, (X ||-|| ) is a normed linear space for
which the inclusions

My C X C My

hold, where M5 is the set of u-simple functions. In particular, if f, — f in X,
then f, — f in measure on sets of finite measure, and hence some subsequence
converges pointwise p-a.e. to f.

To obtain our main results, we will significantly use the following result of
[23] (see also [11]). Let ax and Sx be upper and lower Boyd indices for the space
X.

Theorem 2. For every p and q such that

1 1
Bx T ax

we have
L,Cc X C Ly,

with the inclusion maps being continuous.

We will use some results related to Fourier series in an r..s.. Let us state
some relevant concepts and notations.

Definition 3. Let X be an Banach function space. The closure in X of the set
of simple functions s is denoted by Xp.

Definition 4. Let X be a r.i.s. over a resonant space (R;u). For each finite
value of t belonging to the range of u, let E be a subset of R with p(E) =t and
let

ex (1) = lIxellx -

If f belongs to Ly (), then for each integer n the n-th Fourier coefficient of
f is defined by

Foy =g [ (%) a0, nez

—T
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Let S,’s be partial sums of the Fourier series of the function f :

Su(f) =Y f(k)e™.
|k|<n

In the sequel, we will also need the following

Theorem 3. Suppose X is an r.i.s. on vy whose fundamental function satisfies
vx (+0) = 0. Then the following conditions are equivalent:

1. Fourier series converge in norm in Xp;

2. the partial-sum operators Sy, are uniformly bounded on X .

The following theorem is valid.

Theorem 4. Let X be a separable r.i.s. on (—m,7]. Fourier series converge in
norm in X if and only if the Boyd indices of X satisfy 0 < ax;Bx < 1.

We will need also the following lemma from [10].

Lemma 1. [10] Let X = X (p) be a Banach function space and suppose f, €
X,néeN.

i) If 0< fu? f p-ae., then either f ¢ Xand | fulx T +00, or f € X and
I fallx TN x -

ii) (Fatou’s lemma) If f, — f p -a.e., and if ILm inf || || x < 400, then
feX and |flly < lim inf|fuly -

In the sequel, we will need the following easily provable lemma.

Lemma 2. Let the Banach space (Y1;]-lly,) be continuously embedded in the
Banach space (Ya; H||Y2) Let T € [Ya;Y1] and ImT =Y (closure of the image
of T). If the set M C Ys is everywhere dense in Ya, i.e. M = Ya, then TM = Y7.

In fact, let 41 € Y7 be an arbitrary element and € > 0 be an arbitrary number.
It is clear that dzy € I,,,T":

I - willy, <e.

Consequently, 3xzo € Yy : Tao = z;. From M = Y5 it follows that Imy € M :
[ma — z2lly, <e. We have

[Tm2 — y1lly, <[ Tma — 21lly; +& = [[Tma — Tazlly, +¢ <

< T llm2 = 22lly, + = A+ [T]])e.
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From the arbitrariness of ¢ it directly follows that TM = Y.
In what follows, we will also use the concept of Nevanlinna class of analytic
functions. By .4 we denote the set of analytic functions F'(+) in w such that

sup /7r log™ ’F (reit) } dt < +00,
0<r<lJ —m

where log™ u = logmax {1;u} ,u > 0. It is known (see, e.g., [7, 30]) that the non-
zero function F'(-) belongs to the class .4 if and only if it can be represented

) F(2) = B(2)exp (;ﬂ /ﬂ e (t)) , (1)

et —z

where B (-) is a Blaschke function, and A (+) is a function of bounded variation on
[-7,7]. By 47 (Nevanlinna class) we denote a class of functions F' € .4 such
that the function A (-) in (1) is absolutely continuous on [—, 7].

More details concerning the above results can be found in [10-12; 23-29).

3. Hardy classes H)j? and bases in them

Let X be a Banach function space over [—m,7]. By H we denote a Hardy
class of functions F' (-) analytic inside w equipped with the norm

HF”H}( = TE{IIO 1Er (Ol x
where F, (t) = F (re). We also define its subclass
Hy ={FeHy:F"eXy},

where F'T (+) are the non-tangential boundary values of F on 7.

