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Chlodowsky type (), ¢)-Bernstein-Stancu operators
M. Mursaleen®, A.A.H. Al-Abied, M.A. Salman

Abstract. In the present paper, we introduce Stancu-Chlodowsky type (A, ¢)-Bernstein
operators and investigate their approximation properties. We obtain convergence prop-
erties of these operators by using Korovkin’s theorem and Voronovskaja type theorem
for new operators. Finally, we generalize these operators and give some approximation
properties.
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1. Introduction and preliminaries

In 1912, Bernstein [2] proposed the famous polynomials called nowadays Bern-
stein polynomials to prove the Weierstrass approximation theorem. He defined

them as follows.
Let B, (f;z) : C[0,1] — C|0, 1] be defined for any f € C[0;1] by

Bo(f;z) = zn: < Z ) 2P (1= z)Fky (S) . zel01]. (1)

k=0

Later, it was found that these polynomials possess many remarkable prop-
erties and their various generalizations have been studied [14, 13, 6, 10, 11, 12,
15, 16, 17]. The importance of the Bernstein polynomials led to the discovery
of their numerous generalizations aimed to provide appropriate tools for various
areas of mathematics, such as approximation theory, computer-aided geometric
design, and the statistical inference.

Let ¢ > 0. Then for each non-negative integer n, the g-integer [nl,, the
g-factorial [n],! and the ¢ -binomial coefficients are defined by (see [8])
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1—=¢" +
[n], == { e FaERIA e Nand 0], =0,
nn, if g =1,

— nlgln —1g---[Ug, n>1,
[n]g! = { : n=0,

On the other hand, Karsli and Gupta [9] introduced ¢-Chlodowsky operators
as follows:

where

=[] @62

and 0 < ¢ < 1,0 <z < b, and b, is a sequence of positive numbers such that
b

limy, 00 by, = 00, limy, 00 — =
[n]q

Recently, the Chlodowsky variant of g-Bernstein-Schurer-Stancu operators
was introduced in [18] as

(@) S My +
By (i) = l;)bn,p,k(w;q)f <[n]q n Ian> (4)

wheren € N, pe Ny, 0<¢<1,0<2<by, a,€Rand 0 < a <. For p=0,
a = [ =0, we obtain the g-Bernstein-Chlodowsky polynomials.

In 2018, Cai and Zhou [5] introduced (A, ¢)-Bernstein operator bases with
shape parameter A € [—1,1] as

n

BL(f;2) = bon(mia)f <> : (5)

k=0



where

Chlodowsky type (A, ¢)-Bernstein-Stancu operators

~

b0(230) = bno(239) = prgrborii(z:q),

b (239) = by p(w; q) + A(anﬂ,k(x; a9)-

- 7@}(1@%@1_1 bni1k+1(23q) ),

Zn,n(«ﬁ Q) = bn,n(x§ Q) - [n}q%bn-i-l,n(x; Q)‘

7

and by, k(x;q) = [ Z ] (z)*(1 — a:)g_k, A € [—1,1] is the shape parameter, k =

q
1,2,.,n—1,n>2z€0,1]]and 0 < ¢ < 1.
For more recent works on A-Bernstein basis, we refer the readers to [1] and

[4].

Lemma 1. Lete,(t) =t", r € NU{0}, 2 €[0,1], 0< ¢ <1 and n > 1. For the
(X, @)-Bernstein operators Bl | (f;x), we have

(0)B) \(eo;z) = 1

(z’i)Bf%)\(el; x) =

(ii)) B \(easw) = a® 4=

[lg(fnlg—1) ~ 2 -1
A

+”“‘x”)]+dm4mm+

—[TL + 1]q[13(1 - $n):| + m

_2[n+ 1]qx _n 2
al, T,
[n+ 1] Az (1 —2™)

n+1]gz(1 —2™) 2[n + 1]z [1 —a"

3 [1_(1—@

[1 —(1—a)ptt - x"“] }
2[n + 1] 2z%(1 — 2" 1) (1 — q)

n+1

{2[n + l]qx2(1 - m”_l)

= T+ +

[nlq([nlg +1) [ —1
1—(1—a)ptt — 2™ — [+ 1gz(l —2")

+

Q[n]q([n]q —1)

(x —1) [n+ 1]z

[n]q {n]q([n]q -1
_2[n+ 1A [ﬂs(l —z")
[n]q([n]?] —1) [n]q

+fmuﬂ%1w4ﬂ

q

L e =)

