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Weighted Riesz Bounded Variation Spaces and the
Nemytskii operator

D. Cruz-Uribe, OFS, O.M. Guzmán∗, H. Rafeiro

Abstract. We define a weighted version of the Riesz bounded variation space. We show
that a generalization of the Riesz theorem relating these spaces to the Sobolev space
W 1,ppIq holds for weighted Riesz bounded variation spaces when the weight belongs to
the Muckenhoupt class. As an application, for weights belonging to the Muckenhoupt
class, we characterize the globally Lipschitz Nemytskii operators acting in the weighted
Riesz bounded variation spaces.
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1. Introduction

In [9], F. Riesz proved that given a closed interval I � R and 1   p   8, an
absolutely continuous function f belongs to W 1,ppIq if and only if

sup
¸
j

∣∣fpxjq � fpxj�1q
∣∣p

pxj � xj�1qp�1
  8, (1)

where the supremum is taken over all finite partitions of I. Further he proved
that this quantity is comparable to }f 1}pp. A function for which (1) holds is said
to be of Riesz bounded variation, and the collection of all such functions is the
Banach space RBVppIq. Note that when p � 1, this space reduces to the space
BVpIq of functions of bounded variation. This notion of variation and the result
by F. Riesz have been generalized to other function spaces, see e.g. [1, 4, 6, 8].
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The goal of this paper is to generalize (1) to define a weighted Riesz bounded
variation space. Given a weight w, we consider the weighted p variation

sup
¸
j

�∣∣fpxjq � fpxj�1q
∣∣

|rxj�1, xjs|

�p
wprxj�1, xjsq   8.

We will use this quantity to define a weighted space RBVp
wpIq and prove that a

weighted version of the Riesz theorem holds whenever the weights belong to the
Muckenhoupt class.

The paper is organized as follows: In Section 2 we give our notation and a few
preliminary definitions. In Section 3 we define RBVp

wpIq, show that it is a Banach
function space, and give some elementary embedding theorems. In Section 4 we
prove the weighted version of the Riesz theorem: functions in RBVp

wpIq are in
ACpIq and if w belongs to the Muckenhoupt class Ap, then their derivatives
are in the weighted space Lppwq. Finally, in Section 5 we give an application
of the Riesz theorem: we characterize the globally Lipchitz Nemytskii operators
defined on the weighted Riesz variation space RBVp

wpIq. Our result is related
to the characterization of Nemytskii operators in other function spaces: see, for
example, [3, 5].

2. Preliminaries

Given 1   p   8, the conjugate exponent of p is the number q satisfying the
relation 1{p� 1{q � 1. When A ¤ cB for some constant c ¡ 0, we write A À B.
If, in addition B ¤ CA, for C ¡ 0, we use the notation A � B.

By a weight we mean a non-negative, locally integrable real-valued function.
We shall denote the weights by w and σ. Given a weight w and any measurable
set E � Rn, we define

wpEq �

»
E
w dx.

If 0   |E|   8, where |E| is the Lebesgue measure of E, we define the average of
w on E by

�

»
E
w dx �

1

|E|

»
E
w dx.

Given a weight w, let I � R be an interval. The space of all measurable
real-valued functions f that satisfy

}f}Lp
w
�

�»
I
|fpxq|pw dx


1{p

  8,
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is called the weighted Lebesgue space LpwpIq. We recall the definition of the
Muckenhoupt class Ap, introduced by Muckenhoupt in [7]. The Muckenhoupt
Ap class plays a central role in the study of weighted spaces and weighted norm
inequalities. See [2] for further information and references.

Definition 1. Given 1   p, q   8, assume that 1{p � 1{q � 1. A non-negative
locally integrable function w is say to be in the Muckenhoupt class Ap if 0  
wpxq   8 a.e. and

rwsAp � sup
Q

�
�

»
Q
w dx

��
�

»
Q
w1�q dx

�p�1

  8, (2)

where the supremum is taken over all the cubes Q � Rn.