Similar to classical case, we define the Banach Hardy class ,, H of analytic
functions outside the unit circle which have a finite order at infinity. Let the
function f (-), analytic outside w, have a Laurent decomposition of the form

in the vicinity of the infinitely remote point. So, for m > 0 the point z = oo
is a pole of order m, and for m < 0 the point z = oo is a zero of order (—m).
Let f(-) = fo(-) + fi(-), where fo(-) is the principal part, and f;(-) is the
regular part of Laurent decomposition in the vicinity of z = co. If the function
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g(z) = fo (%), |z| < 1, belongs to the class Hy , then we will say that the
function f (-) belongs to the class ,, H .
Consider the following singular integral with the Cauchy kernel:

_ 1 [f(§)dg

2w ), E—1

(S1)(7)

TEY,

where f € X is some function
We need the following result of D.Boyd [23].

Theorem 5. Suppose that T € [Lp] and T € [Ly], with 1 < p < g < +oo. Let X
be an r.i.s. with the Boyd indices ax and Bx which satisfy % <ax <fBx < ;1).
Then T € [X].

This theorem has the following immediate corollary.

Corollary 1. Let X be an r.i.s. over (—m, ] with the Boyd indices ax;fBx €
(0,1). Then singular operator S acts boundedly in X, i.e. S € [X].

This fact helps establish the validity of some classical facts concerning Cauchy
type integrals in r.i.s. .

3.1. Cauchy integral formula

Let X be some Banach function space over . Then it is clear that the
following continuous embedding X C L is true:

1fllz, <Cllfllx, VfeX, (2)

where C' > 0 is some constant. This estimate directly implies that H} C Hfr .
Let f € H; Denote by f* the non-tangential boundary values of f € H;g on
v: ft=f/y It follows from f € H 1+ that the Cauchy formula

1 +
- de,ZGu),
T—Z

1) = 27 )y

holds. Consequently, if f € H;, then the Cauchy formula is valid for it. Let us
expand the function f (-) in a Taylor series in a neighborhood of the point z =0 :

f(z):Zf;z”,ZEw.
n=0
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By the Riesz theorem, we have
s
/ |f (reit) —ft (eit)‘dt—>0, r—1-—0.
-7

Hence we immediately obtain
1 +

i N + it —int _ fn,nZO,
or ) AT (e dt_{o,n<o.

Now, consider the following Cauchy type integral

P L [10

21 T—Z

dr ,z € w, (3)
g

where f € X is some function. By the Sokhotski-Plemelj formulas, we have

FE(r) =% f (1) + (SN (1), ac.Te, (1)

where F'* (-) (F'~ (+)) are non-tangential boundary values of F () inside (outside)
w on 7. It immediately follows from formulas (4) that F'* (-) belong to X if and
only if (Sf) () belong to X, i.e. S € [X]. Therefore, as follows from Corollary 1,
if X is an r.i.s. with the Boyd indices ax;8x € (0,1), then F* (-) € X. Thus,
the boundary values of the Cauchy-type integral (3) belong to X, if only S € [X].
Next, let F'(-) € Hy.. Therefore, the relation
T, ()l < oo

holds for any sequence r, 1 1. It is obvious that 3 {r,}:r, T 1 and F,, (1) —
F* (1), n = o0, a.e. 7 € 4. Then it follows from Lemma 1 ii) (Fatou’s lemma)
that

|F* )l < timinf 155,y < I1F e (5)

ie. FT € X. Thus, if F € HY;, then F* € X and the inequality (5) is valid.

Let the non-tangential boundary values F'* (-) of the function F' € 4" belong
to Xj. Then it is clear that (see e.g. [7]) F € H; (since F* € X, C L1) and the
Cauchy formula (5) holds.