+q(2+q@)z*(1 — 2"
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A N
T e -
et (- am) | 1-(1— @t o gt

qnlq + o }
i {an
(1 —q)n+1]ga?(1 — 2" L [t gz — 2™)

2[n]q
1-(1- :E);H‘ql _ gl } q

g*[nlq

+

2. Construction of operators

Considering the revised form of (A, ¢)-Bernstein operators [5], we construct
the Chlodowsky of (), ¢)-Bernstein-Stancu operators as

Bfla’ﬁ)(f§$): - BN, (z:q)f [k]q+abn . (7)
00 = hoateas (L5

Lemma 2. Let e, (t) =t", r € NU{0}, and n > 1. For the Stancu-Chlodowsky

type (A, q)-Bernstein operators bea)\ﬁ;(f, x), we have
(B (eoso) = 1
o\ (f) _ bn, { [n]qx [((q - 1)[”]:1 —q—1)[n+ 1]1133
1)B el;xr) = + A
WBaaler ) = G155 oI~ Db

2(1 — g)[nfg[n + 1}q$2
([n]7 —1)b3

((q—1)2q — Vnlg + @)ln+ 1, + (1 — g)lnl, ( x )"“

+

A1) b
1 .\,
_7(1([”](1 Y <(1 — E)QH _ 1” + a}
2 n),x
ipiens) = et ar I (a0 - i

[n +1]gz

ﬂ_n+mﬂ4ww—f+QfWW—Dm
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+<[<[n1 @-1) —q<2q2 13g-2) - 1)

n .132
—4qa(l —q ][q(][qTE [n]q([n ]q_l))(ﬂ
llog ([{ijl n_+1)1£3 [n — ! + { {(((f —1)(2¢ — 1)[n]q

136 4 [nlyfn + 1], +2a(<<q— 1)(2g — Dl + 0)ln + 1],

1 [n+1],
+(1 - CD["]@!)] q(n2—1) [n];+1

T} () s (-a- o))

Proof. We can obtain (i) easily by the fact that Zzzogmk(x;q) = 1. Next,
by (7), we have

(ii) Using [k]y =

[k +1g 1 and [k}g = M - @, we have
q q q q

(,B) B LN k], + o
By (e;x) = kzzobn,k( q)([]quﬁ )
by n '
T g+ <k:0[k] bn k(23 9) + a)
bn, n
- [n]q+ B <k:o[k]qbn k(234)
+A [k]qwbﬂJﬂ,k(%; q)
k=0 2
n—1 nly — o0k - .
) ;[mq[ o 2L (i) +o)
[n]jn - <[nb]z:z: T )\<A1(n; z) — Ao (n; x)> i a>'

Now, let us calculate Aj(n;z) and Ag(n;x):

Ar(mz) = S [k, e
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80
1 " 9 LS
= []7_1 kzo[k]qanrl,k(x; Q) - [n]gi—l kzo[k]qanrl’k(x; q)
n 1 . n—1 qlnl, 2 n—2
n]+ ]) kz:bnk ([T]L]Q[ an 1k(59)
q bn o a
2 1
_ [n+ 1]gz _ 2q[n]q[n +1ga*  ((2¢ — Dnlg + 1)n + 1] <x>n+1
(Il + Vb, (ml2— 182 n2—1 »
8)
Ag(nsz) = Z[kq] ke [n]229[k]1 bpt1,k+1(3q)
k=1 q
1 n—1 2(] n—1 )
= [n] 1 [k]qbn+1,k+l(l’; Q) - [n]2 ] Z[k]qbn+1,k+1(x§ q)
g k=1 q k=1
n+ 1],z nol 1 n_l
- 060, E D050 = g 1) 2 P (59
2(n. 2 n—2 2n
- [( n kzobn 1k33q q([[n ankmq
92 n—1
“dE D) ; bnt1,k+1(73 )

n+ 1]z 2[n]4[n + 1]422

T ol Db (W%
(2¢g—=D[n+1]g—qg+1)[n] <x>n+1
1 q%F_%)n+l 1 by
i (R o

Combining (8) and (9), we have

@8) (o) — o [[nlex ((g—Dnjg —g—1)[n+ gz
Bn,A,q( 1;7) [n]q + 5{ T )\[ q( n] —1)b,
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_2(1 — q)[n)g[n + 1ga?
([n)2 —1)b2
L (g =1)(2q = Dlnjg + @)n + g + (1 — @l < x >"H

q([n]7 — 1) bn
st~ 55 1) o}
(i) BYS) (eai @) = kio/b\n,k(x; q) Gi]]qigbny

~ (Il £ (Z (i) + 20 Koo (wiq)
k= k=0

n

3 kb q>)

