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Weighted Riesz Bounded Variation Spaces and the
Nemytskii operator

D. Cruz-Uribe, OFS, O.M. Guzman*, H. Rafeiro

Abstract. We define a weighted version of the Riesz bounded variation space. We show
that a generalization of the Riesz theorem relating these spaces to the Sobolev space
WLP(I) holds for weighted Riesz bounded variation spaces when the weight belongs to
the Muckenhoupt class. As an application, for weights belonging to the Muckenhoupt
class, we characterize the globally Lipschitz Nemytskii operators acting in the weighted
Riesz bounded variation spaces.
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1. Introduction

In [9], F. Riesz proved that given a closed interval / < R and 1 < p < o0, an
absolutely continuous function f belongs to W1P(I) if and only if

supz}f %) x;plil < 00, (1)

where the supremum is taken over all finite partitions of I. Further he proved
that this quantity is comparable to ||f|[b. A function for which (1) holds is said
to be of Riesz bounded variation, and the collection of all such functions is the
Banach space RBV?(I). Note that when p = 1, this space reduces to the space
BV (I) of functions of bounded variation. This notion of variation and the result
by F. Riesz have been generalized to other function spaces, see e.g. [1, 4, 6, 8].
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The goal of this paper is to generalize (1) to define a weighted Riesz bounded
variation space. Given a weight w, we consider the weighted p variation

supZ (|f(~’TE') - f(le)’) ([, 25]) < 0.

Lji—1, $J]|

We will use this quantity to define a weighted space RBV? (I) and prove that a
weighted version of the Riesz theorem holds whenever the weights belong to the
Muckenhoupt class.

The paper is organized as follows: In Section 2 we give our notation and a few
preliminary definitions. In Section 3 we define RBV? (I), show that it is a Banach
function space, and give some elementary embedding theorems. In Section 4 we
prove the weighted version of the Riesz theorem: functions in RBV? (I) are in
AC(I) and if w belongs to the Muckenhoupt class A,, then their derivatives
are in the weighted space LP(w). Finally, in Section 5 we give an application
of the Riesz theorem: we characterize the globally Lipchitz Nemytskii operators
defined on the weighted Riesz variation space RBV? (I). Our result is related
to the characterization of Nemytskii operators in other function spaces: see, for
example, [3, 5].

2. Preliminaries

Given 1 < p < o0, the conjugate exponent of p is the number ¢ satisfying the
relation 1/p +1/q¢ = 1. When A < ¢B for some constant ¢ > 0, we write A < B.
If, in addition B < CA, for C' > 0, we use the notation A ~ B.

By a weight we mean a non-negative, locally integrable real-valued function.
We shall denote the weights by w and o. Given a weight w and any measurable
set £ < R", we define

w(E) = JE wdz.

If 0 <|E| < oo, where |E| is the Lebesgue measure of E, we define the average of

w on E by
1
J[wdxzj wdx.
E Bl Jg

Given a weight w, let I < R be an interval. The space of all measurable
real-valued functions f that satisfy

1/p
1Flg = ( | If(ﬂf)l’”wdm) <o,
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is called the weighted Lebesgue space L, (I). We recall the definition of the
Muckenhoupt class A, introduced by Muckenhoupt in [7]. The Muckenhoupt
A, class plays a central role in the study of weighted spaces and weighted norm
inequalities. See [2] for further information and references.

Definition 1. Given 1 < p,q < o0, assume that 1/p +1/q = 1. A non-negative
locally integrable function w is say to be in the Muckenhoupt class A, if 0 <
w(z) < 0 a.e. and

(s

where the supremum is taken over all the cubes QQ < R™.

Given w € Ay, by 0 = w!~9 we denote the dual weight of w. Observe that
w € A, implies that o € A,. Moreover, it follows from the Hélder inequality that

B S

for every cube Q < R".
Let I = [a,b] be a closed interval, and let {z;}}_, satisfy

a=x0<T1 <Tog<--<xy=>.

We define the finite partition I = {m;}7_, to be the collection of closed intervals
mj = [xj_1,x;]. For simplicity, from now on we write Af(n;) = f(z;) — f(xj_1).

