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Nonsingular Integral Operator and Its
Commutators on Vanishing Generalized
Orlicz-Morrey Spaces
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Abstract. We obtain sufficient conditions for the boundedness of the nonsingular inte-
gral operator and its commutators on vanishing generalized Orlicz-Morrey spaces
M®%(R7) including their weak versions.
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1. Introduction

In connection with elliptic partial differential equations, C. Morrey proposed
a weak condition for the solution to be continuous enough in [26]. Later on,
his condition became a family of normed spaces and they are called Morrey
spaces. Although the notion is originally from the partial differential equations,
the space turned out to be important in many branches of mathematics. Despite
the fact that such spaces allow to describe local properties of functions better than
Lebesgue spaces, they have some unpleasant issues. It is well known that Morrey
spaces are non separable and the usual classes of nice functions are not dense in
such spaces. Moreover, various Morrey spaces are defined in the process of study.
Guliyev, Mizuhara and Nakai [9, 25, 27| introduced and studied the boundedness
of some classical integral operators in the generalized Morrey spaces MP#(R™).

In [4], the generalized Orlicz-Morrey space M ®?(R") was introduced to unify
Orlicz and generalized Morrey spaces. Other definitions of generalized Orlicz-
Morrey spaces can be found in [28] and [34]. In words of [15], the generalized
Orlicz-Morrey space is the third kind and the ones in [28] and [34] are the first
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kind and the second kind, respectively. According to the examples in [8], one can
say that the generalized Orlicz-Morrey spaces of the first kind and the second
kind are different and that second kind and third kind are different. However,
we do not know anything about the relationship between the first and the second
kind.

Note that, Orlicz-Morrey spaces unify Orlicz and generalized Morrey spaces.
We extend some results on generalized Morrey space in the papers [1, 5, 10, 11,
12, 16, 18] to the case of Orlicz-Morrey space in [4, 13, 14, 15].

Based on the results of [10, 11], the following conditions were introduced in [4]
(see also [13]) for the boundedness of the singular integral operators on M ®*(R"):

/OO (ess inf W) q)_l(t_”)% < Coa(,r), (1)

t<s<oo (I)—l(s—”)

where C' does not depend on x and r.

Consider the half-space R? = R""! x (0,00). For z = (2/,z,) € R, let
z = (2/, —z,) be the "reflected point” and BT (z,r) = B(z,r) NR’. Let x € R"}.
The nonsingular integral operator T is defined by

va(w) :/R Mdg T = (2, —xy). (2)

n @ =y

The commutators generated by b € L. (R") and the operator T are defined
by
~ b(x) — by
0715w = [ A= g

Ry Tyl

The operator T and its commutator appear in [3] in connection with boundary
estimates for solutions to elliptic equations.

In [6], the boundedness of the nonsingular integral operator T and its com-
mutators [b, T] on generalized Orlicz-Morrey spaces of the third kind M ®+%® (R%)
was studied.

The main purpose of this paper is to find sufficient conditions on general
Young function ® and functions ¢, @9 which ensure the boundedness of the
nonsingular integral operator T from one vanishing generalized Orlicz-Morrey
space VM®#1(R™) (see definition in Section 2) to another VM®#2(R%), from
VM ®# (R?) to vanishing weak generalized Orlicz-Morrey space VW M ©p2 (R%)

and the boundedness of the commutator of the nonsingular integral operator [b, T']
from VM®#1(R?) to VM®#2(R").
The following results are the fundamental theorems in this paper:
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Theorem 1. Let ® be a Young function with ® € Ay. Let also ¢1,p2 € Qa1
satisfy

o dt
cs = / sup ¢1(z,t)— < o0 (3)
5§ =z€eRY 3
for every 6 > 0, and
1 o dt
t)— < C 4
o [ awnf<a (W

where Cy does not depend on x € R} and r > 0. Then the nonsingular integral
operator T is bounded from VM®%1(R?) to VIWM®¥2(R1). If, in addition,
® € Vy, then the operator T is bounded from VM®#1(RT) to VM®#2(R?).

Theorem 2. Let ® be a Young function with ® € Ay N'Va, b € BMO(RY).
©1,92 € Qa1 satisfy

/roo (1+m ;)901(m,t)% < Copala, 1), )

where Cqy does not depend on x € R} and r > 0, and the conditions

. Ini
lim - r =0 (6)
r—0 lnfxe]Ri ¥2 ($, ’I")
and
0 dt
cs = / (14 |In t]) sup pi(z,t)— < o0 (7)
5 zeR t

hold for every 6 > 0. Then the commutator of the nonsingular integral operator
[b,T] is bounded from VM®#1(R%) to VM®#2(RT).