k=

0
2
= b {a2 + 2lngox + 204)\[

([n]q + B)2 bn
( —Dinfg —g—1)n+ 1z _ 2(1 — g)[n]q[n + 1]4?
q([n]2 — 1)bn ([n)z — 1)2
((q= 12— Dnlg+ @ln+1]g+ (1= q)nlg ("
" g([n2 — 1) <b>

i () | R

n

A= D (St S i
n k=0 q

- i[k]g "l El]iqyf]f — 1bn+1,k+1(37; CI>> }

k=1

_ b [n]qz

= [l + )2 {a + (2a+1)—/— b, + 2« )\[
g =D)n)g —g—1)[n + g

q([n]7 — Dbn

*(Wq([”]" -0 Hq) 7

n
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(= 1)(2¢ = Dnlg + @)ln +1g + (1= @) [ =\
- g([n2 - 1) (b)

_qwal) ((1 - it - )] 4 A(Ag(n; 2) — Aa(n; $)> }

Calculate Ag(n;z) and Ay(n; ). Using [k]3 = [k]q+q(2+q)[k]q[k—1]q+¢° [K]q[k—
1]4[k — 2]4, we have

n

Az(nyz) = Z[’fﬁwbnﬂ,k(w;q)

k=0 nlg =1
n+1 k(73 q) [71]27—1 Z[k]qbn+l7k($; q)
k: q k=0
_q[n]q[n—i-quwfb (2 n+1qx Zb (z:
n—1 n—2
2[n+ 1],z _ 2q(2+ q) qn + 1 qacz
k=0
26 [n]q[n + 1]gln — 1]42° 2
Pt teel@i)

il ol = 20— i+ Dye
([nlg + 1)bn ([n]3 — 1)o7
_2q3[n]q[n + 1g[n — 1]q933

([l — 13,

q((2¢ = D[nlq + 3)[nlgln + g _ [0+ 1]‘1] < 3 )”ﬂ. (10)

(]2 — 1 )y +1) \ b,

[k +1g[klg [k—i— 1y 1

Using [k]2 = . 7 + — and [k]} = [k + 1]g[kl[k — 1],
k+1gkl,1—q)  [k+1), 1
_[+Hq2( q>-|-[j]_3] —q—3,wehave

n—1
. _ [”]q - QQ[k]q —1

by 1k+1(759)
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— n—1
Z b1 k+1(25q) — 2 Z[k]gbn+1,k+1($§Q)
n]q 12 2 —1 2=
_ [lln + 1]g2% S , n+ 1 qa: «
= by 2 g 2
1 n—1
+Wq+1) 2 bt 1,k+1(75 Q)
NiglM — .’L'3 n3
_2‘1[ ]qg[n‘]zl 5 g an 2.:(2; q)
. n ZL‘2 n—2
2An+ 1),z 2 . 2 = _
~ (2~ )by ; b (w5 q) + 2E-1) ;:1 bn1,6+1 (25 )
_ [n+ gz ([nlg — 2¢ + 1)[njq[n + 1]11352
a*([nfq — 1)by q([n]; — 1)b3
_ 2q[njg[n + 1g[n — 1]q2°
([n]7 — Db
(2¢ = Dlnlg — Dlnlgln+1g [y ] (x\""
+| a2~ 1) Tl - 5(i)
+q2([n]1q gy (1 (- ;)ZH)' (11)
Combining (10) and (11), we have
2 anes
EACTONE ([n]qu— 6)2{02 + (20 + 1)[1}:
(¢ =Dnjg —g—1)[n+ 1z
(R
2(1 — gn+1q\ z?
+<[n]q([n]q -1) - ( ([(2]% ]_[1)+ | )b%

(= D2g—Dnlg+ @+ g+ 1 —lnly [ 2\
* g([n2 — 1) <b>
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(a1

((¢* + Dnjg — ¢* + Dn+ 1]z
( 27— Db
([n)g(¢® = 1) — q(2¢* + 3¢ — 2) — D[n]y[n + 1]42°
q([n]7 — 1)b2
2q(1 — q2)[n]q[n + 1]qln — 1](1133
([n]2 —1)b3,
+F@”—D@@—DMM+3f+JHMdn+1M [n+ 1]

+

q([n] —1) [n]q +1

() e -a- o))

Lemma 3. Tuking Lemma 2 into the account, we get the following central mo-
ments:

(B (er —wiw) = <[n][: . B 1)”” i [n]jiﬁH

% ((g=1V[njg —g—1)n+1]e _ 2(1 — g)[n]q[n + 1]q552

q([n]2 — 1)by, ([n)2 — )2
(= 1)Q2q—Dnlg+ @ln+1g+ (L —nly (="
" q([nl2 — 1) (b)

o0 a )]

(6)B,) (1 —2)%2) = <1 [ninf 5)“’”2 [n?jfﬁ{A[

(g— Dlnly — g~ Din+ 1y
Q([n]g - 1)bn
2(1 — q)[n]y[n + 1]422
([n]7 — )03
+«q—U@q—Umb+®W+Hq+ﬂ—QW%
q([n]7 — 1)

@) o)+l
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2
* qn]qbi BE {‘“2 +(2atD)

T [(2qa<<q Dl —q—1)

[n]qz

bn,

n+ 1]z
qz([n]g — 1)by

+<[<[n]q<q2 1) = g(2¢? +3q—2) — 1) — dga(l

+(* 4+ D)[nlg — ¢ + 1)

[n]q[n + 1] a?

—q>] S+ 2l - 1>) o

2q(1 — q2)[n]q[n + 1g[n — 1]qx3 2
* (02 — 1763 * { [“q D2

1)l + 3% + Dinlgln + 1y + 2a<<<q 1)

“Dlaly + @l g+ (1= 9l )]
e R ] <b>+

(0]

Lemma 4. If 0 < z < b, and b, is a sequence of positive numbers such that

q([nfg —1)

limy,— o0 by, = 00, limy,—oee ﬁ =0, A € [-1,1], then
q
@ Jim FEBL e - ma) = o
L1 n a
(i1) nh_}ngo [b]fo%fq)((el —2)%z) = (da+ 1)z

3. Korovkin-type approximation theorem

We now give the Gadzhiev’s results in weighted spaces. Therefore we need
to introduce the notations of [7]. Let p(z) = 1 + 2%, —c0 < z < oo and B,
be the set of all functions f defined on the real axis satisfying the condition
| f(x) |< My¢p(z), where My is a constant depending only on f. B, is a normed
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space with the norm || f ||,= sup,>g JB, [ € B,. C, denotes the subspace
of all continuous functions belonging to B, and Ck denotes the subspace of all

flx) _

functions f € C, with lim;_, ) = k, where k is a constant depending on f.

Theorem 1. Let (B,,) be the sequence of positive linear operators which act from
C, to B, such that

@@HBdﬂx%ﬂﬂbzo,ie{QL2}
Then for any function f € C’],f
Tim (1B f — fll, = 0.
and there exists a function f* € C’,,\C’;f such that

lim [|Bof* — f*]l, > 1.
n—oo

Theorem 2. Let B( ) be the sequence of positive linear operators defined by
by,
(7) and p(x) = 1+ 22, with 0 < x < by, limy, 00 by = 00, limy, 400 —— = 0,

[nlq
A € [—1,1]. Then for each f € C’S

lim [|B) (i) — f()], = 0.

n—oo

Proof. 1t is enough to prove that the conditions of the weighted Korovkin
type theorem given by Theorem 1 are satisfied. From Lemma2(i), it is immediate
that

lim HBn/\q(eo, xz)— 1|, =0. (12)

n—oo

Using Lemma2(ii), we have

@B (o) — 2l = VI su L
”Bn,A,q (e1;x) lp = ([n]q 13 1) :cEII%)o 1+ 22
by ((¢ = Dlnlg —g—Dn+ 1z
T, et a([n2 — Db,
_2(1 — q)[n]q[n + 1]z
([n]z —1)b3

((g— D2 — Dnlg + @)ln+ 1]y + (1 = @)nly [ "
* a2 —1) ( )
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i ()] e e

lim ||B )\q(el, xz) —z|, =0. (13)

n—0o0

Hence we obtain

By means of Lemma 2 (iii), we get

(f) . _ 2[nlq a?
”Bn,)\,q (62,$) - xQHP - (1 n]q +5) xERo 1 +1’
— q —Dn+ 1]z
S Lt S TR
(1 —q)[n]g[n + 1]z
([n]7 — 1)o7
(¢ —1)(2q — 1)[n], + Q)[n + 1o+ (1= gnly (="
* a([n]2 — (m)