Given w P Ap, by σ � w1�q we denote the dual weight of w. Observe that
w P Ap implies that σ P Aq. Moreover, it follows from the Hölder inequality that

1 ¤

�
�

»
Q
w dx

��
�

»
Q
w1�q dx

�p�1

(3)

for every cube Q � Rn.
Let I � ra, bs be a closed interval, and let txju

n
j�0 satisfy

a � x0   x1   x2   � � �   xn � b.

We define the finite partition Π � tπju
n
j�1 to be the collection of closed intervals

πj � rxj�1, xjs. For simplicity, from now on we write ∆fpπjq � fpxjq � fpxj�1q.
A function f is in the Lipschitz class LippIq if for any points x, y P I, |fpxq�

fpyq| ¤ C|x�y|. A function f is absolutely continuous, denoted f P ACpIq, if for
every ε ¡ 0, there exists δ ¡ 0 such that given any finite collection tpaj , bjqu

n
j�1

in I,
ņ

j�1

pbj � ajq   δ implies
ņ

j�1

|fpbjq � fpajq|   ε.

For 1   p   8 we have the well-known inclusions

LippIq � RBVppIq � ACpIq � BVpIq.

3. Weighted Riesz bounded variation

In this section we define the weighted Riesz variation, prove that the collection
of functions of weighted Riesz bounded variation form a Banach space, and we
prove some embedding results relating it to Lipschitz functions and functions of
bounded variation.
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Definition 2. Given 1   p   8, a weight w and I � ra, bs, a function f is said
to be in the weighted Riesz bounded variation space RBVp

w pIq if

Vp
wpf, Iq � sup

Π

¸

πjPΠ

�
|∆f

�
πj
�
|

|πj |

�p
wpπjq   8,

where the supremum is taken over all finite partitions Π of ra, bs.

Observe that if w P Ap, the definition above can be modified up to a constant
depending on p as follows:

Vp
wpf, Iq � sup

Π

¸

πjPΠ

�
|∆f

�
πj
�
|

|πj |

�p
wpπjq

� sup
Π

¸

πjPΠ

|∆f
�
πj
�
|p

σpπjqp�1
,

where σ � w1�q. As in the classical case, functions in RBVp
wpIq are (uniformly)

continuous.

Lemma 1. Given w P Ap and 1   p   8, then

RBVp
w pIq � CpIq.

Proof. Given a sequence txkukPN in I converging to x P I, by an abuse of
notation, let rx, xks denote the closed interval with endpoints x and xk and σ the
dual weight of w. Then for each xk we have

|fpxq � fpxkq|p �
|fpxq � fpxkq|p

σprx, xksqp�1
σprx, xksq

p�1 À Vp
wpf, Iqσprx, xksq

p�1 ÝÑ 0;

since this is true for every such sequence, f is a continuous function. �

Though the functional Vp
w is not a norm, if we define

‖f‖RBVp
w
� |fpaq|�Vp

wpf, Iq
1{p, (4)

then this is a norm on RBVp
wpIq, and with respect to this norm it is a Banach

space.

Theorem 1. Given w P Ap, let 1   p   8. Then, the space RBVp
wpIq with

norm ‖�‖RBVp
w

is a Banach space.
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Proof. We will first prove that RBVp
wpIq is a normed linear space. Suppose

f � 0 on I; then it is immediate that ‖f‖RBVp
w
� 0. On the other hand, if

‖f‖RBVp
w
� 0, then we have fpaq � 0 and for any x P I, x ¡ a,

0 � Vp
wpf, Iq ¥

�
|fpaq � fpxq|

|ra, xs|


p
wprx, asq.

Therefore, fpxq � fpaq � 0 for all x P I.