Assume that X is an r.i.s. with the Boyd indices ax; Bx € (0,1). It is clear
Ip; g€ (1,+o00):

1<q<iﬁi<p<—l—oo.
Bx ~ ax

In this case, we have the following continuous embeddings

L, C X C Ly,



164 B.T. Bilalov, A.E. Guliyeva

ie. d Cl; Cy >0 :
1Al <Cillfllx > Vf € X, (6)

Ifllx < Callfllz, » Vf € Ly (7)
It is quite obvious that L, is dense in Xj. Thus, the embeddings

L,C X, CXClLg
hold. It is well known that the direct decomposition
L,= L;r—i-_lL;, 1< g < +o0, (8)

holds, where L;]" (_1Lq_) are boundary values of functions from Hardy classes
H(;r (,1Hq_) on v. Denote the projector onto the subspace L; (-1L; ), generated
by the decomposition (8), by P (P7). Assume PTX, = X;'; P~X;, = _1X, .
Trigonometric polynomials are dense in Xj (in norm |||y ) and in Ly (in norm
|[l,)- The following expressions for projectors are known

1
PiziliS,

where I is an identity operator. If ax;Bx € (0,1), then, by Corollary 1, P* ¢
[X]. The following relations hold

-+ int o eint,nzo, . — nt o O,RZO,
P (em)_{o,”<o, P = e, n <0, ®)

Let us show that the system of exponents {ei”t}n cz forms a basis for X, if
ax; Bx € (0,1). Let f € X be an arbitrary function. Consider the partial sums

Smf = i fnemty

n=—m

where f,, are the Fourier coefficients of the function f.
In the sequel, we assume that the function f is continued periodically (with
period 27) to the whole real axis and f (1) = f (arg7) , 7 € 7. We have

m+3) (z —t)]

s T—1
2sin =5

Suf) @)= o= [ pin 22 .

_sin(m—l—é)a:/’r cos(m+%)t B
N 27 _Wf(t) QSian_t dt
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cos(m+ Nz [ sin (m+ 1) ¢
— (27T 2) / f(t) 2(' x—2t)
. sin #5=

B sin (m + %) T (1) cos (m + %) T 2)
_T<Sm f) (x)_T<Sm f) (),
where S}rlf ) f denotes the corresponding integrals. Hence it follows directly

1

<
1Smfllx < 5

(sl +lls1].)-

Taking into account the obvious identity

we obtain

s = [T IO s [THOC, i [ D0

in =t T _ pit T ]
_x 28in 5+ _r € e 5 € T

where
o . 1
fi (e”) = e_Z%f (t) cos <m + 2> t.
Since, for ax; Bx € (0,1), the singular integral is bounded in X, we obtain

|ss| < e |Al, <crifix

where C7 > 0 is a constant independent of m. Similarly we have

|s@1]|, <20l

and finally
[Smfllx < Cllfllx

where C' > 0 is a constant independent of m. Consequently, sup [|S|[(x) < +oc.
m

Then from Theorem 3 it follows that the Fourier series of every function f € X,
converges to itself in X. The estimate (6) implies the minimality of the system
in X. As a result, the following theorem is true.

Theorem 6. Let X be an r.i.s. on vy with ¢x (+0) = 0 . Then the system of
exponents {ei”t}nez forms a basis for Xy if and only if the Boyd indices of X
satisfy 0 < ax;Bx < 1.
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Let us show that the system {emt}n ez, forms a basis for XgL . Take VfT €

X,5. Then it is clear that 3f € X,:P*f = f*. Let us expand the function f

with the basis {e’"t}n€Z+:
+oo

=Y e

n=—0oo

Since PT € [X], taking into account the relations (9), we obtain
+oo '
f—‘r _ anemt. (10)
n=0

From Lemma 2 it immediately follows that le is a subspace of X. Then it
is clear that the decomposition (10) is unique. This proves the basicity of the

system of exponents {emt}n ez, in X ;’ . The basicity of the system {e*mt}n eN

is proved similarly in 1 X, . So, the following theorem is true.

Theorem 7. Let X be an r.i.s. on ~y with the Boyd indices ax; Bx € (0,1). Let
Xgr = (%I + S) Xpand 1 X, = (%I — S) Xy, where S is the singular Cauchy in-

tegral. Then the system {emt}nez+ ({e‘mt}neN> forms a basis for Xb+ (,1le).