2

by o o [n]q allg —
+([n]q+ﬁ)2{ + 2o+ 1) 5" +A{<2q ((q = 1)[nly

q1>+@2+UMMq2+Q

1 z yn )} }
—_ - — —1 sup
q([nlg — 1) ( b z€Ry 1+CU2
x

n+ 1],z
¢*([n]; — 1)bn

—|—<[([n]q(q2 —1) —q(2¢* + 3¢ —2) — 1) — 4ga(1

[n]q[n + 1]q a?
)| ST+ 2alnly(oly 1)) 3

q

2q(1 — qQ)[n]q[n + 1]q[n _ 1]q$3
’ ([n]2 —1)b3 + { [((q2 —1)(2¢

—nmq+w?+nmmm+uq+a4ﬂq—n@q—wmm

[n+1]q
[n]q+1

+q)[n+1]q+(1—Q)[n]q>} ;_1) B

«ﬁsin}<i)wl

2qa — 1 x n+1>]} 1
it o TS T -
el D) ( S velty 1+ 2
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lim ||Bn/\q((227 z) — ||, = 0. (14)

n—o0

From (12), (13) and (14), for i € {0, 1,2}, we have

lim [|B{%) (¢ 2) — 27, = 0.

n—oo | A
Applying Theorem 1, we obtain the desired result. «

Now, we present a weighted approximation theorem for functions in Cg.

Theorem 3. Let 0 < x < by, limy, o0 b, = 00, limy,_ o0 [bT =0, A e [-1,1],
njq
fe Cg and a >0 . Then we have
lim sup |B7(lafq(f’ #) — f@)| =0
n—00 2€[0,00) (1 + x2)1+a .
Proof. For any fixed zy > 0,
Lo IBRGGn —f@) B (fie) = f@) |
O () N I
+ oy | Bt (39 = £(2) |
x>£0 (1 + 22)i+e
< B (f12) = F@)llcgom
| B+ ) |
1l sup -~ T
e>zo (L4 22)
4o L@

e>azo (1+2 )1+a

=L+ 1L+ I (15)
Since | f(z) |< [|f]|,(1 + %), we have

I @] LAl Mfllo

= su < su .
o (L4 a2)tva = D0 02y = (14 42)a

Let € > 0 be arbitrary.
There exists n1 € N such that
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.B) 2
|B£La/\q(1—|—t;1:)| 1 €
) < 1 2 YT ) V >
11, (14 x2)l+a (14 x2)1+a ||f”p(( T+ 3||f”p> e
11l €
< —2F 4 Vn > nq. 16
(1+x2)a+3 n = ni ( )
Hence
B) 2
| B (14t 2) | [FA I
27\ -, v >
||f||p5§£) (1 + a2)1+a (1+a2)e + 3 n>n
Thus
2[lflle | €
I I < o) Vn > :
PR Gaage Ty AT
I1f1l, €
Now, let us ch to be so large that 1712 €
TEW et us choose g to be so large tha T+227 6
en,
2e
I+ 13 < 3 Vn > ni. (17)
€
L= BS)(F) = flowa) < 50 Vn=ns. (18)

Let ng = max(ni,n2). Then, combining (15)-(18), we obtain

| B (fi2) — fla) |
sup

< €, Vn > ng.
z€[0,00) (1 + x2)1+a

This completes the proof.«

4. Order of convergence

Now we give the rate of convergence of the operators BT(LO‘)\’8 ; (f;x) in terms of
the elements of the usual Lipschitz class Lipys (7).

Let f € Cp[0,00), M > 0 and 0 < v < 1. We recall that f belongs to the
class Lipps(7y) if the inequality

[ f(t) = fle) [SM[t—x|" txel0,00)

is satisfied.
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Theorem 4. Let 0 < z < b,, 0 < o < f and A € [-1,1]. Then for each
f € Lipy (), we have

(NI

| BYE) (f52) = f(o) |< M(0n(2))3,

where

on(z) = B ((t — )% ).

Proof. For f € Lipp(vy), we obtain
| B (fi0) — f(@) |

uates) (1 (120, ) - 50 )

k=0 [l + 5
no N [k]q—l-a — flr
< Shualf () @)
n__ a Y
< Man’k(fx;Q) {7]{;]](;16 n —

Applying Holder’s inequality with p = % and ¢ = 3, We get following
inequality:

« ~ -~ k (6% 2
| B (f2) = fla) | < M<an,k<x;q>({ntj an—x))

k=0
2—y
no_ 2
x < bn,k(w;q)>
k=0
From Lemma 2 we get
(a,8) 2. \\? (R@f) =
(e «,
= M<Bn,/\,q ((t—=) ,:E)) (B o (1;:17))

= M (B ((t - 2)%2))

Choosing d : 0, (x) = B,(f)’\ﬁ) ((t — 2)% 2)

we obtain

(N3

| BED) (f52) — f(x) |< M(3a(2))3.