Next, fix f , g P RBVp
wpIq. Let Π be a finite partition of I and let f̃j �

∆fpπjq
|πj |

, g̃j �
∆gpπjq
|πj |

. By the Minkowski inequality in Lppw, Iq and the Minkowski

inequality in the sequence space `p we estimate as follows:

¸
πjPΠ

�∣∣∆pf � gqpπjq
∣∣

|πj |

�p
wpπjq

�
¸
πjPΠ

�∣∣∆fpπjq �∆gpπjq
∣∣

|πj |

�p
wpπjq �

¸
πjPΠ

∣∣∣f̃j � g̃j

∣∣∣pwpπjq
�
¸
πjPΠ

»
πj

∣∣∣f̃j � g̃j

∣∣∣pwptqdt �
¸
πjPΠ

∥∥∥f̃j � g̃j

∥∥∥p
Lp
wpπjq

¤
¸
πjPΠ

�∥∥∥f̃j∥∥∥
Lp
wpπjq

�
∥∥g̃j∥∥Lp

wpπjq


p

¤

�
��
�
� ¸
πjPΠ

∥∥∥f̃j∥∥∥p
Lp
wpπjq

�



1{p

�

�
� ¸
πjPΠ

∥∥g̃j∥∥pLp
wpπjq

�



1{p
�
��
p

�

�
��
�
� ¸
πjPΠ

»
πj

∣∣∣f̃j∣∣∣pwptq dt

�



1{p

�

�
� ¸
πjPΠ

»
πj

∣∣g̃j∣∣pwptqdt

�



1{p
�
��
p

.

Thus we have

�
� ¸
πjPΠ

�∣∣∆pf � gqpπjq
∣∣

|πj |

�p
wpπjq

�
�

1{p

¤
�
Vp
wpf, Iq

�1{p
�
�
Vp
wpg, Iq

�1{p
, (5)

from which it follows that

‖f � g‖RBVp
w
¤‖f‖RBVp

w
�‖g‖RBVp

w
.
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Similarly, if we fix f P RBVp
wpIq and a P R, then

¸
πjPΠ

�∣∣∆pafqpπjq∣∣
|πj |

�p
wpπjq � |a|

¸
πjPΠ

�∣∣∆pfqpπjq∣∣
|πj |

�p
wpπjq,

and so ‖af‖RBVp
w
� |a|‖f‖RBVp

w
. Thus RBVp

wpIq is a normed linear space.

We now prove that it is a Banach space. Fix a Cauchy sequence tfjujPN in
RBVp

wpIq. Then, given a partition Π of ra, bs, for any ε ¡ 0 there exists N ¥ 0
such that for n, m ¥ N ,

¸
πjPΠ

�∣∣∆pfn � fmqpπjq
∣∣

|πj |

�p
wpπjq ¤ Vp

w pfn � fm, Iq   ε,

and |fnpaq � fmpaq|   ε. Therefore, the sequence tfnpaqu converges. Similarly,
for x ¡ a,

|fnpxq � fmpxq|
p ¤ 2p|fnpaq � fmpaq|

p � 2p
|∆pfn � fmqpra, xsq|

p

σpra, xsqp�1
σpra, xsqp�1

À 2p|fnpaq � fmpaq|
p � 2pVp

wpfn � fm, IqσpIq
p�1.

Therefore, the sequence tfnu is uniformly Cauchy, and so by Lemma 1 it converges
uniformly to a continuous function f . Consequently, we have for n ¥ N ,

¸
πjPΠ

�∣∣∆pf � fmqpπjq
∣∣

|πj |

�p
wpπjq   ε;

since this is true for all such partitions Π, we have

Vp
w pf � fm, Iq ¤ ε.

Therefore, we must have

‖f � fm‖RBVp
w
ÝÑ 0, as mÑ 0.