By A < B we mean that A < C'B with some positive constant C' independent
of appropriate quantities. If A < B and B < A, we write A &~ B and say that A
and B are equivalent.

2. Definitions and Preliminary Results

2.1. On Young Functions and Orlicz Spaces

We recall the definition of Young functions.
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Definition 1. A function ® : [0,00) — [0, 00] is called a Young function if ® is
convez, left-continuous, lim ®(r) = ®(0) =0 and lim ®(r) = co.
r——40 r—00

From the convexity and ®(0) = 0 it follows that any Young function is in-
creasing. If there exists s € (0, 00) such that ®(s) = oo, then ®(r) = oo for r > s.
The set of Young functions such that

0<P(r) <oo for 0<r<oo

will be denoted by V. If & € Y, then & is absolutely continuous on every closed
interval in [0, 00) and bijective from [0, c0) to itself.
For a Young function ® and 0 < s < oo, let

d1(s) = inf{r >0: ®(r) > s}.
If ® € ), then ®! is the usual inverse function of ®. We note that
(@ (r) <r <O HP(r)) for 0<r < 0.
It is well known that
r< & N r) e Hr) < 2r for r > 0, (8)
where ®(r) is defined by
B(r) = { sup{rs — ®(s) : s € [0,00)} , 7 €[0,00)
00 , T =o00.

A Young function & is said to satisfy the As-condition, denoted also as ¢ €
Ao, if
®(2r) < k®(r)for r >0

for some k > 1. If ® € Ay, then ® € Y. A Young function & is said to satisfy
the Va-condition, denoted also by ® € Vo, if

1
< — >
O(r) < 2k¢(kT), r >0,
for some k£ > 1.

Definition 2. (Orlicz Space). For a Young function ®, the set

LPRY) = {f € Lip (R : / O (k|f(x)]|)dx < oo for some k > 0 }
RY

is called Orlicz space. If ®(r) = rP, 1 < p < oo, then L*(R%) = LP(RY). If

®(r) =0,(0 <r <1)and ®(r) = oo, (r > 1), then L*(R") = L¥(R?). The

space LE (R™) is defined as the set of all functions f such that fx, € L®(R?)

loc

for all balls B C R";.
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L*(R7) is a Banach space with respect to the norm

||f||L<I>(R1) :inf{)\ >O:/n q)(’f(/\w)|>dx< 1}.

+

We note that
/ @(M)dm‘ <1 9)
vy M llzen)
The weak Orlicz space
WLP(RY) = {f € L},.(R}) : HfHWL@(Rf;) < 4o0}

is defined by the norm

HfHWm(Ri) = inf{/\ >0 : sup @(t)m({, t) < 1}.

t>0

2.2. Vanishing generalized Orlicz-Morrey Space

Various versions of generalized Orlicz-Morrey spaces were introduced in [28],
[34] and [4]. We used the definition of [4] which runs as follows.

We now define generalized Orlicz-Morrey spaces of the third kind. The gen-
eralized Orlicz-Morrey space M®%(R™) of the third kind is defined as the set of
all measurable functions f for which the norm

B 1, 1
ooy = swp — 0 () vy

xERi, r>0 gD(.f, r
is finite, where BT (z,r) = B(z,r)NR7. Also by WM®#(R") we denote the weak

generalized Orlicz-Morrey space of the third kind of all functions f € WLE; (RT)
for which

Ifllwareemny = sup oz, r) (BT (z, )| ) 1 fllw e B+ () < 00
(EERi,’I‘>O

where W L®(B*(x,r)) denotes the weak L®-space of measurable functions f for
which

I llwre B+ @) = 1 X e e ®n)-

Note that M q”@(R’}r) covers many classical function spaces.
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Example 1. Let 1 < ¢ < p < oo and ® € Ay N Vs. From the following special
cases, we see that our results will cover the Lebesque space LP(RY), the classical
Morrey space MY(R?), the generalized Morrey space MP#(R'.) and the Orlicz
space LT (R™) with norm coincidence:

1. If ®(t) = tP and p(t) =t b, then M®#(R) = LP(R"%) with norm equiva-

lence.