Hence, the desired result is obtained. «
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We will estimate the rate of convergence in terms of modulus of continuity.
Let f € Cp[0,00), and suppose the modulus of continuity of f denoted by w(f,d)
gives the maximum oscillation of f in any interval of length not exceeding § > 0
and it is given by the relation

w(f,0) = max | f(y) = f(z) |, =,y €][0,00).

ly—z|<d

It is known that lims o+ w(f,d) =0 for f € Cp[0,00) and for any § > 0 one has
—x
1) - £ 1= (25 ) wiro), (19)
Theorem 5. If f € Cp[0,00), then

| B (i) = f(@) 1< 20(f3 (v/0()),

where w(f;-) is modulus of continuity of f and 6, (x) is the same as in Theorem

4.

Proof. Using triangular inequality, we get

Ssanals (Bs30) )
< 2 bl ’f<n Bb> f(‘””')"

Now using inequality (19), Holder’s inequality and Lemma 2, we get

| B (fr2) — f(2) | =

Bd) SN | b0 — |
| B () = f(2) | = ) buklaig) — T 1]w(f.9)
k=0
< W(f,0)) buslwia)
k=0
w(f,8) x~r ‘[k]ﬁa —z

1) LN k Q 2\ 3

- e 0 (St (f 25 -))

k=0
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= wlr.0)+ LD (B -0 )

Choosing § = ,,(x) as in Theorem 4, we have

| B (fs) = (@) |< 20(f5 (V0 (@))-
This completes the proof. «

Theorem 6. If f is a differentiable function on [0,00) and f € Cp[0,00), then
for any x € [0,00) and § > 0, it follows

B (fi0) - f) = \( Il —1)x+ br {)\[

[y + [y + 8
% (g =1Dnjg —g—1)[n + g _ 2(1 = g)[n]q[n + 1]g2?
q([n]2 = 1)b, ([n)2 — 1)p2
(g — DQ2q = Dnlg + @ln+ 1y + (1 = @)y [ 2"
" g([n2 — 1) <b>

f'(x) + 20w(f",0),

w0 1) e

(c,8) :
with § = <Bn,)’\7q ((e1 — )% x)) .
Proof. Starting with the identity

ft) = f(@) = fl@)(t —2) + f(t) — f(2) = f(2)(t - =), (20)

we get for £ between t and x

[f(t) = f(@) = fl@)t =) = [f(&)— f@)t -],

using the Lagrange mean value theorem (f(¢)— f(x) = f'(£)(t—x), with £ between
t and x). As |§ — x| < |t — x|, it follows

7O @l < wilt-oh< (145 0= Jolro),

and
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10 - 1) - F@-al < (=45 - 02 Ju(s.0)

Applying the linear positive Stancu-Chlodowsky type (A, ¢)-Bernstein opera-
tors (7) to the inequality

10~ @) < |-l + (10-o] +5a-a?)ulr0)

obtained from (20) and the above relations, we get

B (1) — f@)] < f'(@)| B (e1 — 230)
6% 1 (6%
+ <B§17fq)(el —zy2) + 53727;{3;((61 —2)% x))w(f/, 5). (21)

The Cauchy-Schwarz inequality for linear positive operators leads to

N

1
2
B (| er—x |ya) < <B£7i’?;(eg;x)> .<B7(%fq)((el—$)2;m)> . (22)

Due to the relation (22) and the result presented by Lemma 4,the inequality (21)
becomes

B (fi0) - f) = ‘( 7l 1)x+ b H

g +5 [n]q + B
% ((¢g=Dinlg —g—D[n+ 1 _ 2(1 — g)[nlg[n + 1]q5’32
q([n]2 = 1)b, ([n]2 - 1)b2
((g=DR2q—=Dnlg+ @n+ 1, + (1 = g)nly [z "
" g2 - 1) <b>

(08 )]

1
2

with 6 = <B(O‘/{B)((e1 - :c)2;x)> . <

A9
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5. Direct results

In this section we discuss the direct result and Voronovskaja type asymptotic
formula for the operators B, ( ) By Cgl0, 00), we denote the space of real-valued
continuous and bounded functlons f defined on the interval [0,00). The norm
|| - || on the space Cg[0,0) is given by

I fll= sup [ f(z)].