By the triangle inequality,

‖f‖RBVp
w
¤‖f � fm‖RBVp

w
�‖fm‖RBVp

w
  8,

so f P RBVp
wpIq. Thus, RBVp

wpIq is a Banach space. �

We now consider the relationship between RBVp
wpIq and the spaces LippIq

and BVpIq.
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Proposition 1. Given a weight w P Ap and 1   p   8, then

RBVp
w pIq � BV pIq . (6)

Proof. Let Π � tπju be a finite partition of I � ra, bs and σ the dual weight
of w. Then by the Hölder inequality we have

¸
πj

∣∣∆fpπjq∣∣ �¸
πj

∣∣∆fpπjq∣∣ σpπjqpp�1q{p

σpπjqpp�1q{p

À

�
� ¸
πjPΠ

�∣∣∆fpπjq∣∣
|πj |

�p
wpπjq

�
�

1{p�
� ¸
πjPΠ

σpπjq
pp�1qq{p

�



1{q

À Vp
wpf, Iq

1{p

�
� ¸
πjPΠ

σpπjq

�



1{q

¤ Vp
wpf, Iq

1{pσpIq1{q   8.

If we take the supremum over all the finite partition Π of I, we get the desired

result. �

Proposition 2. Fix 1   p   8 and let 1{p � 1{q � 1. Given a weight w P Ap,
then

Lip pIq � RBVp
w pIq .

Proof. Let Π � tπju be a finite partition of ra, bs. Then, by the Lipschitz
condition we have

¸
πjPΠ

�∣∣∆fpπjq∣∣
|πj |

�p
wpπjq À

¸
πjPΠ

wpπjq À wpIq   8.

If we take the supremum over all the finite partition Π of I, we get the desired

result. �

Finally, we show that the spaces RBVp
w are naturally embedded in one an-

other.

Proposition 3. Given a weight w P Ap, let 1   p ¤ q   8. Then we have

RBVq
w pIq � RBVp

w pIq . (7)



132 D. Cruz-Uribe, OFS, O.M. Guzmán, H. Rafeiro

Proof. The case p � 1 follows from Proposition 1, so we may assume that
1   p   q   8. Let

r �
q

p
, s �

q

q � p
,

and observe that 1{r � 1{s � 1. Therefore, by the Hölder inequality we have

¸
πjPΠ

∣∣∆fpπjq∣∣p
σpπjqp�1

�
¸
πjPΠ

∣∣∆fpπjq∣∣p
σpπjqp�1�1{s

σpπjq
1{s

¤

�
� ¸
πjPΠ

∣∣∆fpπjq∣∣pr
σpπjqpp�1�1{sqr

�



1{r�
� ¸
πjPΠ

σpπjq

�



1{s

À

�
� ¸
πjPΠ

�∣∣∆fpπjq∣∣
|πj |

�q
wpπjq

�
�

1{r

σpIq1{s   8.

Hence, Vp
wpf, Iq   8 . �

4. The weighted Riesz theorem

In this section we state and prove a weighted generalization of the Riesz
theorem. As a first step, we establish that functions in RBVp

wpIq are absolutely
continuous.

Proposition 4. Given a weight w P Ap and 1   p   8, then

RBVp
w pIq � ACpIq.

Proof. Since σ P L1pIq, by the continuity of the integral, for any ε ¡ 0, there
exists δ ¡ 0 such that if |E|   δ, then σpEq   ε. Fix any collection tpaj , bjqu

n
j�1

of disjoint open intervals in I such that

ņ

j�1

pbj � ajq   δ.

Let

E �
n¤
j�1

raj , bjs.

Then σpEq   ε. If we let 1{p� 1{q � 1, then by Hölder’s inequality in sequence
spaces,
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ņ

j�1

|fpbjq � fpajq| �
ņ

j�1

|fpbjq � fpajq|

σpraj , bjsq1{q
σpraj , bjsq

1{q

À

�
� ņ

j�1

�
|fpbjq � fpajq|

|raj , bjs|

�p
wpraj , bjsq

�
�

1{p�
� ņ

j�1

σpraj , bjsq

�



1{q

¤ Vp
wpf, Iq

1{pε1{q.

