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Multidimensional Bilinear Hardy Inequalities

N. Bilgicli, R.Ch. Mustafayev*, T. Unver

Abstract. Our goal in this paper is to find a characterization of n-dimensional bilinear
Hardy inequalities
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when 0 < ¢ < 00, 1 < pq, p2 < 00 and u and vy, ve are weight functions on (0, 00) and
R™, respectively. Obtained results are new when p; =l orp; =00,i=1,2,or 0 < g <1
even in 1-dimensional case.

Since the solution of the first inequality can be obtained from the characterization of the
second one by usual change of variables we concentrate our attention on characterization
of the latter. The characterization of this inequality is easily obtained for p; < ¢ using
the characterizations of multidimensional weighted Hardy-type inequalities while in the
case ¢ < pp the problem is reduced to the solution of multidimensional weighted iterated
Hardy-type inequality.

To achieve our goal, we characterize the validity of multidimensional weighted iterated
Hardy-type inequality

/ h(z)dz
‘B(0,s)

where 0 < p, ¢ < 00, 1 < 0 < 00, u € W(0,00), v € W(R™) and p is a non-negative
Borel measure on (0, 00). We are able to obtain the characterization under the additional
condition that the measure y is non-degenerate with respect to U9/P.
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1. Introduction
The aim of this paper is to study the boundedness of n-dimensional bilin-

ear Hardy operators HY : LP'(wy) x LP?(wg) — L%(u) and (Hg)* o LP(wy) X
LP2(wy) — L%(u), defined for all fi, fo € 9MT(R™) by

HY (o, fo)(8) : = /

fi(x) dx - / fo(x)dx, t>0,
B(0,t) B(0,t)

and

(Hg)*(fhfz)(t)i:/B(Ot)ﬁ(x)dx-[B(Ot)fz(x)dx, t>0,

c

that is, to investigate the validity of n-dimensional bilinear Hardy inequalities

' /B f ' /B
(07') (07)
and
“ /B ' /B
‘ (07) < (07)

The motivation for the investigation of n-dimensional m-linear Hardy ineqal-
ities can be explained, for instance, by the paper [19], where a weight theory has
been developed for a new multi(sub)linear maximal function

) =C ”f”pl,vl,R” ngpz,vz,an f,9€ m+(Rn)v (1)
0,00

q,u,(

( ) =0 ”f”pl,UhRn HgHm,vQ,R”v fv g e er(Rn) (2)
q,u,(0,00

m

1
M(fi,---, fm = — i(yi)| dyi, R"™,
Fra - ) (@) supHHQ‘/Q\f(y)! v, ze€

Q> i

where the supremum is taken over all cubes in R" containing x with sides parallel
to the coordinate axes, introduced in order to control the multilinear Calderén-
Zygmund operators. Recall that, this operator is strictly smaller that the m-fold
product of M, that is, the operator [[;~, M f;, where M is the Hardy-Littlewood
maximal operator. Drawing paralells between linear and m-linear theories, in our
opinion, it will be useful to have a characterization of weight functions for which
n-dimensional m-linear Hardy operator

HE (fro - fon) (1) = /B RCLES /B o @) 150
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is bounded from LP!(wq) X -+ x LPm(w,,) into LP(u), that is, the inequality

[ Hp (fr- s Fm)ll ey < Cllfillzes o) - [ fmll Lom ()

holds.
In one-dimensional case, the bilinear Hardy operator Hy = Hi, acting on
M*(0,00) x M (0, 0), is defined by

Ho(f. 9)(x) = /0 " eyt /0 " () dr.

As far as we know, the boundedness of Hy : 9 (0,00) x M+ (0,00) — LI(u),
that is, the bilinear Hardy inequality

(/ooo (/Of | 9>qu<m> da:>1/q <

00 1/p1 oo 1/p2
S C (/0 fp1,01> (/0 gp2'02> P f7 g € 9ﬁ+(0,oo) (3)

has not been considered previously in the literature, apart from [4] and [16], where
general bilinear operators were considered and their boundedness was character-
ized in the case 1/q¢ > 1/p1 + 1/p2, by means of a Schur-type criterion. The
boundedness of Hy : LP!(vy) X LP2(vg) — L9(u) was characterized recently in [1]
via the discretization method, and in [17, 2, 24] using the iteration method. The
range of exponents in all papers was 1 < p1, p2, ¢ < 0.

As in 1-dimensional case (cf. [17]), the characterization of n-dimensional
bilinear Hardy inequalities can be easily obtained using the characterizations of
multidimensional weighted Hardy-type inequalites, when p; < ¢ (see Theorems 3,
5 and 6). In the most difficult case where ¢ < p;, interchanging the suprema and
applying the multidimensional weighted Hardy-type inequalities, by integrating
by parts, we get that inequality (2) is equivalent to the inequality

0 z q r1/q Lpt (71 1/r1
— - "
(L o) wrat) [ )

< C”QHPQ#&R"? g€ m+(Rn)

with 1/r; = 1/q¢ — 1/p1 (see Theorem 4).
In this paper we characterize the validity of the multidimensional weighted
iterated Hardy-type inequality

‘ / h(z)dz
°B(0,s)

< cl|hllowrn, b€ MF(R™), (4)

p7U7(0’t) q?:LL7(O7OO)
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where 0 < p, ¢ < 00, 1 < 0 < o0, u € W(0,00), v € W(R") and pu is a
non-negative Borel measure on (0,00) (see Theorem 2). We are able to obtain
the characterization under the additional condition that the measure p is non-
degenerate with respect to U 4/P | that is, conditions (14) are satisfied.

In 1-dimensional case there exist different solutions of iterated Hardy-type
inequalities

H‘/tooh(ﬂm

where 0 < p, ¢ < 00, 1 <0 < oo and u,w,v € W(0,00).

Note that the inequality (5) have been considered in the case p = 1 in [6] (see
also [7]), where the result was presented without proof, in the case p = oo in [13]
and in the case § = 1 in [8] and [25], where the special type of weight function v
was considered. Recall that the inequality has been completely characterized in
[9] and [10] in the case 0 < p < 00, 0 < g < 00, 1 < 6 < oo by using discretization
and anti-discretization methods. Another approach to get the characterization
of inequalities (5) was presented in [23]. But these characterizations involve aux-
iliary functions, which make conditions more complicated. The characterization
of the inequality can be reduced to the characterization of the weighted Hardy
inequality on the cones of non-increasing functions (see, [11, 12]). Different ap-
proach to solve iterated Hardy-type inequalities has been given in [20]. In order
to characterize inequality (4) we will use the technique of [9] and [10].