0<zr<oco

Further let us consider the following K-functional:

Ky(f,8)= inf {| f—gll+5 1 g I},
geWw?

where § > 0 and W2 = {g € Cp[0,00) : ¢, g € Cp[0,00)}. By Theorem (2.4) of
[6], there exists an absolute constant C' > 0 such that

K2(f7 6) S CWQ(f7 \/5)7 (23)

where

wa(f,V8) = sup  sup | f(az+2h) = 2f(x +h) + f(2) |

0<h<v/5 2€[0,00)

is the second order modulus of smoothness of f € Cp[0,00). The usual modulus
of continuity of f € Cp[0,00) is defined by

w(f,0)= sup sup | f(z+h)—f(z)].

0<h<6 z€[0,00)

Theorem 7. Let x € [0,b,], f € Cp[0,0), 0 < z < by, 0 < a < B and
X € [—1,1]. Then for all n € N, there exists a positive constant C > 0 such that

| B (fra) = f(2) | < Cuwalf,00(@)) + w(f, an(2)),

where

\/Bn/\q 61 _gj $)+(an($))2,

ﬁ)n—&-l

an(x) = bpa+ (an + dpz + Abpe, — )a + by, <’rn(b

(1= ) - 1)),
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a = [n]q b — bn, o = ((q— 1)[n}q —q—1)[n+ l]q
" [nlg + B ! [nlg + B " Q([nﬁ—l)bn ’
g = 20=glgn+1, (= 1)(2¢ = Dnjg +g)[n + 1 + (L~ g)[n]
" ([171]3 -nez 7" q([n]7 — 1) ’
gl -

Proof. For x € [0,00), we consider the auxiliary operators B defined by

By (fiz) = niﬁq)(f x)+ f(z) — f(bna—i— (an + dpx + Abpey)x
+Ab,, <rn(bi)”+1 —up((1 - %)nﬂ - 1)).

From Lemma 2(i)(ii) and Lemma 3(i), we observe that the operators B} (f;x)
are linear and reproduce the linear functions. Hence

Bzvq(eg;x) — B ”8)(60, r)+1-1=1

n,A,q
BZ,q(el; x) = éafq)(el; x)+x— (bna + (ap + dpz + Nbpcp)x
B:;,q((m —z)x) = B:z,q(el; x) — xB;q(eo;-T) =0.

Let x € [0,00) and g € C4[0,00). Using the Taylor’s formula, we get
t
o) =g(a) + g @)t — o) + [ (¢~ w)g" (),

x

Applying B,’;q to both sides of the above equation, we have
- - - t
B (g;2) —g(x) = ¢'(2)B,((t—=2);2) + By, ( (t —u)g" (u)du; l‘)

Béa/\i) (/ (t —u)g" (u)du; x)

brat(antdn@+Abncn) T4+ Abn (1 ()" —uy (1— &) H1-1))
_ / (bna
+(an + dyx + )\bncn)m + Ab, <7“n(b )n+1 un((l — bﬁ)n—i—l
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—1)) - u> g" (u)du.

On the other hand, since

t
< [le-ullg@ | au

t
sug"n\/ | du
xT

[ = wgn

<(t-a)llg"|

and

bna+(an+dnx+)\bncn)x+)\bn(rn(ﬁ)"*'l7un((1fﬁ)”+171))
/ (bna + (an + dpx + Nbpcp)x

T

by, <rn(;)"+1 (1 — Dyt 1)) -~ u> ¢ (w)du

n bn

< <bna + (an + dpx + Nbpcp)x

+ by, <rn(bx)"+1 — up((1 - bf)"+1 - 1)) - fc>2 1g" 1.

n n

we conclude that

t
< |Bey ([ - wg i)

/bna—i—(an+dna:+)\bncn)1’+>\bn(rn(bzn)”Jrl—un((l—bzn)”+1—1)) (
bno

Biylai) - at2)

T

+(an + dnx + Abpcy)x + Aby, <7“n(bx)"+1 — up((1 — ﬁ)”Jrl

n bn

—1)) - u) g" (u)du

<l g" 1| BEP(t — )+ 1) 6 | <bna T (an + dpt

AR )T + Abn <rn(;)”+1

n
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2
“unl(1= 1)) )
=l 9" || 67(x).
Now, taking into account Lemma 2(i), we have
| By o(f52) 1< BESS(fio) [ +2 ] FI< 31 £

Therefore
| BED(fs2) — fa) | < | Bog(f —gio) = (f—9)@) |

—i—‘f(bna + (apn + dpx

FADnCn )T+ Aby, <rn(bﬂ”)n+1

n

—up((1— %)”*1 - 1)>> — f(x)

+ | By, ,(g;2) — g(z) |
< 4| f-gll +o(f.an(@) +6a) || " | -

Hence, taking the infimum on the right-hand side over all g € C%[0, 00), we have
the following result:

| BYY0) (f32) = f(@) |< 4K (f, 63(2)) + w(f, an(@)).