2. If &(t) =t and p(t) = v, then M®#(R%), which is denoted by MY (R™),
is the classical Morrey space.

8. If ®(t) = tP, then M®#(R") = MP¥(R") is the generalized Morrey space
discussed in [10, 25, 27].

4. If o(t) = ®7L(t™™), then M®#(R%) = LP(R7), which is beyond the reach of
generalized Orlicz-Morrey spaces of the second kind defined in [8] according
to an example constructed in [34].

Other definitions of generalized Orlicz-Morrey spaces can be found in [8, 28,
29, 30]. Therefore, our definition of generalized Orlicz-Morrey spaces here is
named “third kind”.

—1(|Bt(z,r)| !
In the case ¢(z,r) = o1 (1B* ()| )

o1 (|B+(z,r)| M)
MPARY) from generalized Orlicz-Morrey space M®P(R™). We refer to [13,
Lemmas 2.8 and 2.9] for more information about Orlicz-Morrey spaces.

, we get the Orlicz-Morrey space

Lemma 1. [13, Lemma 2.12] Let ® be a Young function and ¢ be a positive
measurable function on R’ x (0,00).

(i) If
(B (z, 1))

sup =00 for somet >0 and for all x € R},
t<r<oo w(x,r)
(10)
then M®#?(R7) = ©.
(ii) If
sup @(z,7) ' =00  for someT >0 and for all x € R, (11)

o<r<r

then M®#?(R7) = ©.
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Remark 1. Let ® be a Young function. We denote by Q2 the set of all positive
measurable functions ¢ on R x (0,00) such that for all t >0,

(B (x, 1)) H
ez, ) Lo (t,00)

sup
reR?

< 00,

and

sup
r€eR™

el r)_IHLOO(O,t) =0

respectively. In what follows, keeping in mind Lemma 1, we always assume that
w € Np.

Definition 3. (vanishing generalized Orlicz-Morrey Space) The vanishing gen-
eralized Orlicz-Morrey space VMCI)"P(RTJF) is defined as the space of functions
f € M®#(RM) such that

1 1
li S N [ — =0.
i s 50 ™ (ggy) Ml
Definition 4. (vanishing weak generalized Orlicz-Morrey Space) The vanishing

weak generalized Orlicz-Morrey space VWM(I”SD(R?F) is defined as the space of
functions f € WM®#(R%) such that

. 1 1 1
oy o o) () Whasieetann =0
The vanishing Morrey space VM, x(R™) of the classical Morrey spaces M, x(R"™)

was introduced by Vitanza in [35] and applied there to obtain a regularity re-
sult for elliptic partial differential equations. Later in [36] Vitanza proved an
existence theorem for a Dirichlet problem, under weaker assumptions than those
introduced by Miranda in [24], and obtained a W32 regularity result assuming
that the partial derivatives of the coefficients of the highest and lower order terms
belong to the vanishing Morrey spaces depending on the dimension. Also M.A.
Ragusa [32] proved a sufficient condition for commutators of fractional integral
operators to belong to vanishing Morrey spaces V M, (R} ). About commutator
operators in vanishing Morrey spaces see the papers [2, 7, 17, 31, 32].

Remark 2. We denote by Q¢ 1 the set of all positive measurable functions ¢ on
R? x (0,1) such that

1
li =0 12
r0 =1 (r=") infrern @(z,7) (12)
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and

inf inf >0 6 >0. 13
o, inf o(z,7) >0, for some (13)
For the non-triviality of the space V M ®% (R%) we always assume that
p e Qq;}l.
The spaces VMg ,(R’) and WV Mg ,(R"}) are Banach spaces with respect
to the norm

o 1 1 1
I fllvaree = | fllaree = sup )(I) <|B+(:C,T)|> Hf||Lq)(B+(z,r))’

z€R?,r>0 o(z,r

1 1
f a0 = ||f o= sup ——@! <> f @Bt ,
| fllvwaree = 1 lwaree seRY 150 oz, ) BT (z,7)] I fllwz (Bt (z,1))
respectively. The spaces VM®#(R?) and VIWM®#(R™) are closed subspaces
of the Banach spaces M <I”99(]R7jr) and WM CI”“”(R’];), respectively, which may be
shown by standard means.

3. Nonsingular integral operators in the space VM®?(R")

For any = € R" define & = (2/, —x,,) and recall that z° = (2/,0). Also define
Bf =B%(2%r) = B(z% r)NRY, 2B} = BT (20, 2r).