Since ε ¡ 0 is arbitrary, it follows that f P ACpIq. �

We can now state and prove our weighted version of the Riesz theorem.

Theorem 2. Let 1   p   8 and let 1{p � 1{q � 1. Given a weight w P Ap, we
have f P RBVp

w pIq if and only if f P ACpIq and f 1 P Lppwq. Moreover,

Vp
wpf, Iq

1{p �
∥∥f 1∥∥

Lppwq
. (8)

Proof. Suppose first that f P ACpIq and f 1 P Lppwq. Fix a finite partition
Π � tπju of I � ra, bs. Using the fact that f P ACpIq, we can estimate as follows:

�
|∆fpπjq|

|πj |

�p
wpπjq À

∣∣∣∣∣
»
πj

f 1ptqdt

∣∣∣∣∣
p

σ
�
πj
�1�p

¤

�»
πj

|f 1ptq|w1{pw�1{p dt

�p
σ
�
πj
�1�p

¤

�
��»

πj

|f 1ptq|pw dt

�1{p�»
πj

σ dt

�1{q
�
�
p

σ
�
πj
�1�p

�

�»
πj

|f 1ptq|pw dt

�
σ
�
πj
�p{q

σ
�
πj
�1�p

�

»
πj

|f 1ptq|pw dt.

If we sum over all the sub-intervals, we obtain

¸
πjPΠ

�
|∆fpπjq|

|πj |

�p
wpπjq ¤

»
I
|f 1ptq|pw dt,

which implies that

Vp
wpf, Iq ¤

∥∥f 1∥∥p
Lppwq

.

To prove the reverse inequality, now let f P RBVp
wpIq. Define the regular

partition ΠN � trtk,N , tk�1,N su
N�1
k�0 , where tk,N � a � k

N pb � aq. For brevity,
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let πj,N � rtj�1,N , tj,N s. By Proposition 4, f P ACpIq, so f 1 exists in L1pIq.
Therefore, we may define

gN ptq �
¸

πj,NPΠN

�

»
πj,N

f 1pxq dxχπj,N ptq.

Then, by the Lebesgue differentiation theorem we obtain

lim
NÑ8

gN ptq � f 1ptq

for almost every t P I. Consequently, by Fatou’s Lemma applied with respect to
the measure w dx and using the fact that w P Ap, we estimate as follows:»

I
|f 1ptq|pw dt ¤ lim inf

NÑ8

»
I
|gN ptq|

pw dt

� lim inf
NÑ8

¸
πj,NPΠN

»
πj,N

|gN ptq|
pw dt

¤ lim inf
NÑ8

¸
πj,NPΠN

�
|∆fpπj,N q|

|πj,N |

�p »
πj,N

wptqdt

� lim inf
NÑ8

¸
πj,NPΠN

�
|∆fpπj,N q|

|πj,N |

�p
w
�
πj,N

�
À Vp

w pf, Iq   8.

This completes the proof of inequality (8). �

5. Nemytskii operator in weighted Riesz bounded variation
spaces

In this section, as an application of Theorem 2 we characterize the globally
Lipchitz Nemytskii operators defined on RBVp

wpIq. Observe that given w P Ap,

|fpxq|p � |fpxq � fpaq|p � |fpaq| À V p
wpf, IqσpIq

p�1 � |fpaq|

yields
‖f‖8 À V p

wpf, Iq � |fpaq|. (9)

Using this fact we will be able to prove that RBVp
wpIq is a Banach algebra. To

do so we need the following lemma.
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Lemma 2 (Orlicz-Maligranda Criterion [4]). Let pX,‖�‖q be a Banach space
whose elements are bounded functions, which is closed under pointwise multi-
plication of functions and satisfies ‖fg‖ ¤‖f‖8‖g‖ �‖f‖‖g‖8 . Then pX,~ � ~q,
where ~f~ �‖f‖8 �‖f‖, is a Banach algebra.