It should be noted that none of the above would ever have existed if it wasn’t
for the (now classical) well-known characterizations of weights for which the
Hardy inequality holds. This subject, which is, incidentally, exactly one hundred
years old, is absolutely indispensable in this area of mathematics (cf. [22, 18]).
In our proof below multidimensional analogues of such results from [3, 5, 21] will
be heavily used.

The paper is organized as follows. We start with some notations and pre-
liminaries in Section 2. The discretization and anti-discretization methods for
solution of inequalities (4) are given in Sections 3 and 4, respectively. Finally,
the solutions of multidimensional bilinear Hardy inequalities are presented in
Section 5.

< C ||h’||9,v,(0,oo)7 h e m+(07 OO), (5)

p,u,(0,~) q,w,(O,oo)

2. Notations and Preliminaries

Throughout the paper, we denote by ¢ or C a positive constant, which is
independent of main parameters, but may vary from line to line. However a
constant with subscript such as ¢; does not change in different occurrences. By
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a <b (b2 a) we mean that a < Ab, where A > 0 depends only on inessential
parameters. If a < b and b < a, we write a &~ b and say that a and b are
equivalent. Throughout the paper we use the abbreviation LHS(x) (RHS(x)) for
the left (right) hand side of the relation (x). By x¢o we denote the characteristic
function of a set (. Unless a special remark is made, the differential element dz
is omitted when the integrals under consideration are the Lebesgue integrals.

For x € R" and r > 0, let B(z,r) := {y € R" : |z — y| < r} be the open ball
centered at x of radius r and ‘B(z,r) := R"\B(x,r). We define S[a,b) := {z €
R™ : a < |z| < b} = ‘B(0,a)\ B(0,b), where 0 < a < b < oo.

Let u be a non-negative measure on A C R™, n > 1. By (A, ) we denote
the set of all g-measurable functions on A. The symbol 9™ (A, u) stands for the
collection of all f € 9MM(A, u) which are non-negative on A. The family of all
weight functions (also called just weights) on A, that is, non-negative functions
locally integrable with respect to measure p on A, is given by W(A, u). If the
measure 4 is the Lebesgue measure on A, then we omit the symbol y in the
notation.

For p € (0,00] and w € MT (A, n), we define the functional || - ||pw,4,, on
M(A, p) by

I1f

1 .
o @) du) i p <o,
P w—esssupy | f(z)|w(z) if  p=oo.
If, in addition, w € W(A, u), then the weighted Lebesgue space LP(w, A, i)
is given by

and it is equipped with the quasi-norm || - ||p,w,4,4-
When w = 1 on A, we write simply L”(4) and || - [lp.a instead of LP(w, A)
and || - ||p,w,A, respectively.

For u € W(0,0), v € W(R") and 1 < 6 < oo, we denote

U(t) ::/0 u(s)ds, Vp(t) ::{ Hv

H”_l Hl,CB(o,t)’

~1/6

0 B(0,t)’ when 6 < oo, € (0,00)

when 6 = oo,

and assume that U(t) > 0, t € (0, 00).
We adopt the following usual conventions.

Convention 1. (i) Throughout the paper we put 0 - 0o = 0, co/oo = 0 and
0/0 = 0.

(i) If 6 € [1,+00], we define 8" by 1/0 +1/6' = 1.

(iii) If I = (a,b) C R and g is a monotone function on I, then by g(a) and
g(b) we mean the limits lim,_,,1 g(x) and lim,_,,_ g(x), respectively.
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Let us now recall some definitions and basic facts concerning discretization
and anti-discretization which can be found in [14], [15] and [8].

Definition 1. Let {ax} be a sequence of positive real numbers. We say that {ay}
18 geometrically increasing or geometrically decreasing and write ay 11 or ar 1

when

e Okl Q41
inf =L > 1 or sup < 1,
keZ ag kez Ok

respectively.

Definition 2. Let u be a continuous strictly increasing function on [0,00) such
that u(0) =0 and tlim u(t) = co. Then we say that u is admissible.
—00

Definition 3. Let u be an admissible function. A function h is called u-quasicon-
cave if h is equivalent to a non-decreasing function on (0,00) and h/u is equivalent
to a non-increasing function on (0,00).

Definition 4. A u-quasiconcave function h is called non-degenerate if
1 h(t [/
lim A(t) = lim — = limQ: im M:0.
0+ t—oo h(t) t—oou(t)  t—0+ h(t)
The family of non-degenerate u-quasiconcave functions will be denoted by €.

In view of [14, Lemma 2.7], we give the definition of discretizing sequence as
follows:

Let u be an admissible function and h € §,. Let a > 4. A sequence {xj}
defined by x¢g = 1 and

x = in ; min h(t)  h(wy)ult) =« when ;
o= int {smin { e SO = f s when k20
(zr) h()u(zg)

T = inf{t; min{hhé) , u(t)hExk)} - a}, when k<0,

is called a discretizing sequence for h with respect to .
Let Z1,7Zs be defined by

Zy ={ke€Z ah(xy) =h(rKs1)}, Zo:=17\Z;. (6)

Then

(i) u(zg) M

(i) h(wy) 11 and 323 |5

(ili) Z = Z1 U Zo, Z1 N Zy = () and for every t € [y, Tj11]

h(zy) = h(t) if k€ 7,

(k) t)
(1) t)

—~

=
>
—~

if keZs.

~
~

e

£
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Definition 5. [14, Definition 2.9] Let u be an admissible function and let 1 be
a non-negative Borel measure on [0,00). We say that the function h defined as

= ulxr dﬂi(t) T (0. 9]
h(.CU) - ( )/[0700) u(t) +u(x)’ € (07 )7

is the fundamental function of the measure p with respect to u. We will also say
that u is a representation measure of h with respect to u.

We say that p is non-degenerate with respect to wu if the following conditions
are satisfied:

Cdp®) 0 s dp(t) _ .
/[o,oo> w) +u() <> 7€) /[0,1] u(t) /[17oo)dﬂ(t> :

Let w be an admissible function and let p be a non-negative Borel measure
on [0,00). Assume that p is non-degenerate with respect to u. Let h be the
fundamental function of p with respect to u. Then h € €, (see [14, Remark
2.10]).

We recall some known results from [14]. Our formulations of the following
statements, which are more convenient for our future applications, are not exactly
the same as in the mentioned paper. But by following the proofs of these theorems
in [14], it is not difficult to see that such formulations are also true.