Let X be an r.i.s. with the Boyd indices ax; Bx : 1 < g < i < ﬁ <
p < +00. Then from the relations (6) and (7) we immediately get the continuous
embeddings
HfcHycH].
The direct decomposition
Xy =X+ 10X,

holds. It follows directly from Theorem 6 and 7. Denote the set of all polynomials
with regard to z" by . It is absolutely clear that &/ C H; The closure of &
in HY (i.e. according to the norm HHH;{) is denoted by H;gb. Let us show that

the spaces Xgr and H;gb are isometric. Let F' € H}b be an arbitrary function.
As already established, F'™ € X and the inequality

1F* e < 1F T

is true. We now need the following class of harmonic functions in w. Denote by
hx the class of harmonic functions v in w with the norm

el = T flur Ol
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where u, (t) = u(re”), 0 < r <1 ,—7 <t < m. It is absolutely clear that
F € Hy if and only if ReF'; ImF € hx. So, let f € X,/ It is obvious that
JF € H1+, Ft = fae. on~. Let fi = Ref. Consider the following Poisson
integral

™

up (z) = u (re) = — i fi(s)Pr(s—ux)ds x P.(s) fi(s—x)ds,

T o o
where

B 1—r2

1 —2rcoss+r2

is a Poisson kernel for a unit circle. The following relation is well known

P, (s)

1 s

Pz -

P.(s)ds=1, Vre[0,1).

Let us show that u € hx. We have

1 m
Sop [ BOIAG- s

ol = o | [ P01 6 = a1

As X is an r.i.s., it is also translation-invariant (see e.g. [10, p.158]), i.e.

11 (s = )llx = [1Aillx » Vs € [=m, ]

Then from the previous relation we get

1 T 1 4
lurly < 5 [ P Al ds = Iilly o [ Pr(o)ds=

2 —r -7

= [lf1llx = llullpy, < Wfillx

It is known that u/, = fi a.e. on . It is clear that u = ReF'. It can be proved
similarly that
HHmE | <[ Imflx

and, as a result, ImF € hx.
It is clear that the Poisson integral

F (re') :;T/ZPT(S—x)f(s)ds

is an analytic function and F/, = ReF/, +iImF/, = Ref +ilmf = f a.e. on
~. Moreover, the following estimate is proved in exactly the same way as in the
case hx:

T
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Recalling the previously obtained estimate (5), we obtain || F|| HE = | fll - From

Theorem 7 it follows that the system {2"}, .
directly follows from Theorem 7 again that the subspace XbJr and Hardy class
H;gb are isometrically isomorphic.

Similarly we can prove that if f € _1X,, then IF € —1Hy, - F~/,=f;
HFH*H)_% = || fllx» and moreover, the system {2~ "}, \ forms a basis for _1 Hy, .

Assume XT = PTX; X~ = P X. If X is an ris. and ax; Bx €
(0,1), then it is clear that P* € [X], and then from the relation P+ 4+ P~ = |
we immediately get the direct decomposition X = X4 X~ (since P are
mutually disjoint projectors). Proceeding from this relation, absolutely similar
to the previous case it is proved that the spaces X+ (_1 X ™) and H; (_1H)_() are
isometric. So we have established the following result.

forms a basis for H};b. Hence it

Theorem 8. Let X be an r.i.s. with the Boyd indices ax; Bx € (0,1). Then:
i) An analytic in w function F' € A belongs to a class H}b (H}E) if and only
if its boundary values F™ belong to Xy, (X) and the Cauchy formula

F(Z):%m F+(7_)

dr, z € w,
y T—Z

holds for it;
i1) Spaces H;gb and X;r; —1Hy, and 1 Xy (Hj{ and X*; 1Hy and _1X~)
can be identified from the point of view of isometry

1F U = 11F x5 1P, g = 1F [l

_1Hx
and the direct decompositions
Xy =Hy, +1Hx; X = Hy+ 1Hy,

hold;

iii) System {z"} ({z7"},en) forms a basis for H;gb (in —1Hy, ).

nezy

3.2. An analogue of the Riesz theorem

Let X be an r.i.s. with the Boyd indices ax; Bx € (0,1). As already estab-
lished, for an arbitrary sequence r, 11, n € N, we have ||[F | < lim inf || F, | v,
n—oo

and, as a result,

|77 < lim 1By < T F < (177
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Then
lim 5] = 174l - (11)

r—1—

We will prove that
lim ||F () = F* ()], =0

r—1-0

also holds if F € Hy; and F' has an absolutely continuous norm |[|-|| . First,
assume the following notation

1 oy = 1 xarllx

where M C v is a measurable set. Recall that |||y is absolutely continuous if
for f € Xy and for Ve > 0, 36 > 0 : [[fllx) <€ for V]e[ <4, e <7isa
measurable subset, |- | is a Lebesgue measure.