For proving our main results, we need the following estimate, which was
proved in [6].
Lemma 2. Let T be a nonsingular integral operator, defined by (2), ® be any
Young function and f € LY (R%) be such that

loc

o0 L dt
| 1w @7 ) F <0 (14
Z) If‘I) € AgﬂVg, then
-~ C o0 —1 —-n dt
ISl e o0 < grrmy [, Mliswrenn @ 67 G 09
i) If ® € Ay, then
-~ C o0 —1 —-n dt
1T fllwre s (@0 < i) /2T 11l g5+ 20,07 @ (¢ )77 (16)

where the constants are independent of z°, r and f.
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By using Lemma 2 the following statement was proved in [6].

Theorem 3. Let T be a nonsingular integral operator, defined by (2), ® € As

and 1, p2 € Qo satisfy (1).
i) Then the operator T is bounded from M®*1(R") to WM®¥2(R) and

HffHM‘I’!W(Rj_) < CHfHWM‘IW’l (R%)

with constants independent of f.
ii) If ® € Vs, then the operator T is bounded from M®¥*(R}) to M®¥2(R%)
and

||Tf”M<IW2(R1) < Ol fllpreen (R7) (17)

with constants independent of f.

Proof of Theorem 1. The statement is derived from Theorem 3.
So we only have to prove that

. 1
lim sup

1
o1 (z,7) (I)_l <> z,r)) = 0
=0 gern Q1(2,7) |BF(x,7)] 1l ze 5+ (a.)

1 1 _
= lim su o1 ( ) 7 =0, 18
T e \Br@n)) T leeren (18)

and

. 1
lim sup

1
ot < > oy =0
r—0 IGRR ()01(3’," 7") |B+($’ ,r)| ||f||L(I)(B+( s ))

1 | _
= A e <> T ey = 0. 19
e o) B ) T Iweewen) (19)

In this estimation we follow some ideas of [33] in such passage to the limit in the

case ®(r) = rP, but base ourselves on Lemma 2.
1 -1 1 T
To show that xselllR% e ® (W) T fll Lo B+ (2,)) <€ for small 1, we

split the right-hand side of (15):

1 1 ~
ooz, )t <|B+ ) 1Tl o8+ (@r)) < Clls(x,7) + Js(x,7)],  (20)

(z,7)|

where dp > 0 (we may take dp < 1), and

1 % Jt N
1) i= ([ 2 ) Ul o)t
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and

1 oo )t _
st = s ([ 2 ) s i)

Besides, it is supposed that r < dg. Now we choose any fixed dg > 0 such that

1o 1 €
sup ¢1(z,t)" &7 <|B+(fﬂ7")|> 1 fllze B+ (z,r)) < 200y

:CG]RZ

where C' and Cj are constants from (20) and (4). This allows us to estimate the
first term uniformly in r € (0, do) :

sup Cls,(z,7) < =, 0<7r < dp.

zERT

| ™

The estimation of the second term now may be made by choosing r sufficiently

small. Indeed, thanks to the condition (12) we have
x, T C
S\4y > G4 VM®e ( ’ 7’) )

where ¢, is the constant from (3). Then, by (12) it suffices to choose r small

enough such that
€

sup <
z€R? o(a,r) = 25| fllvares’

which completes the proof of (18).
The proof of (19) is similar to the proof of (18). «

4. Commutators of nonsingular integrals in the space M*¥(R")

For a function b € BMO define the commutator [b,7]f = bT f — T(bf). Our
aim is to show boundedness of [b,T] in M**#(R"). For this goal we recall some
well known properties of the BM O functions.

Lemma 3. (John-Nirenberg lemma, [19]) Let b € BMO and p € (1,00). Then
for any ball B the inequality

(‘;' [ b - bB!pdy> " < )bl (21)

holds.
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Definition 5. A Young function ® is said to be of upper type p (resp. lower
type p) for some p € [0,00), if there exists a positive constant C' such that, for
all t € [1,00) (resp. t € [0,1]) and s € [0,00),

O(st) < CtP(s).

Remark 3. We know that if ® is lower type py and upper type p1 with 1 < pg <
p1 < 00, then ® € Ay N Va. Conversely, if ® € Ay N Va, then @ is lower type po
and upper type p1 with 1 < py < p1 < 0o (see [22]).

