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On a Boundary Value Problem for Fourth-Order
Operator-Differential Equations with a Variable
Coefficient

U.0O. Kalemkush

Abstract. In this work, conditions for the regular solvability of one boundary-value
problem for fourth-order operator-differential equations with a variable coefficient on
the semi-axis are found. The obtained conditions are expressed by the properties of
the coefficients of the considered operator-differential equation. Moreover, the norms of
intermediate derivatives operators are estimated in terms of the norm of the right-hand
side of the equation and these estimates are related to the solvability conditions of the
boundary value problem.
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1. Introduction

Interest in studying the solvability of differential equations in Banach and
Hilbert spaces and the spectral problems associated with them is growing every
year (see, for example, [1, 2] and the references therein). First of all, this is due
to the fact that many problems for differential operators with partial derivatives
can be reduced to the study of such equations.

Let H be a separable Hilbert space and A be a positive definite self-adjoint
operator in H with domain of definition D (A). Obviously, the domain of defini-
tion D (AY) of the operator A” becomes a Hilbert space H, with respect to the
scalar product (z,y)., = (A7z, A7y), v > 0. For v = 0 we assume Ho = H.

Denote by Lo (R4; H) the space of all vector functions defined on Ry =
(0, +00) almost everywhere with values in H and with a norm

+o0 9 %
I () = </0 If @ dt) < +00.

http://www.azjm.org 181 © 2010 AZJM Al rights reserved.



182 U.0. Kalemkush

Following the monograph [3], we define a Hilbert space
Wi (Ry; H) = {u cu® € Ly (Ry; H) , A'u € Ly (R+;H)}

with a norm

2 A 9
La(RyH) + |4 UHLQ(R+;H)>

Throughout this work, derivatives are understood in the sense of the theory of
distributions [3].
Obviously, from the trace theorem [3] it follows that

||UHW24(R+;H) = <Hu(4)‘

V[(;24(R+;H) ={u:rue Wy (Ry;H),u(0)=0,u(0) =0}

is a complete subspace of a space W (Ry; H).
Consider the following boundary value problem in a Hilbert space H:

_dhu(t)

4
L(@/dnyu(t) = S+ p () Atu () + 3] A ul (1) = F (1)t € Ry, (1)
§=0

u (0) = o, u'(0) = ¢1, (2)
where f (t) € Ly (Ry; H), u(t) € Wi (Ry; H), o € H%, Y1 € H%, and operator
coefficients satisfy the following conditions:

1. A is a positive definite self-adjoint operator;

2. p(t) is a scalar measurable function in Ry and 0 < o < f (t) < 8 < +o0;

3. the operators B; = AjA_j, 7 =10,4, are bounded in H.

Definition 1. If for any f(t) € La(R4+;H), wo € Hz, p1 € Hs there exists a
2 2

vector function u(t) € Wy (Ry; H) that satisfies equation (1) almost everywhere
in Ry, the boundary conditions (2) in the sense of convergence

. _ . / _ —
Jim () = el =0, lim [l (5) = 1]
and an estimate
il ary < const (1) + ollz + lleals )

then the boundary value problem (1), (2) is called regularly solvable.
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It should be noted that operator-differential equations and boundary value
problems of type (1), (2) for them have been studied by many authors.

In these works, basically, 9 = ¢1 = 0 and p (t) takes only two positive values
(see, for example, [4-11]), i.e. p(t) = afort € (0,tp) and p (t) = B for t € (tg, 00).

In this paper, p (t) can take any positive value and have discontinuity points
of the first kind.