Theorem 1. [14, Theorem 2.11] Let p,q,r € (0,00). Let u be an admissible
function. Let i be a non-negative Borel measure on [0,00) non-degenerate with
respect to ul, and let h be the fundamental function of p with respect to u?. Let
o be uP-quasiconcave. Let {xy}rez be a discretizing sequence for h with respect

to ul. Then Ja1 y
h(t)"/9~ h(x,)™74
/ )~ Y B

Corollary 1. [14, Corollary 2.13] Let q € (0,00), let u be an admissible function,
let f be u-quasiconcave, let p be a non-negative Borel measure on [0,00) non-
degenerate with respect tot ul, and let h be the fundamental function of p with
respect to ul. Let {xy} be a discretizing sequence for h with respect to u?. Then

(o E8) ) = (2 3) )

Lemma 1. [14, Lemma 3.5] Let p,q,r € (0,00). Let u be an admissible func-
tion. Let h € Qua and g be uP-quasiconcave function on (0,00). Let {x} be a
discretizing sequence of h with respect to u?. Then

sup h()'/s ~ h(y)
t€(0,00) g(t)l/p kezZ g(xk)l/p.
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If ¢ € (0,400] and {wr} = {wi}rez is a sequence of positive numbers, we
denote by ¢9({wg},Z) the following discrete analogue of a weighted Lebesgue
space: if 0 < g < +00, then

1/q
C({wi}, Z) = S {antrez + Nlallea(qu,y.z) = (Z\akwk\q> < 400

kEZ

and

P ({wn}, Z) = {{ak}kez gy 1 = s lawan] < +oo} .
c

If wy, =1 for all k € Z, we write simply ¢4(Z) instead of ¢4({wy},Z).
We quote some known results (see, for instance, [14, Lemma 3.1 and 3.2]).

Lemma 2. Let q € (0,400|. If {7k }rez is a geometrically decreasing sequence,
then

T Y am ~ ||ITkak||eaz)

= ()

and

Tk SUP Gm ~ HTkakqu(Z)
mk ()

for all non-negative sequences {ay}recz.
Let {oy}rez be a geometrically increasing sequence. Then

Ok Y am ~ |lokaklles(z)
m2k ez

and

O SUD Am ~ |lokag|lea(z)
m>k 0a(z)

for all non-negative sequences {ay}recz.

Given two (quasi-)Banach spaces X and Y, we write X — Y if X C Y and
if the natural embedding of X in Y is continuous.

The following statement is a discrete version of the classical Landau resonance
theorem. Proof can be found, for example, in [14].
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Proposition 1. ([14, Proposition 4.1]) Let 0 < 0, ¢ < 400 and let {vg}rez and
{wg }kez be two sequences of positive numbers. Assume that

(o}, Z) = ' ({wi}, 2). (7)

Then
~1
H{wkvk }Hep(Z) <G
where 1/p := (1/q —1/0)4 1 and C stands for the norm of embedding (7).

We shall use the following inequality, which is a simple consequence of the
discrete Holder inequality:

{arbk }Hleazy < l[{an}Hlerz) {0k }Hleo (2)- (8)
Finally, we recall the following ”an integration by parts” formula.
Proposition 2. Let g be a non-negative function on (0,00) such that 0 < [ g(t) dt

< 00, x > 0. Assume that f is a non-negative non-increasing right-continuous
function on (0,00) such that limg_,o f(z) = 0. Let o > 0. Then

/000 </0$ g)ag(m)f(x) dr < 0o < o (/Ox g>a+1d[_f(x)} < .

Moreover,

/000 (/Ox 9>a9(x)f(x) de ~ /(0700) </0x g)aﬂd[_f(x)].

3. Discretization of Inequality (4)

In this section we discretize the inequality

1/q

P a/p
1 t
/(0700) (U(t)/o <ﬂB(07y) h(z)dz> U(Z/)dy) du(t) < cl|hlloprn. (9)

At first we do the following remarks.

TFor any a € R we denote ay = a when @ > 0 and a4 = 0 when a < 0.
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Remark 1. Recall that, if F' is a non-negative non-increasing function on (0, 00),
then

esssup F(t)G(t) = esssup F(t) esssup G(7); (10)
te(0,00) te(0,00) 7€(0,t)

likewise, when F' is a non-negative non-decreasing function on (0,00), then
esssup F'(t)G(t) = esssup F(t) esssup G(7) (11)
t€(0,00) t€(0,00) TE(t,00)

(see, for instance, [15, p. 85]).
Given a non-negative non-decreasing function b on (0,00), denote

B(z,t) == b(:ﬂl))(—::)b(t) (x >0,t>0).

B(x,t) ~ min{l,l;((f))}.

It is easy to see that B(x,t) is a b-quasiconcave function of x for any fixred t > 0.
It has been shown in [15, p. 85] that the relation

Observe that

esssup B(x,t)g(t) ~ esssup g(t) min {1, b(:v)}

t€(0,00) £€(0,00) b(t)
= esssup b(t) ess sup 9(7)
te(00)  re(too) O(T)

= b(x) esssup esssup g(7) (12)
te(mo0) () re(0,)

holds for any g € 9T (0,00). Consequently, esssup;e (o) B(z,t)g(t) is a b-
quasiconcave function.

Lemma 3. Let 0 < p, ¢ < o0 and let u € W(0,00), v € W(R"). Assume that u is
such that U is admissible. Suppose that non-negative Borel measure p on (0, 00)
is non-degenerate with respect to UY/P. Let {z} be any discretizing sequence for
the fundamental function o of u with respect to UYP. Then
1
/ h(2)dz (k)
Sly,xx)

U 1/p
- (zk) )

LHS(9) ~ ‘ +

+

{mk)l/q /S [ )h(z)dz}

0 (2)
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Proof. Let 0 < p, ¢ < co. Suppose that U is admissible on (0,00). Assume
that p is a non-negative Borel measure on (0,00) and ¢ is the fundamental
function of p with respect to U 4/P_that is,

o(z) = Uz, )Pdu(t)  forall  z e (0,00), (13)
(0,00)
where V)
U(x,t) = T+ U@

Assume that the measure y is non-degenerate with respect to U%/?:

dp(t)
/(o,oo) U@ + U2) e < 00, = € (0,00),

du(t) .
/(0,1] U(tyar /[Loo) Apt) = co.

Then ¢ € 40, and there exists a discretizing sequence for ¢ with respect to
U9, Let {z}} be one such sequence. Then ¢(z;) 11 and @(z)U~YP(z1) 1.
Furthermore, there is a decomposition Z = Z1UZs, Z1NZy = () such that for every
k € Zq1 and t € [z, xp11], p(ak) = p(t) and for every k € Zg and t € [zg, xf11],
p(ar)U ()~ = ()T (£) 7.