Before proving the main theorems, we need the following lemma.

Lemma 4. [20] Let b € BMO(R'" ). Then there is a constant C' > 0 such that
t
‘bw - ij‘ < CllbllIn— for 0<2r<t,

where C' is independent of b, x, r, and t.

In the following lemma which was proved in [14] we provide a generalization
of the property (21) from LP-norms to Orlicz norms.

Lemma 5. Let b € BMO(RY) and ® be a Young function. Let ® be lower type
po and upper type p1 with 1 < py < p1 < co. Then

ol = sup @) {[b() = b+ | 1o g (o

S +77“>

Remark 4. Note that the Lemma 5 for the variable exponent Lebesgue space
LPC) was proved in [21].

Definition 6. Let ® be a Young function. Let

() te'(t)
ag = inf ; be := sup '
¢ te(0,00) (I)(t) ® te(0,00) (p(t)

Remark 5. It is known that ® € As NVy if and only if 1 < ap < by < 00 (see,
for example, [25]).

Remark 6. Remark 5 and Remark 3 show us that a Young function ® is lower
type po and upper type p1 with 1 < pg < p1 < 0o if and only if 1 < ap < by < 00.

To estimate the commutator we shall employ the same idea which we used in
the proof of Lemma 2.
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Lemma 6. Let ® be a Young function with ® € Ay NV and b € BMO(RY).
Suppose that for all f € L (R%) and r > 0 the inequality

loc

o0 ¢ Lt
/1 (1+ln;> 1l 5 0.y @7 (7)< 00 (22)

holds. Then
7 Clofl« [ t o dt
10, T)fll o) < qj_l(r_n)/zr (1+1ﬂ;)|!fHL¢>(B+(x0,t))‘1’ ()= (23)

Theorem 4. Let b € BMO(RY), T be a nonsingular integral operator, defined
by (2), and ® € Ay N Va, ¢1,p2 € Qo satisfy the condition

/oo (1 —l—ln;) (ggssirg qj"ll(z”’s))> qu(t*")% < Coola,r),  (24)

where C does not depend on x and r. Then the operator [b,Tv] s bounded from
M®e1(RY) to M®#2(R") and

16 f]fHM‘P»wz(m) S ClIbll 1 | areer e (25)

with a constant independent of f.

Proof of Theorem 2. The proof follows more or less the same lines as for
Theorem 3, but now the arguments are different due to the necessity to introduce
the logarithmic factor into the assumptions.

The norm inequality having already been provided by Theorem 4, we only
have to prove the implication

1 1
lim su o ( > =0
THOxe]R% 801(1'77") |B+(l‘,7“)| ||f||L<I>(B+( )
1 1 ~
(p_l T frnd . 2
wa(z,T) (’B"'(x,r)‘) 16, ]fHL‘P(B+(x,r)) 0 (26)

To check that

1 1 ( 1 ) -
Sup ® b, T »r) < € for small r,
2 e\ n)) 1T e en

we use the estimate (23):

1 1 -
——— & (| I, T <
P, m) <|B+(;n,r)|> b, TIf et o) =
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1[]« /1 t dt
S—= 141n- at
S oateny J, LT sy

We take r < §p, where &g is chosen small enough, and split the integration:

e (|5,+1> 1. T L5 ey < Cllin () + T )], (27)

¢2($,T (x7r)’
where
1 % ¢ dt
Isy(x,7) = 2@ /T (1 +In r) £l Lo @+ @y &
and
1 o0 t dt
Jso(z,7) 1= @) /50 <1 +In T) £l Lo+ @) -

We choose a fixed dg > 0 such that

su

1 1 -
(I)il <> x,r <7, tgé,
:BE]RIZL_ 901(55,7") |B+(x7'r)| ||f||Lq’(B+( 7)) 20C, 0

where C' and Cj are constants from (27) and (5), which yields the estimate of the

first term uniform in r € (0,d0) : sup Cls,(z,7) < §, 0 <7 < do.
zERY

For the second term, writing 1 + ln% <1+ |lnt|+In %, we obtain

cs, + Co, Int

T
P,
S02(‘7;77,) HfHM ¥
where c;, is the constant from (7) with § = Jp and c¢s, is a similar constant with

omitted logarithmic factor in the integrand. Then, by (6) we can choose small r
such that SUP ern Js,(x,7) < 5, which completes the proof. «

Jso(x,1) <
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