A function f is in the Lipschitz class Lip([) if for any points z, y € I, | f(z) —
f(y)| < Clx—y|. A function f is absolutely continuous, denoted f € AC(I), if for
every € > 0, there exists § > 0 such that given any finite collection {(a;, b;)}7_;
in I,

n
2 (bj —aj;) <d implies Z |f(bj) — flaj)| <e
7j=1 j=1

For 1 < p < oo we have the well-known inclusions

Lip(I) « RBV?(I) « AC(I) c BV(I).

3. Weighted Riesz bounded variation

In this section we define the weighted Riesz variation, prove that the collection
of functions of weighted Riesz bounded variation form a Banach space, and we
prove some embedding results relating it to Lipschitz functions and functions of
bounded variation.
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Definition 2. Given 1 < p < o0, a weight w and I = [a,b], a function f is said
to be in the weighted Riesz bounded variation space RBVY (I) if

where the supremum is taken over all finite partitions I1 of [a, b].

Observe that if w € A,, the definition above can be modified up to a constant
depending on p as follows:

AF ()P
A sup 7| /()

I o(mj)p=t’
ﬂ‘jEH

where o = wl 9. As in the classical case, functions in RBV? (I) are (uniformly)
continuous.

Lemma 1. Given w € A, and 1 < p < 00, then
RBV? (I) c C(I).

Proof. Given a sequence {xj}ren in I converging to x € I, by an abuse of
notation, let [z, zx] denote the closed interval with endpoints = and xj and o the
dual weight of w. Then for each x; we have

|f(x) = flan)l

U([.%’, xk])p_l

F(x) — fl)]? = o([e 2]~ S VI (F. Do ([, 2™ — 0

since this is true for every such sequence, f is a continuous function. €

Though the functional V%, is not a norm, if we define

I Irpve, = (@] + VL, D', (4)

then this is a norm on RBV? (I), and with respect to this norm it is a Banach
space.

Theorem 1. Given w € Ay, let 1 < p < oco. Then, the space RBVY (I) with
norm||-[|ggye s a Banach space.
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Proof. We will first prove that RBV? (I) is a normed linear space. Suppose
f = 0on I; then it is immediate that || f||ggyr = 0. On the other hand, if
[ fllrBve, = 0, then we have f(a) = 0 and for any z € I, z > a,

0-varn = (= H uge.a,

Therefore, f(z) = f(a) =0 for all x € I.

Next, fix f,g € RBV? (I). Let II be a finite partition of I and let f] =
A g = %ﬁlj). By the Minkowski inequality in LP(w, I') and the Minkowski

w20 T T
inequality in the sequence space £, we estimate as follows:

miell
Af(m; Ag(r)|\" -
= 2 (’ It ])|:j| o ])’) w(mj) = )] ’fj +§j’pw(ﬂj)
miell mell

p
Liy(m)

> [ i+ vwa= 3 |5+a
el ¥7j m;€ll

p
D (L.
5 (i 91
B 1/p 1/p]?
~||P -
<[> Hfj‘ way | T > ng}ligw
TrjEH wARg 7Tj€H
- 1/p 1/p|P
_ ZJ fj‘pw(t)dt +| X2 | g w®
TFJ'EH Ty WJEH i
Thus we have
av+om\ 1"
+ g)(m;
2 <|7r9|> wim) | < (VAED) + (Vg D) ()
7Tj€H J

from which it follows that

1f + gllreve, <l flrBve, +9lrBVE -
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Similarly, if we fix f € RBV? (I) and a € R, then
INCRICHIAY NGO
2 ﬁ w(m;) =lal 2 T w(m;),
TFJ'EH Tr‘j TI']'EH 77]
and so [laf|lggve, =lalllfllrpyr- Thus RBVY (1) is a normed linear space.

We now prove that it is a Banach space. Fix a Cauchy sequence {f;};en in
RBV? (I). Then, given a partition II of [a,b], for any € > 0 there exists N > 0
such that for n, m > N,

S <|A(fn - fm)w)\) w(ms) < VE (fu— fur 1) < €,

7Tj€H |7r‘]|

and |fn(a) — fm(a)] < e. Therefore, the sequence {f,(a)} converges. Similarly,
for z > a,

) = ) < 2Vl = flap + 22 L2 T D g g, gy

< 2| fula) = fin(@)I” + VI (fo = fin, Do (1P~

Therefore, the sequence { f,,} is uniformly Cauchy, and so by Lemma 1 it converges
uniformly to a continuous function f. Consequently, we have for n > N,

since this is true for all such partitions II, we have

Therefore, we must have

Hf_meRngj —>0, as m — 0.