Applying Corollary 1 to the U-quasiconcave function

(14)

p

£(t) = /0 ( A(o,w h(z)dz) u(y)dy,

we get
()9
LHS (9) ~ / h(z)dz U( )1/p
B(0,y) p,u,(0,z1) Tk 04(Z)
Using Lemma 2
1/q
LHS (9) ~ / h(z)dz (L’;(xkil/p
- x
Sly,0) pyu, Iy F 09(Z)
1/q
~ / h(z)dz +/ h(z)dz (i(wk)l/p
Sly,zk) Slzg,00) p,u, Iy :I;k) 04(7)
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1/q
~ ‘ RIS -
- X
Sly,xr) p,u, Iy F £4(Z)
1/q
@\
Slxy,00) p,u, I}, F 04(2)

where I}, := [zg_1,2k), k € Z. Since ||1]|?

LHS (9) ~ {

~ U(zy), we obtain

p(xg) 1/ }
U 1/p
- (zk) o)

U Ik

/ h(z)dz
S[yzxk)

¥ {ka)l/q / h(z)dz}
S[xk,oo) eq(Z)
By using Lemma 2 on the second term, we arrive at
1/q
LHS (9) ~ | / h(z)dz g((xk)) /
Sly,z) Pl Tk “@)
¥ {qu / h(z)dz}
SlekTr+1) ¢a(z)

<

Lemma 4. Let 0 < p,q < 00, 1 <0 < o0, 1/p = (1/q—1/0)+, and let u €
W(0,00) and v € W(R™) be such that U is admissible and Vy(t) < oo, t € (0,00)
with limy_,o Vy(t) = 0. Suppose that non-negative Borel measure p on (0,00) is
non-degenerate with respect to UYP. Let {z} be any discretizing sequence for the

fundamental function ¢ of the measure p with respect to UYP. Then inequality
(9) holds for every h € IMT(R™) if and only if

1/q
l/p xk—lvxk‘)
er(Z)

+ H{ 23)Y9C (2, 21t }H < 00, (15)

where

Hfs[twk) h(z)dz‘
B(xp—1,x1) : = su Py [Tk —1,7k) (16)
k-1, Tk p - ’
heM* (S[zrk—1,21)) I ”971)75[‘@,671’;5’6)
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and

1Al11,S[zh 0 1)
Clzg, Tpy1) = = sup e (17)
heMm+t (S[zk,zk+1)) |’hH9,U,S[Q€k,Z‘k+1)

Moreover, the best constant in inequality (9) satisfies ¢ =~ A.

Proof. Sufficiency. In view of (16) and inequality (8), we have
1/q
/ h(z)dz %
Sly,xk) U(xk) P

p(ax)'/
{B(xk17$k)UWHhH9,v,S[Ik17$k)
€T 1/‘1
k 0 (2)

)14
I

Psu, I 04(Z)

<

()

< [RULIIPEE . i o

1Pl wmn.  (18)
()

By (17) and (8), we get

{go(xk)l/q /S[ )h(z)dz}

= H{SO(xk)l/qC(xm$k+1)HhHe,v,S[zk,wm)}

< H{ga(aml/qcm,w}HMZ)

a(2)

0a(2)
(19)

By Lemma 3, using (18) and (19), we obtain

o(xy) V1
LHS l/p .%'kfl,wk)

+ {e@o @}, >

e (z)

= Allhllg,vrn-

Consequently, (9) holds provided that A < oo and ¢ < A.
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Necessity. Assume that the inequality (9) holds with ¢ < co. By (16), there
are hy € MT(R™), k € Z, such that supp hy, C S|xg_1,7k),

1
||th9,v,S[xk,1,xk) =1, / hi(z)dz > QB(a:k,l,ack) for allk € Z. (20)
S[yvxk) p7u71k
Define
h=>" amhn, (21)
MmEZ

where {ay }rez is any sequence of positive numbers. Then, by Lemma 3, we have

1/q
LHS (9) > 3" amhim %
Sly,x) Ulak)te
Y, Tk meZ p,’u,lk ZLZ(Z)
/a
x
> {akB(xk_l,xk)(%} (22)
k e
Moreover,
RHS (9) = ¢ Z amhim =c H{ak}”ﬂ’(Z) : (23)
meZ 0,v,Rn"
By (9), (22) and (23), we obtain
T 1/‘1
|| {%B(ifk—hwk)[%} S cl{artle(z) - (24)
g ta(2)
Then, by Proposition 1 we arrive at
1/q
H{ 7P ZEk_l,l’k)} Se. (25)
e (Z)

On the other hand, by (17), there are 1 € IMMT(R™), k € Z, such that
supp ¥, C STk, Th11),

C(xp,xpy1) for all k € Z.  (26)

) =

N =

Hq’bk||9,vys[gjk@k+1) = Tht1
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Define
h=> bmtm, (27)

meZ

where {by }rez is any sequence of positive numbers. Then, by Lemma 3, we have

LHS (9) > {mk)“q / 3 bmwm} >
Slxk, K1) me7z 0a(2)
> 1/q
z kuﬂﬂ(%k) C(xmfb’kﬂ)} .
We also have
RHS (9) = ¢ || > bythm = c|[{ox}Hlpo(z) -
meZ 0,0,R"
Consequently
|{ee ot} < el
Then, applying Proposition 1, we get
H{ 2p) Y90 (g, T }H Se (28)

Combining (25) and (28), we arrive at A S c. <

Remark 2. Let 1 <60 < oco. Note that

-1/0

, , when 0 < 00,
0",Sxk,Tr+1) kel. (29)
—1H ’ when 6 = oo,

1,5[zk,xk41)

lo=/

C(xg, Tpy1) = {

o

If 0 < oo, then, in view of Lemma 2, it is evident that

H{ ) /qC (Tk, Tpa1 }H — H{SO(xk)l/qu_l/e

0’,S[xr,Trq1) }

0 (2)
~ H{(p(;pk)l/quv—l/ﬁ 9/,5‘[9%,00)} e
Monotonicity of Hv_l /0 0" S[t,00) implies that
H{SD(xk)l/qHU_l/e 9’,5[%700)} e (Z > H{ xk)l/q} (2 )tligloHU o ¢’,S[t,00)"
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Since {(p(a:k)l/q} is geometrically increasing, we obtain

| { ety /el

1/q s -1/0
0(Z) Z p(o0) ¥ lim v

9’,S[mk,oo)} 0’,S[t,00)"
This inequality shows that lim; o Hv_1/9||9/55[t’oo) must be equal to 0, because
p(00) is always equal to co by our assumptions on the function .

Stmilarly, lim;_ ||v_1|\1’5[t700) must be equal to 0, when 6 = co.

Therefore, throughout the paper we consider weight functions v such that
limy—, o0 Vp(t) = 0.

Note also that the condition Vy(t) < oo, t € (0,00) implies lim;_oo Vp(t) = 0,
when 1 < 6 < oco.