So, let F € HY; be such that F™ has an absolutely continuous norm |-|| y-
Let r, 11, n € N, be an arbitrary sequence and € > 0 be an arbitrary number.
It is known that F,, — F* a.e. on v (since F € H;"). It is obvious that 35 > 0:
(everywhere we consider only measurable sets)

HFJFHX(G) <e,Ve: |e] <. (12)

Then by Egorov’s theorem, Jeg : |eg] < §, on M = ~\ep, the sequence F,,
converges uniformly to F*:

|, (1) — FT(t)] <e, YVt e M,

Vn > ng, where ng € N depends only on . Denote by ¢y = ||1||y an absolute
constant. We have

| E — F+HX(M) < llellxqar < coe-
Then from the relation
15 lxan = 1F x| < 1Fe = F¥ k)
it follows immediately that
T}LH;OHFMHX(M) = HFJFH)((M)' (13)

We have

157l (eg) = HFJFHX(eO) <|[|F, - F+Hx(e0) = [[Fruxeo = Fxeol [ =
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= HFrnXeo + Froxm — Froxm + F+XM - F+XM - F+X60HX =
= 1By = P = e + F x| < (| Fr = F7 [ +
+ HFTnXM - F+XMHX = HFrn - F+HX + HFrn - F+HX(M) :
Hence, taking into account relations (11) and (13), we directly obtain
nh_)r{.lo ”FrnHX(eo) - “F+“X(eo) ’
Then from (12) it follows that In; € N:
HF’V’n”X(eO) < g, Vn Z ni.
We have
[Py = F = [[(Fr = F*) xar + (Fry = FF) Xeo || <
< | Frw = F¥ i qary + 1 = F o) <
<[P = F  xany + 1l xeo) T NF ey < 28+ 1 = F |y -
Hence, paying attention to relation (13), from the arbitrariness of € we obtain

lim ||F., — F*|, =0,

n—o0

and this, in turn, by the arbitrariness of r,, T 1, n € N, means

lim ||F —F*|, =0. (14)

r—1-0

Again from the inequality
111 = [[F7 || < ([ Fr = |

it follows that

Jim (B = [|FT

On the contrary, let the relation (14) hold. Let us show that F* has an
absolutely continuous norm |-||x. In fact, let € > 0 be an arbitrary number.
Then from the inequality

1 = F¥ | o) < 1B = F7 |
and from relation (14) it immediately follows that

lim |[F = F*| ¢, =0.

r—1-0
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Then 37 € (0,1):
|7 —F*HX(Q) <e, Vre(r,l).

Take and fix 1 € (rg, 1). It is obvious that F}., () is continuous on 7 and therefore
is bounded, i.e. dc > O:
|F7"1 (t)’ < ¢, vt e -

We have
HF+HX(6) <[l - F?“lHX(e) 1l x ) <etellxellx - (15)

It follows from the embedding (7) that the characteristic function y. has an
absolutely continuous norm ||-|| y. Then it follows from (15) that F™ also has an
absolutely continuous norm |[|-|| y, and, as a result, F'* € X;. Therefore F € Hj(b.
Thus, the following analog of classical Riesz theorem is true.

Theorem 9. Let X be an r.i.s. with the Boyd indices ax; Bx € (0,1). Then:
)1 F e B, then tim |l = I
r—1—

it) The relation lirln0 |F. — FT|| =0 is true if and only if F € H;b.
r—1—

Similarly we can prove the following

Theorem 10. Let X be an r.i.s. with the Boyd indices ax; Bx € (0,1). Then:
i) If F € Hy, then lm 1Bl = |F~|x;

ii) The relation lim || F. — F~| =0 is true if and only if F €, Hy .
r—1+0 b

iti) Analytic function F () outside w belongs to the class -1Hy (-1Hy, ) if
and only if its boundary values F~ (-) belong to X (Xp) and the Cauchy formula

F(z):—l/F(T)dT,]z|>1,

211 T—Z
holds.
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