By the triangle inequality,

[flesve, <If = follreve, T fmllrBVE < ©

so f € RBV? (I). Thus, RBV? (I) is a Banach space. 4

We now consider the relationship between RBV? (I) and the spaces Lip([)
and BV(I).



Weighted Riesz Bounded Variation Spaces and the Nemytskii operator 131

Proposition 1. Given a weight w € A, and 1 < p < o0, then
RBV? (I) < BV (I). (6)

Proof. Let II = {m;} be a finite partition of I = [a,b] and o the dual weight
of w. Then by the Holder inequality we have

7))L/

2IAT )| = XA () Ziﬂji@-w

‘Af( )} p 1/p 1/q
s> ( e ) wr) || X oty
i €ll J ;€L
1/q
SVLULDYP | Y] olm) | < V(LD Po(D)V < .

7Tj€H
If we take the supremum over all the finite partition Il of I, we get the desired

result. 4

Proposition 2. Fiz 1 <p <o and let 1/p+ 1/q = 1. Given a weight w € A,
then

Lip (I) € RBV?, (I).

Proof. Let Il = {m;} be a finite partition of [a,b]. Then, by the Lipschitz
condition we have
Af)\
3 (‘fw> wir) s Y wimy) S w(l) < .
Tl’jEH

If we take the supremum over all the finite partition Il of I, we get the desired

result. 4

Finally, we show that the spaces RBV?. are naturally embedded in one an-
other.

Proposition 3. Given a weight we Ay, let 1 <p < g < 0. Then we have

RBVY (I) € RBV?, (I). (7)
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Proof. The case p = 1 follows from Proposition 1, so we may assume that

1<p<qg<oo. Let
q q

r=-=, s=-—,
p q—>p
and observe that 1/r 4+ 1/s = 1. Therefore, by the Hélder inequality we have
A NP A (P
| f(ﬁj)‘ _ Z | f(ﬂ-ﬂ)‘ U(Trj)l/s
O-(ﬂ-j)p—l-i-l/s

ﬂjEH O-(Trj)pil ﬂjEH
1/r 1/s
Af)”
< Z N(p_1+1/s)r Z o(7;)
7TjEH U(Tr])(p 1+1/ ) TrjEH
B 1/r

A
3
m
o]
I
>
=
3
~——
<
<
2
=
=
V)
AN
8

Hence, Vi, (f, 1) < oo . 4

4. The weighted Riesz theorem

In this section we state and prove a weighted generalization of the Riesz
theorem. As a first step, we establish that functions in RBV? (I) are absolutely
continuous.

Proposition 4. Given a weight w € A, and 1 < p < o0, then
RBV? (I) c AC(I).

Proof. Since o € L'(I), by the continuity of the integral, for any e > 0, there
exists § > 0 such that if [E| < §, then o(E) < e. Fix any collection {(a;,b;)}]_;
of disjoint open intervals in I such that

(bj — aj) < 9.
1

J

n
Let

E = | Jla;,b5]-
j=1

Then o(E) < e. If we let 1/p + 1/q = 1, then by Hélder’s inequality in sequence
spaces,
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OO W FJ (2) B 1) O
25 17(ts) = flag)l = 35 = e s by

j=1 Jj=1
» e s 1/q
DY (W) w([ay, b;]) diollapb) | < VE(f,DYP
j=1 e j=1

Since € > 0 is arbitrary, it follows that f € AC(I). 4

We can now state and prove our weighted version of the Riesz theorem.

Theorem 2. Let 1 < p < oo and let 1/p+ 1/q = 1. Given a weight w € Ay, we
have f € RBV? (I) if and only if f € AC(I) and f' € LP(w). Moreover,

Vfu(faf)l/p szIHLp(w)- (8)

Proof. Suppose first that f € AC(I) and f’ € LP(w). Fix a finite partition
IT = {m;} of I = [a,b]. Using the fact that f € AC(I), we can estimate as follows:

7 ) <
|75
< < | |f'<t>|w1/Pw—1/Pdt> o (m))'

1/p 1/q]?
< (f|f’(t)|pwdt> (fadt> o (n))"

= (J ) |f,(t) |Pw dt) o (Wj)p/qa (Wj)lip = J |f’(t)|pw dt.