4. Anti-discretization of conditions
In this section we anti-discretize the conditions obtained in Lemma 4.

Lemma 5. Let 0 < p,q <00, 1 <0 < o0, 1/p=(1/g—1/0), and let u €
W(0,00) and v € W(R™) be such that U is admissible and Vy(t) < oo, t € (0, 00)
with limy_,o0 Vy(t) = 0. Suppose that non-negative Borel measure p on (0,00) is
non-degenerate with respect to UY/P. Let {z} be any discretizing sequence for
the fundamental function ¢ of the measure p with respect to U9/P.

(a) If 0 < p, then A =~ A*, where

4= H{‘P(xk)l/q< sup U(t»xk)l/pve(t)>}

te(0,00)

€ (2)
(b) If p< @ and 1/r =1/p—1/0, then
A~ B*,

where

1/r
B = || p(ap) '/ </ U, wk)r/pd(—%(t_)r)>
(0,00) £e(Z)
Here
Vop(t—) := lim Vp(7).

T—t—
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Proof. (a) By [21, Theorem 2.2, (a) and (f)], from Lemma 4 we have

T 1/q t 1/p _
Ar ‘P(’c)USup</ “(s>d8) v I/G\e/sww
U(ze)'? ver, \ Juy_, o 00 (2)
1/q|(,,—1/6
@ N g o
By Lemma 2, we get
go(:zk)l/q 1/p||,,—1/6
A< Z——supU(t)/Pllv /
< {U(mwte}z O Moo
1/q|(,,—1/6
+ {90(3%) HU 9’,S[Ik,xk+1)} 00 (Z)
<p(l‘k)1/q 1/ —1/0
s —=— sup U(t)/P|v /
{U O s |
1/q|(,,—1/6
@ 1™y, gy 0
go(xk)l/q 1/ -1/6
— —=— sup U(t)/P|v /
{U(ka)l/Pte(o,wk) ) H 7 Slte) ()
+ {tp(wk)l/q< sup [[o™ /" 0/S[too)>}
t€[z),00) o e (Z)
~ {‘P(xk)l/q< sup U(t, ay,) /P! }9'5[“’0)>} -
t€(0,00) o tr(Z)
We now prove the reverse estimate. We have
. o(x) 1/p|[,,—~1/0
A ~ —sup U(t p v ’
{U(wk)l/p Sup @7l 0',5[t,00) v
1/q|(,,—1/6
+ {«p(xk) v e',S[xk,oo>} (2
x 1/q t 1/p _
2 s ([ wtshds) o g
U(xk) tely, Th_1 s 4r(Z)
p(ap) 1/p|[,=1/0
| e
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1/q||,,—1/6
+ @ ™l s}
1/q t 1/p
5 So(l'k)l sup </ u(s)ds) HU*1/9
U(zp)V/? \ter, Tp—1
1 —-1/6
et N H
1/q||,,—1/6
S N C R PP |
1/q t e
o[ et Sup< / u<3>ds> o1/
Uxe)? \ver, \ Ja,_,
1/q||,,—1/6
L RS Ea PN
1/q t e
g Qo(fk)l sup (/ u(s)ds) Hv*1/9
U(zp)'/? \ el Tp—1
1 —-1/6
+ {ﬁp@k) /qHU / 9’,5[9%,00)} 20 (Z)
1/q t e
- <p(mk)1 Sup(/ u(s)ds> [
U(zgp)'/? \ el Tp—1

+ [fotenia

0",Sxk,TK41) } 0P (Z)

N. Bilgicli, R.Ch. Mustafayev, T. Unver

)]

)]
)
)]

~ A.

e (2)

e (Z)

0 (2)

00 (2)

(b) Assume that 6 < co. By [21, Theorem 2.2, (b) and (g)], and (29), from

Lemma 4, we have

o(xy) 4
U(l‘k)l/p

(/z:kl (/;1 u(s) ds) " u(t)|[v1/*

+ |[{o@e e

ED(Z)
/mk
T—1

t r/0
</ u(s)ds> u(t)dt
Th—1
it is easy to see that

(ijl </xil u(s) d.g) T/Qu(t)Hvua

el’s[xk’karl) }

Since
1/r

()1

~ U(xy) '/,

1/r
0',S[t,xk) dt)

1/r
0',S[t,zx) dt)

00 (Z)

0 (z)
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1/r
p(zp)t [ [ t r/0 e
{U(xk)up " l‘k—1U(S)d8 u(t)dt Hv 0 Sleparn)
7‘/0 1/7"
plax) '/ /’”’“ /t ~1/0||"
u(s)ds u(t)||v ) dt
{U(xk)l/p er s \Jap I 0',St,00)
0 (Z)
1/r
play)'/ o /6 —1/0||"
{Uuk)l/p o, DO g
1/r
QO(xk)l/q o ~1/0 .
[o "l g0y A U D"
k Tp—1

Integrating by parts, we arrive at

1/q r/p -1/6
l/p U(t) d( - HU
wk 1,Zk)

i H (zx) 1/qHU 1/6

€ (2)

N

IN

00 (Z)

Q
—
p
8
S

0 (z)

1/r
9’,S[t—,oo)>> }

0°(2)
(30)

9/,5[33]‘;7,00)} KP(Z)

By Lemma 2, in view of Remark 2, we have

9’,S[Ik—700)} EP(Z)

— [{otawr (e )|
. 1r

{w(ﬂck)”q (Zk (H”W v stoimoo ~ 107 ;’7S[xi+1—700))> }
1r

{@(xk )1/ (Hv Ve g’,S[wk+1—,OO)>> }
1r

{W(a:k)l/q (/ d( — |Jo=/? o S[t—,oo))) }

[en-241)

[{tany o

1/6

— lim Hv
m—00

0,5z —,00) ()

~
~

e (2)

~ ~1/6

0',S[x),—,00) H”

e (z)

~
~

0 (z)
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Using the latter in (30) and applying Lemma 2, we arrive at

1/r
1/q
:Uk r/p _ —-1/01|T
l{ xk: 1/p ’xk) U(t) d( HU 9/7S[t,oo)>> }
1/r
1 -1/0
{90(%) /4 (/{xk - d( = lo°|l5 S[t—,oo)>> }

e (Z)

_l’_

()

1/r
~ 1 T —-1/6 _ %
[ (e )Y
’ 00 (2)
Consequently, A < B*.
Conversely, by Lemma 2, in view of Remark 2, we have
1/r
1/q
r —-1/0||"
l{ l/p [x N )U(t) /pd<_ H’U / 6’,S[t—,oo)>> }
k—1,Tk KP(Z)

- H{90(»"%)1/"\\11_1/‘9

0,5z —,00) } ()

1/r
) V/a t r/p .
5 (L ) e
U(xg) [Tr—1,2k) Tg—1 , ’

H{ 1/p U(wp- UpHVW 9’,S[xk_1—,oo)}

+ | { @ o™l 10, oy}

sl

()

00(Z)