To apply this condition we need to show that RBVp
wpIq is closed under point-

wise multiplication.

Proposition 5. Given w P Ap, let f, g P RBVp
wpIq and 1   p   8. Then

‖f � g‖RBVp
w
¤‖f‖8‖g‖RBVp

w
�‖f‖RBVp

w
‖g‖8 .

Proof. Fix a finite partition Π of I. By the triangle inequality (5) we get

�
� ¸
πjPΠ

∣∣∆pf � gqpπjq∣∣p
σpπjqp�1

�



1{p

¤

�
� ¸
πjPΠ

�
‖g‖8

∣∣∆fpπjq∣∣�‖f‖8
∣∣∆gpπjq∣∣�p

σpπjqp�1

�
�

1{p

¤‖g‖8

�
� ¸
πjPΠ

∣∣∆fpπjq∣∣p
σpπjqp�1

�



1{p

�‖f‖8

�
� ¸
πjPΠ

∣∣∆gpπjq∣∣p
σpπjqp�1

�



1{p

¤‖g‖8 V
p
wpf, Iq �‖f‖8 V

p
wpg, Iq.

Since Π is arbitrary and |pfgqpaq| ¤‖f‖8 |gpaq| �‖g‖8 |fpaq|, we get the desired

inequality. �

By the Orlicz-Maligranda criterion we immediately get the following corollary.

Corollary 1. The Banach space RBVp
wpIq endowed with the norm

~f~RBVp
w
�‖f‖8 �‖f‖RBVp

w
,

is a Banach algebra.

Note that by Corollary 1 and (9) the norms ‖�‖RBVp
w

and ~ � ~RBVp
w

are
equivalent.

We now recall the definition of a Nemytskii operator, also known as a super-
position operator.

Definition 3. Let I � R be a closed interval. We say that a function f : I�R ÝÑ
I is a Carathéodory function if:



136 D. Cruz-Uribe, OFS, O.M. Guzmán, H. Rafeiro

(1) fp�, xq is a Lebesgue measurable function for all x P R;

(2) fpt, �q is a continuous function a.e. in R for all t P I.

Definition 4 (Nemytskii operator). Let f : I � R ÝÑ I be a Carathéodory
function. The operator Ff , defined by pFfϕqptq � fpt, ϕptqq, for all t P I and
ϕ : I ÝÑ R, is called the Nemytskii operator based on f .

To state our main result, we give one more definition.

Definition 5. We say that an operator T : X ÝÑ Y , where X and Y are normed
spaces, is globally Lipschitz if there exists a global constant C such that

‖Tx1 � Tx2‖Y ¤ C‖x1 � x2‖X ,

for all x1, x2 P X.

We can now characterize globally Lipschitz Nemytskii operators acting in
weighted Riesz bounded variation spaces, where the weight belongs to the Muck-
enhoupt class.

Theorem 3. Let w P Ap. Then the Nemytskii operator Ff maps RBVp
wpIq

into RBVp
wpIq and is globally Lipschitz if and only if there are functions g, h P

RBVp
wpIq such that

fpt, yq � gptqy � hptq, t P I, y P R. (10)

Proof. Let g, h P RBVp
wpIq and define fpt, yq by (10). Hereafter we can use

either ~ � ~RBVp
w

or ‖�‖RBVp
w

since they are equivalent norms. By Corollary 1,
Proposition 5 we have

~Ff puq~RBVp
w
� ~g � u� h~RBVp

w

¤ ~g � u~RBVp
w
� ~h~RBVp

w

¤ ~g~RBVp
w
~u~RBVp

w
� ~h~RBVp

w
  8,

from which it follows that Ff : RBVp
wpIq ÝÑ RBVp

wpIq.
Now fix u1, u2 P RBVp

wpIq. Again, by Corollary 1 we estimate as follows:

~Ff pu1q � Ff pu2q~RBVp
w
� ~fp�, u1q � fp�, u2q~RBVp

w

� ~g pu1 � u2q ~RBVp
w

À ~g~RBVp
w
~u1 � u2~RBVp

w

À ~u1 � u2~RBVp
w
.
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Therefore, Ff is globally Lipschitz.