J

p
o (m)' ™"

Lj f'(t)de

If we sum over all the sub-intervals, we obtain

which implies that
VI < -

To prove the reverse inequality, now let f € RBV? (I). Define the regular
partition Iy = {[tsn,tir1.8]} 0 o+ Where tyn = a + £(b —a). For brevity,
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let m; N = [tj—1,n,tjn]. By Proposition 4, f € AC(I), so f’ exists in L(I).
Therefore, we may define

gn(t) = Z J[

Wj,NEHN T

@) i (1),

Then, by the Lebesgue differentiation theorem we obtain
lim gy (t) = f'(t)
N—

for almost every t € I. Consequently, by Fatou’s Lemma applied with respect to
the measure wdx and using the fact that w € A,, we estimate as follows:

f () Pw dt < lim ian g (8) P dit
I N—w I

~tpint 3|

™
7T]',N€HN

P
<h§nj0%f 2 (MW> Lij(t)dt

ey |7,

= liminf Z (|Af(wj’N)|> U}(Tl'jJ\[)

N—o = |7Tj,N|

lgn () [Pw dt
7, N

SVPA(f,I) < 0.

This completes the proof of inequality (8). 4

5. Nemytskii operator in weighted Riesz bounded variation
spaces

In this section, as an application of Theorem 2 we characterize the globally
Lipchitz Nemytskii operators defined on RBV? (I). Observe that given w € A,

[f@)P =1f(z) = f@P + |f(@)] S VI, Do) +|f(a)|
yields
1fllee £ V(. 1) + | f(a)l. (9)

Using this fact we will be able to prove that RBV? (I) is a Banach algebra. To
do so we need the following lemma.



Weighted Riesz Bounded Variation Spaces and the Nemytskii operator 135

Lemma 2 (Orlicz-Maligranda Criterion [4]). Let (X,||-||) be a Banach space
whose elements are bounded functions, which is closed under pointwise multi-
plication of functions and satisfies || fgll <|[fllcollgll +[f1llgllee - Then (X, ] - ),
where || fll = fllo +fll, is @ Banach algebra.

To apply this condition we need to show that RBV? (I) is closed under point-
wise multiplication.

Proposition 5. Given w e A,, let f,ge RBV? (I) and 1 < p < 0. Then

1f - 9llrmvr, <l fllollglrpvr, +If Bz 9]0 -
Proof. Fix a finite partition II of I. By the triangle inequality (5) we get

" (gl AF)] + 171l 2gtm ) |
Z g 0 J 0 g J

o(mj)pt

3 [A(f - 9)(m)|

<

Uy ell

1
p/p
1

1/p
Af(mi)|? T
<l | 3 @), [ 5 2o

\p—1
ﬂjEH O-(ﬂ-])p ﬂ'jEH U( J

<llglloe Ve (fs 1) + 111l Vi (g5 D)-

Since II is arbitrary and |(fg)(a)| <|/fl,, |9(a)| +lgll4 [ f(a)|, we get the desired
inequality. 4
By the Orlicz-Maligranda criterion we immediately get the following corollary.

Corollary 1. The Banach space RBV? (I) endowed with the norm

IfllrBvz, =flle +IIflrBVE -
1s a Banach algebra.

Note that by Corollary 1 and (9) the norms [|-[|[ggye and || - [[rgvz, are
equivalent.

We now recall the definition of a Nemytskii operator, also known as a super-
position operator.

Definition 3. Let I < R be a closed interval. We say that a function f : IxR —
I is a Carathéodory function if:
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(1) f(-,x) is a Lebesgue measurable function for all x € R;
(2) f(t,-) is a continuous function a.e. in R for allte I.

Definition 4 (Nemytskii operator). Let f : I x R — I be a Carathéodory
function. The operator Fy, defined by (Frp)(t) = f(t,(t)), for all t € I and
p: I — R, is called the Nemytskii operator based on f.

To state our main result, we give one more definition.

Definition 5. We say that an operator T : X — Y, where X andY are normed
spaces, is globally Lipschitz if there exists a global constant C' such that

HTxl — T(L‘QHY < CHxl - 1'2HX7

for all x1,z0 € X.