00 (2)

e (L (o) o 0))

+[{ ety e ey H{E0 20

%l

e (Z)

9’75[961971—700)} 9’75[%—700)}

1/r
o(xy) 9 t r/p ey
et (L (L o) o0

e (z)

e (2)
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+[{etan /o

Integrating by parts yields

QI,S[J?k—,OO)} ép(Z) :

B* < @(xk)l/q / H —1/0"
~ U(xk)l/p [®—1,78)

+ |[{et@/afomrro

0.5[t, oo)d(</x:1 “(3)d3>r/p>>l/r}

0’,S[mk—,oo)}
1/r
0/ ,St, oo)dt> }

0 (2)

00 (Z)

T CA t 1o
~ i p u(s)ds H Y
(mk’) [Tr_1,2k) Tp-1

+{eta e

e (z)

OI,S[I]C—,OO)} €P(Z) :

Since

H {@(xk)l/qﬂv_l/e

= H{‘P(xk—l)l/qﬂv’l/@ )

- r/0 1r
90( ) 71 ) / k—1 (/t >
R S v | Y / — u(s)ds ult)dt
{ U(x )1/17 H 0", 8wk—1-,00) < Tr_2 Tk—2
1/(] T t 7’/6 1/7’
M u(s)ds Hv_l /6 9/ ,S[t—,00 dt
Ulzr-)"? \Jops \Jayy o
1/q a:k t r/6 1/6 "
1/p k-1 (/Ikl U(S)d8> HU ! S[ti’oo)dt

we arrive at

1/r
) p(xy) /‘”Ek /t /6 e
B2 d t dt
N {U(””k)l/p 2o \Jayy w(s)ds | u®lo™ g g0
p(ap)/e ([ t /0 e 1r
o (L, (L, ) 0 st

+ |[{ @ /afomrro

9’,S[xk7,oo)} EP(Z)

9/7S[xk:717700) }

Q

e (2)

IA

0 (2)

)

00(Z)

()

%

0 (2)

0 (z)

0’,S[rk,oo)}
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Now assume that § = oco. In this case the proof can be done in the same
line and we leave it to the reader. The only difference is that one should apply
21, Theorem 2.2, (e)] and take into account that C(zx, zr11) = v |1, Sfwp.ep.1)s
keZ. 4

We are now in a position to characterize inequality (9).

Theorem 2. Let 0 < p,q < 00, 1 < 6 < o0, 1/p = (1/q—1/0), and let
u € W(0,00) and v € W(R"™) be such that U is admissible and Vy(t) < oo,
t € (0,00) with limy_,o Vy(t) = 0. Suppose that non-negative Borel measure i on
(0,00) is non-degenerate with respect to UY/P. Then the inequality (9) holds for
every measurable function on R™ if and only if

(i) 0 < min{p, q} and

1/q
Nj:= sup </ Uz, t)9/P du(t)) sup U(t, z)PVy(t) < .
2€(0,00) (0,00) te(0,00)

Moreover, the best constant in (9) satisfies ¢ = Nj.

(i) ¢ <6 <p and

1/p
><< sup U(t,;z;)ﬂﬂ@(t))pdu(aﬁ)) < 0.

te(0,00)

Moreover, the best constant in (9) satisfies ¢ = Na.

(i) p< 0 <gq,r=0p/(0—p) and

1/q
N3 := sup < Z/[(x,t)q/pd,u(t)> X
z€(0,00) (0,00)

1/r
X (/ Ut,z)?d (— Vg(t—)")> < 0.
(0,00)
Moreover, the best constant in (9) satisfies ¢ = Njs.

(iv) max{p,q} <6, r=46p/(0 —p) and

p/0
Ny = / ( Uz, ) du(t)> «
(0,00) (0,00)
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/T 1/p
X (/ Ut,z)"'?d (- V[g(t—)T)> du(z) < 0.
(0,00)
Moreover, the best constant in (9) satisfies ¢ = Ny.
(v) 8 =00 and

a/p 1/a
Nj := / (/ Ut,z)d( - Voo(t)p)> du(x) < 00.
(0,00) (0,00)

Moreover, the best constant in (9) satisfies ¢ = Ns.
Proof.
(i) The proof follows by Lemma 4, Lemma 5, (a), and Lemma 1.
(ii) The proof follows by Lemma 4, Lemma 5, (a) and Theorem 1.

)

)
(iii) The proof follows by Lemma 4, Lemma 5, (b), and Lemma 1.
(iv) The proof follows by Lemma 4, Lemma 5, (b), and Theorem 1.
)

(v) The proof follows by Lemma 4, Lemma 5, (b), and Theorem 1. «

5. Characterization of n-dimensional bilinear Hardy inequalities

In this section we give characterization of n-dimensional bilinear Hardy in-
equalities (1) and (2).

The following note allows us to concentrate our attention only on characteri-
zation of (2).

Remark 3. Note that the inequality

(L (U ) o)™
<C < / ) f“m)l/m < /R ) gmvz)l/m (31)

1s equivalent to the inequality

(7 7 Fan?) 702)
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1/p1 1/p2
sc< / fpwl) < / g%) , (32)

a(t) = w(t)t2,91(2) = v (Jo)22) 2207 Gy (x) = vy (|| 2 | T2 0P),

where

Indeed: Since any f € M (R™) can be uniquely represented as f(x) =
g(|z|72z) |27, g € MFT(R"), then inequality (31) is equivalent to the follow-
g inequality:

</OO (/ £yl 2y)lyl =" dy/ a(jy"2y) [y~ dy>qu(t)dt> La -
0 B(0,t) B(O,t) =

1/p1
<o [ Gy amblma)

1/p2
<( [ o)l ) (33)

Using the substitution x = |y|~2y in multidimensional integrals, we see that
(33) is equivalent to the inequality

</OOO </°B(0,1/t) flayde: /°B(0,1/t)g($)dx> qu(t)dt) " =

1/p1
<C </ f(x)plvl(\x!‘zx)\xr?n(l_pl)daz) X
R’ﬂ

1/p2
( / g<x>p2v2(|xr2m)|x|—2"<1—m>dx) ,

and finally applying T = 1/t, we conclude that the latter is equivalent to

</0°O <ﬁ3<0x> flw)de- [moﬁ) g(xm) q“(7_1)7—2 dT> " <

1/p1
< C’< f(x)plvl(|x]_2x)\x|_2”(1_p1)dx> X
R’ﬂ

1/p2
x(/ g(:v)p2v2(|x\_2:v)|$|_2"(1_p2)dm) .
Rn
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Now we present and prove our main results.
Theorem 3. Let 0 < ¢ < 00, 1 < p1, pa < o0, p1 < ¢, and let u € W(0,00),
v1, v2 € W(R™). Then inequality (2) holds for all f, g € MT(R™) if and only if:
(a) 1< p» < g < o0, and

—1/p2

P}, °B(0,t) Hvz Hp'2,°B(o,t) < 0.