To prove the converse, suppose Ff maps RBVp
wpIq into RBVp

wpIq and is glob-
ally Lipschitz. Observe that given y P R, the function x ÞÑ fpx, yq P RBVp

wpIq.
Consequently, fp�, yq P ACpIq by Corollary 4.

Let t, t1 P ra, bs, t   t1, y1, y2, y
1
1, y

1
2 P R. Define u1, u2 by

uipsq �

$''&
''%

yi a ¤ s ¤ t,
y1i � yi
t1 � t

ps� tq � yi t   s ¤ t1,

y1i t1   s ¤ b.

Since u1 � u2 P ACpIq, pu1 � u2q
1 exists a.e. and is given by

pu1 � u2q
1psq �

$'''&
'''%

0 a ¤ s   t,
y11 � y1 � py12 � y2q

t1 � t
t ¤ s ¤ t1,

0 t1   s ¤ b,

and so

∥∥pu1 � u2q
1
∥∥
Lppwq

�

�» t1
t

∣∣∣∣y11 � y1 � y12 � y2

t1 � t

∣∣∣∣pwpsq ds

�1{p

À

∣∣∣∣y11 � y1 � y12 � y2

t1 � t

∣∣∣∣wprt, t1sq1{p
À

∣∣∣∣y11 � y1 � y12 � y2

t1 � t

∣∣∣∣wpIq1{p.
Hence, by Theorem 2 we have

V p
wpu1 � u2q

1{p À

∣∣∣∣y11 � y1 � y12 � y2

t1 � t

∣∣∣∣ . (11)

Clearly, Ff pu1q � Ff pu2q P RBVp
w, since RBVp

wpIq is a normed linear space.
Then by the global Lipschitz condition on Ff , we see that����Ff pu1q � Ff pu2q

�
pt1q �

�
Ff pu1q � Ff pu2q

�
ptq
���p

σprt, t1sqp�1
À
∥∥Ff pu1q � Ff pu2q

∥∥p
RBVp

w

À‖u1 � u2‖pRBVp
w
.

Then by the definition of u1 and u2 and (11),��fpt1, y11q � fpt1, y12q � fpt, y1q � fpt, y2q
��

σprt, t1sq1{q
À

∣∣∣∣y11 � y1 � y12 � y2

t1 � t

∣∣∣∣� |y1 � y2|.
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Set y11 � w � z, y12 � w, y1 � z, y2 � 0. Then

|fpt1, w � zq � fpt1, wq � fpt, 0q � fpt, zq| ¤ |z|σprt, t1sq1{q.

Since fp�, xq is continuous, if we take the limit as t1 Ñ t, we get

fpt, w � zq � fpt, 0q �
�
fpt, wq � fpt, 0q

�
�
�
fpt, zq � fpt, 0q

�
.

Now define Ptp�q :� fpt, �q � fpt, 0q; then Pt is linear: Ptpw� zq � Ptpwq � Ptpzq.
Since Ptp�q is continuous, the Cauchy functional equation has a unique continuous
solution which is given by Ptpyq � gptqy with g : ra, bs Ñ R. Now define the
function h on ra, bs by hptq � fpt, 0q. Then h P RBVp

wpIq and fpt, yq � gptqy �
hptq. Since for t P I,

fpt, 1q � fpt, 0q �
�
Ptp1q � fpt, 0q

�
� fpt, 0q � gptq,

we have g P RBVp
wpIq. This completes the proof. �
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