We can now characterize globally Lipschitz Nemytskii operators acting in
weighted Riesz bounded variation spaces, where the weight belongs to the Muck-
enhoupt class.

Theorem 3. Let w € A,. Then the Nemytskii operator Fy maps RBVE (I)
into RBV? (I) and is globally Lipschitz if and only if there are functions g,h €
RBV? (I) such that

flt,y) =gt)y +h(t), tel,yeR. (10)

Proof. Let g,h € RBV? (I) and define f(t,y) by (10). Hereafter we can use
either || - [lggvz, or [|-|[rgye, since they are equivalent norms. By Corollary 1,
Proposition 5 we have

I1Fr(u)lrBve, = llg-u+ hlrBVE,
< lg - ullgrsvey, + l2llrBVE,
< |||9|||RBV{’U|||U|||RBVfU + |||h|||RBV”w < 00,

from which it follows that Fy : RBV?Y (I) — RBVZ (I).
Now fix ui,up € RBV? (I). Again, by Corollary 1 we estimate as follows:

£ (u1) = Fr(u2)llrpve, = [1f (5 u1) = (- u2)llrBve,
= [lg (u1 — u2) |||RBV§,
< \HQH\RBV&”\UI - U2\HRBV{’U
< Jlwa — U2|||RBV{’U-
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Therefore, Fy is globally Lipschitz.

To prove the converse, suppose Fy maps RBV? (I) into RBV?, (1) and is glob-
ally Lipschitz. Observe that given y € R, the function = — f(x,y) € RBV?Z (I).
Consequently, f(-,y) € AC(I) by Corollary 4.

Let t,t' € [a,b], t <t y1,v2,v),yh € R. Define uy, us by

Yi a< s <,

I_ .
u;(s) = ytz, Zf(s—t)eri t<s<t,
Y t < s<b.

Since u1 —ug € AC(I), (u1 — ug)’ exists a.e. and is given by

0 a<s<t,

!/ _ /I
(u1 — u2)'(s) = % ylt, _('712 Z) t<s<t,
0 t' <s<0b,

and so

Y — 1 —yh+
t—t

P 1/p
w(s) ds>

H(u1 - u2),HL1’(w) = <£

I o
< Y1 =1 — Yty ’U}([t,t/])l/p
v —t
P
<& Z/tl/ ?124‘3/2 w(I)VP.

Hence, by Theorem 2 we have

I _ !
Y1 — Y1 — Yo T Y2 ' (11)
t—t

Clearly, Fy(u1) — Fr(uz) € RBV?Y | since RBVY (I) is a normed linear space.
Then by the global Lipschitz condition on Fy, we see that

[(Fy (1) = Fy(ua) () = (Fy(un) = F(ua) (¢)
(R

VP (u1 — u2)? <

‘P

S| Fylur) — Ff(uQ)Hzl){Bpr

< Hul - UQHQB\/{’U .
Then by the definition of u; and ug and (11),
£ 93 — S 93) — Fltn) + F(te)]
([t E]) >

Yi— Y1 — Y5+ Y2
t—t

+ |ly1 — ya2l.




138 D. Cruz-Uribe, OFS, O.M. Guzman, H. Rafeiro

Set y} =w+ z, yh = w, y1 = 2, y2 = 0. Then

|f(tlaw + Z) - f(tlvw) + f(t70) - f(t7z)| < |Z|U([t>t/])1/q'

Since f(-,x) is continuous, if we take the limit as t' — ¢, we get

f(taw+z) _f(t70) = (f(t,w)—f(t,O)) + (f(tvz) —f(t,())) .

Now define P;(-) := f(t,-) — f(t,0); then P, is linear: P(w + z) = P(w) + Pi(z).
Since P;(+) is continuous, the Cauchy functional equation has a unique continuous
solution which is given by Pi(y) = g(t)y with ¢ : [a,b] — R. Now define the
function h on [a,b] by h(t) = f(t,0). Then h € RBV? (I) and f(t,y) = g(t)y +
h(t). Since for t € I,

f(ta 1) - f(t,()) = (Pt(l) + f(t70)) - f(t,O) = g(t)a
we have g € RBVE (I). This completes the proof. €
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