By := sup U(t)l/qul_l/p1
te(0,00)

Moreover, the best constant C' in (2) satisfies C ~ Bj.
(b) 1 <pe<o0,0<q<pe, 1/ro=1/q—1/p2, and

1/ra
r2
Py, B(0,y) dy) < 00.

t
._ 1/ ra/ s
b2 '_tes(lolgo) vy pl“p'pcB(O,t) </o U(y)""u(y)|[v; |

Moreover, the best constant C in (2) satisfies C =~ Bs.
(c) p2 = o0, and
—1/p1

Bs := sup Hvl
te(0,00)

! —11|9 /e
oo ([ 10 Ly ) <o

Moreover, the best constant C in (2) satisfies C ~ Bs.

Proof. Interchanging the suprema, we obtain

H fCB(o,.) [ fCB(o,.) Y

q,u,(0,00)

sup
f,geMm+(R") 1 fllp1 01,87 1191l p2,00 RA

1 H fCB(O,-) f- fCB(O,-) 9

= sup ——— SUP
gEM+(R") ”g”m,v%R" femt(Rn) Hprl,vl,R"

au(000) - (3y)

By [21, Theorem 2.2, (a) and (f)], we get

q,u,(0,00)

H fCB(o,) [ fCB(O;) g

sup
f,geM+(R™) Hf”phvl,R" ||g||p2,v2,R”

1 t q 1/q Yy
~ sup ———— Sup (/ (/ g) u(r)dr) H”l p1
19lp2.02 7 teo,00) \Jo \J<B(0,7)

geM*(R™)

P, B(0,t)"
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(a) Let 1 < py < g < co. Again, interchanging the suprema, by [21, Theorem
2.2, (a) and (f)], on using (10), we get

H fCB(o,.)f'ch(o,)g

sup Q7u7(0700)
f.gemt (Rm) HfHPl,vl,R” HngQﬂ)z,R"
. q 1/q
By (55 (o 9) xioa(utr) ar)
p1
= Sup v c sup
(Ooo)H 1 P B(O’t)gemﬁ([[gn) Hg”pz,v%R"
~ sup vy l/p B0y SUP </yX(O,t)(T)U(T) dT> " Hv_l/m L, °B(0,y)
1€(0,00) P BO 0700 \ o e T
1/q
_ —1/p1 Y —1/p2
= s 7 e s () s ey
_ 1 1/p —1/p
= S(EEO)U )Mo Ile, pllvz 2 2, “B(0,1)"

(b) Let 1 < py < 00,0 < q < pgand 1/ry = 1/q — 1/p2. Interchanging the
suprema, by [21, Theorem 2.2, (b) and (g)], we obtain

H ch(0,~)f : ch(O,-)g

sup q,u,(0,00)
f.gEMT(R™) £ lps o1 &7 192,00, R
. q 1/(1
! L <fo (fCB(o,T) 9) X(0.0)(T)u(T) dT)
1
~ sup |lv /< sup
(O oo) 1 P, B(Ovt) g€m+(Rn) ”g”P27U27Rn
- 1/
~ sup Hvl pl”pp 0.6

t€(0,00)

0o y r2/p2 a7 1/r2
X(/O </0 X(0,6) (T)u(T) dT) X0 @u@)llvy (7 g dy>

1/p ! / 1/p 12
1 T - 2 || 72
P, B0) </0 U(y)"/Pu Hv P, B(03) dy> )

= sup Hvl
t€(0,00)
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(c) Let po = oco. Interchanging the suprema, by [21, Theorem 2.2, (e)], we
obtain

(f0°° <ch(°’” I Jena 9) uft) dt) B

sup

f,geMm+ (R™) HprLvl,R" ||9||p27v2,R"
- q 1/q
- (5 (S0 ) xoa(utrar )
~ sup |[v ) sup
t€(0,00) ! P B(O’t)gEEUH(R") Hngz,vzﬁR"
1/ t !
—1/p1 —119
~ sup |jv , /u(y) v c dy>
T Lol e ( OO o R

<

Theorem 4. Let 1 < p1,ps < 00, 0 < g < p1, 1/ry = 1/q— 1/p1. Sup-
pose that vy, vo € W(R™) are such that ||vi_1/pi||p<7c3(0?t) < 00, t € (0,00) with
limy o0 ||Ui_1/pi||p'.,°3(o,t) =0, =1,2. Assume that u € W(0,00) is such that

U™/ is admissible and the fundamental function of the measure

dp(t) = U(t)"/d [— o™ ;}1,/%0@}

1s non-degenerate with respect to U™/4, that is, © € Qpyry7q, where

o= [ )

Then inequality (2) holds for all f, g € MT(R™) if and only if:
(i) p2 < ¢, and

7“1
pll,cB(O,t):| y S (O, OO)

1/r1
me= s ([ oo < g o))
(0,00) ’

/
z€(0,00) P

X sup Z/{(t,x)l/qugl/m
te(0,00)

P (°B(0) < OO

Moreover, the best constant C' in (2) satisfies C ~ Aj.
(i) ¢ <p2 <11, 1/ro =1/q—1/ps2, and

1/r
— r/agrpyi/ag | — |l /P
Ay = sup (/(O’OO)U(I‘J) VU @)ad | — |lvy p’l,CB(O,t)})

z€(0,00)
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1/ra
r2/q g — ||~ 1/P2||"2
X (/(O’M)U(t,x) 2 d( H’U 2 pg,(t,oo))> < 00.

Moreover, the best constant C' in (2) satisfies C ~ As.
(iii) r1 <p2 < o0, 1/ro =1/q—1/pa2, 1/l =1/r1 — 1/p2, and

/ / 1/p i
o r1/q ri/q TP
4 '_(/(o,oo) ( (O,OO)U(m’t) v d{ AT t)D

l/ro
X Z/lt,x”/qd<— v~z >>
(f,_utearina( =
) y 11
r —L/p1||™
U lqd[ er pl,Bm,m)]) <.

Moreover, the best constant C' in (2) satisfies C ~ As.
(iv) p2 = o0, and

Ay = (/m,oo) (/(Om)u(tm ( HleHlS[too))rl/q

1/r1
1
L))

Moreover, the best constant C in (2) satisfies C =~ Ay.