In view of the property of K-functional, we get

| B (fr2) — f(x) |< Cwalf, 00(@)) + w(f, an(2)).

This completes the proof of the theorem. <«

Let B,2[0,00) = {f : for every x € [0,00), | f(z)| < Mg(1+2?%), My being
a constant depending on f}.

We denote by C,2[0,00), the space of all continuous functions on [0, c0) be-
longing to B,2[0, 00).

Our next result in this section is the Voronovskaja type asymptotic formula:

Theorem 8. For any function f € C,2[0,00) such that f', f" € C,2[0,00), z €

[0,0,], 0 < 2z < by, 0 < a <, limyyeb, = 0, limnﬁoo[l:;f =0, and \ €
q
[—1,1], we have
: @ (,8) _ _ ' 1
am HBw (fi2) = f(@)] = af'(z) + (da+ Dz f"(2).
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Proof. Let f, ', f" € C3]0,00) and x € [0, b,) be fixed. By Taylor

expansion we can write

— )2
1) = J)+ @)+ ) ) -,

where r(t,x) is the Peano form of the remainder, r(¢,z) € Cg[0,00) and

(a.B)

limy_,, 7(t,2) = 0. Applying Bn Ag» We get

Blaipe) i) = @) = F@ 5B - asa) + H B0

o)+ P g (a2,

by, n,A.q
Therefore,
Jm BB ) @) = @ i PR - )
L0 i B g )
+ im0 120 - %0

+ 1im DB (1 )t — )2i)

n=oo by, M

x)
= af'(z) + (da+ Daf'(z)
)(t
)

= af'(z) + (@a+ Dz f"(z) + E.

By Cauchy-Schwarz inequality, we have

L=
—~~
[\
i~
S~—

n—00 A4

£1< tim P B0 020 200 B0 - )
Observe that r?(x,z) = 0 and r%(-,x) € C3[0,00). Then, it follows that

lim [ ]qB(a 5)( 2t,x);z) = (r¥(z,x);2) =0 (25)

n—oo by, A4

uniformly with respect to x € [0, b,]. Now from (24) and (25) we obtain

lim ”qB(aﬁ)( t,z)(t—z)%z) = 0.

nsoo b, M

Hence, £ = 0, and using Lemma 4, we have

i B () - f@) = af(@) + (ot D (@),

n—oo by,
which completes the proof. «
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6. Generalization of the Stancu type
(A, 9)-Bernstein-Chlodowsky operators

We now give a generalization of Chlodowsky-type (), ¢)-Bernstein-Stancu op-
erators. For z > 0, consider any continuous function w(z) > 1 and define

14t
G¢(t) = t .
7(t) f(t) (@)
Let us consider the generalization of Béa)\ﬁ q) as follows:
(o) w(z) =7 [k]q a
L+12 = [nlq 5 [nlg + 5

where 0 < z < b, and (b,) has the properties of Chlodowsky variant of (A, q)-
Bernstein-Stancu operators. Notice that this kind of generalization was consid-
ered earlier for the Bernstein-Chlodowsky polynomials [7], g¢-Bernstein-Chlodowsky
polynomials [3] and Chlodowsky variant of g-Bernstein-Schurer-Stancu operators
[18]. Now we have the following approximation theorem.

Theorem 9. For the continuous functions satisfying

TG R

T—00 (W x)
we have
| B (fi2) - fla) |

lim sup = 0,
T=00 0<z<b,, w(z)

b
provided that x € [0,b,], 0 < 2 < by, 0 < a < B, limy 00 by, = 00, limy, 00 ﬁ =

Nlq
0, and X € [—1,1].

Proof.

B0 (fr2) - fla) = “’(‘”)2( B q)Gf< Moy - bn> _Gf@))

and therefore
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| BSD(fia) — fl@)] . | BY2(Grir) — Gy(a) |
. .

sup
(z) 0<z<bn, 1+ 22

0<z<b,

From | f(z) |< Mjw(x) and the continuity of the function f, we have

| G(z) |< My(1+ 2?), for x > 0 and Gy(x) is a continuous function on [0, c0).
Using Theorem 2, we get the desired result. «

1]

8]

7@) )

Finally note that in case w(x) = 1+ 22, the operator A reduces to Bnof)’fq.
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