XU(x)rl/fId |: _ val/pl

Proof. Assume that 1 < p, ps < 00,0<¢q<p; and 1/ry =1/¢—1/p1. By
[21, Theorem 2.2, (b) and (g)], (34) yields

- q 1/q
<fo <f°B(o,t) f ch(O,t) g) u(t) dt)
SUp 1/p 1/p2
LgEMT (R
froeamr (&) (fRn fplvl) (fRn 9”2@2)
(15 wwa)™" wioy oo
= sup

gEM+(RN) ( f gp2v2) 1/p2
Rn

1/r1
T1
p, CB(07$) d.’I;)

9

where
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s o . ~1
By Proposition 2, in view of lim;_, ||v; /p ||p’1,°B(0,t) = 0, we have

(/OOO (/Ox v(t) dt> o V() oy
(o (o)

1/r
1
p’l,cB(O,z) dIL‘>

1/m
r1
pﬁ»CB(O,w)]> :

Thus
- q 1/q
<fo <f°B(o,t)f'f°B(o,t) 9) u(t) dt)
Sup 1/p1 1/p2
,gEM+ (R"
f.9€ (R™) <f]Rn fplvl) (f]Rn gp2fv2>
. r1/q 1 p i 1/r1
<f(0,oo) <fo w(t) dt) d [_ g p’l,cB(O,:L‘):|>
~  sup
geMT(0,00) 1/p2
Jgn 9202
1 (= na / —1/p1 ™1 i
<f(0,oo) (U(J}) Jo () dt) U(x)"/d [_ Iicn p’l,cB(O,z):|>
=  sup .
geEM*(0,00) 1/pz
fRn gp21)2

(i) The statement follows by Theorem 2, (i).
(ii) The statement follows by Theorem 2, (iii).
(iii) The statement follows by Theorem 2, (iv).
) (

(iv) The statement follows by Theorem 2, (v). <

In the limiting case when p; = co we obtain the following statement.

Theorem 5. Let1 < py < 00,0 < g < 00, and let u € W(0,00), vy, v € W(R™).
Then inequality

0 q 1/‘1
( / ( [ g) u(t)dt) < Cllf ooz [9lpamnzr  (35)
0 °B(0,t) °B(0,t)

holds for all f, g € MT(R™) if and only if:
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(i) p2 < g, and
! 19 1/p
Dq:= sup </ v c dy) N < 0.
N A7) e ) R s PR

Moreover, the best constant C' in (35) satisfies C ~ D;.
(il) ¢ < p2 < 00, 1/r9 =1/q — 1/pa, and

00 t 1 %
Dy:(g ([ o 1 ey )

1

—1/p2||r2 )dt> 2 < 0.

Hvl ! H1 B(0,t) H”

Moreover, the best constant C' in (35) satisfies C ~ Ds.
(iii) pe = oo, and

o0 1/q
Dy = ([t o 1 o 13" IS o ) <o

Moreover, the best constant C' in (35) satisfies C = Ds.

Db, ‘B(0,t

Proof. By [21, Theorem 2.2, (e)], (34) yields

<f0°° <fCB(°’t> I Jea 9) "t dt> )

sup =
f.g€Mm+ (R) [1f lloc 01, &n 19]]p2 02 R
q i 1/q
<f0 <f°B 0,t) ) Hvl 17 1,°B(0,t) dt)
= Sup .
gEMT(R™) 119lps vz "

The proof follows by application of [21, Theorem 2.2]. <

We have the following statement when ¢ = oo

Theorem 6. Let 1 < py, pa < oo, and let u € W(0,00), vy, v2 € W(R"™). Then
inequality

esssup< [ g)u@)sc\fum,m,Rn||g||p2,02,w (36)
te(0,00) “B(0,t) “B(0,t)

holds for all f, g € MT(R™) if and only if:
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(a‘) p1, p2 < 00, and

—1/p1 —1/p2

E; :=esssupu(t)||v , v c < 0.

te(0,00) H py,“B(0 H ph, “B(0,t)
Moreover, the best constant C' in (36) satisfies C ~ Ej.

(b) p1 < 00, p2 = 00, and

Ey :=esssupu(t Hv_l/m B (0.4) Hv LBy < O°
te(0,00) P ’ ’

Moreover, the best constant C' in (36) satisfies C ~ Es.

(©) p1 = p2 = 0o, and

1
Ey = esssupu®) o7, e 157 e < 00

te(0,00
Moreover, the best constant C in (36) satisfies C ~ Ej.

Proof. (a) and (b): Let p1 < co. By [21, Theorem 2.2, (c¢) and (h)], (34)
yields

€8S SUP¢e(0,00) (fCB((),t) f- fCB(oyt) 9> u(t)
sup

f,g€M*(R™) Hf||p1,v1,R” HngQ,vQ,R”

~ 1 1/191
~ sup ——— sup | esssup g |u(r Hv1
gem+ @) [19llpa,v2 R te(0,00) \ re0,0) \J<B(0,r)

Interchanging the suprema, by duality, on using (10), we arrive at

p’l,cB(O,t) :

€88 SUD (0,00) <ch(07t) f- f°B(0,t) g)u(t)
sup

f,g€MT(R™) HprLvl,R" Hng27U27R"

A~ sup Hvll/m ' <Bo) esssup u(T) sup JBonY
t€(0,00) PP re(on) gem+ (R 19lps,vz 7

1/p2
€SS su ’LL v
p’l,CB(O,t)< ~e(0 tg) H 2 Py, “B(0,7)

1/p1

= sup Hvl
te(0,00)

= esssup u(t Hv pth(Ot H L/

7, °B(0,t)’
t€(0,00) Pz, BO1)
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when py < oo, and

€S8 8UDye(0,00) (fCB(o,t) [ fCB(o,t) g> u(t)
sup

fLgeM+(R™) ||f||p1,v1,R” ||9||oo,v2,R"

A2 ess sup u(t)”vfl/]g1

te(0,00)

P!, B(0,t) }”2_1“1,%(0,1:)’

when py = o0.
(c) Let p; = pa = 0co. By [21, Theorem 2.2, (d)], (34) yields

€S8 8UD¢e(0,00) (fCB(o,t) [ fCB(o,t) g> u(t)
sup

f.gem* (") [/ loo,01. &7 [1glloo,vz

: Fam )0
~ sup ——— sup | esssup g u(t) ) (v c .
gem+ (&) 11910000, R 1e(0,00) < re(0,0) < “B(0,7) el B(0)

Interchanging the suprema, by duality, on using (10), we arrive at

€55 SUP¢e(0,00) (fCB(o,t) f- f‘B(o,t) g> u(t)
sup

fLgeMm+(R™) ||f||w7v1,R” ||g||w,v2,R”

0.9
A sup Hvl‘lHLCB(M(esssupu(T)< sup B(0)>>

t€(0,00) 7€(0,t) gEM+(R™) 119l 00,02 k"

" 1e(050) o oy <eTSeS(zgU(T)HU?HLCB(O’TO

= ggfofgor;u(ﬂ}lvf U esomlloz a0
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