Further, it should be noted that if u(t) € Wy (R, ; H), then by the trace
theorem and by the intermediate derivative theorem u(*) (0) € H4_k_%, k=0,3,

A*Fy®) e Ly (R H), k =0,4. Moreover
|+ o Attt

, < constullyar, gy < const [ullwg(ry ;) -
2

4—k— Lo(Ry;H)

2. Main results

First let us prove the following

Lemma 1. Let wq = —% (1414), we = —% (1 —1), and e~ be a semigroup
of bounded operators generated by the operator —A. Then the vector-function
ug (t) = et 42 +e<2t 5 belongs to the space Wi (R H) if and only if 1 € Hr,

2

o € H%
Proof. The necessity of the statement follows from the trace theorem, since
r1+ 29 € Hr, wix1 + woze = A~/ (0) € Hz. Hence we have 21,75 € Hz. On
2 2 2
the other hand, for x1,22 € Hz we have ug (t) € Wi (Ry; H). For x1 € Hz let
2 2

us show that e*14z; € Wit (Ry; H). Obviously, there exists a vector y € H such

that A7/2z; = y. Then
witA

2
$1HW24(R+;H) =

— 1/2 witA 1/2 witA —
: 2(A ey, At %e y)LQ(R+;H)

o [os]
_9 / i / eV By, y) = V2 [yl? = V2 1] -
"

Hence, we have ug (t) € Wi (Ry; H). Lemma is proved. <

le

2
—9 HewltAAl/Zy‘

Lo(Ry;H

In problem (1), (2) we make the change
wlt) = v () +uo (£), v () € Wi (Rys H) o () € Wi (Rys H)

Moreover, we choose vectors x; and xa from ug (t) = ew1tA g, 4+ ew2t44, 5o that
v(0) =0, (0) =0, ie.

-1
T1 + To = o, w11 + woxo = A7 1.
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It is obvious that ¢g, A" l¢; € H; /2 and are uniquely determined from this
system, and

Jaallz < const (llgollz + llealls)

< 5
Jsllz < const (llgollz + llells )

i.e.
ol ey oy < const (llpollz + llenls )

Thus, from (1), (2) we obtain the boundary value problem

L(d/dt)v (t) = L (d/dt)u(t) — L (d/dt)uo (¢), (3)

Denote
g(t) = L(d/dt)u(t) - L(d/dt)uo (t) = f (t) = L (d/dt)up (1)

Let us show that g (t) € Lo (R4+; H). In fact,

Hg”Lg(R+;H) < ||f||L2(R+;H) + ||L (d/dt) u0|’L2(R+;H) <

d4
<N fllpocmymy + H(ﬁ?io (1) Aluo Lo(Ry;H) !
4
(4 4, ()
M R F L

<1/ iy + 8| Auo| +
S Wl Lo (Rys) ™ ||\ g UOllLy(ry;m)

La(Ry;H)

4
3 1Bag [ 4* o)
j=0

Lo(R4;H) '

Further, taking into account the intermediate derivatives theorem, we obtain

90 o rysmy < WFll Ly (ry 5oy + constluollya g,y <

< W gy + const (Ieolleys + Il 2)
ie. g(t) € Loy (Ry; H).
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Thus, from (1), (2) we obtain the boundary value problem

L(d/dt)v(t) =g (1),
v (0) = 0,7 (0) = 0.
Let us define in space Ly (R4 ; H) an operator Ly with a domain of definition
D (Lo) = Wi (Ry: H), and
d'

7 + p () Atv.

L(]’U =
It is obvious that the operator Lo : Wy (Ry; H) — Lo (Ry; H) is self-adjoint. On
the other hand, for every v € D (L) (v (0) =" (0) = 0)

d*v

(Lov, V) 1y (ry 1) = <dt4’ Y + (0 () A%, 0) 1) 2

) L2(R+;H)
e 4 2
= H” HLQ(R+;H) +aX HU|’L2(R+;H) )
where \g is a lower bound for the spectrum of the operator A. Then we obtain
KerLy = {0} and ImLy = Ly (R4; H). Thus, it is proved.
Theorem 1. Operator Lo maps the domain of definition of the operator Lg
isomorphically onto Loy (Ry; H).

First, let us study some properties of solutions of the equation Lyv = h, where
veD(Ly), he La(Ry; H).
The following theorem is valid.

Theorem 2. Let the vector function v(t) be a solution of the equation

d*v 4
i trO AN () =h () ®)
Then the following inequalities hold for this solution:
. -1
HA 'UHL2(R+;H) <a HhHLz(R+9H) ’ (6)
_1 3
1A% L ryay < 27207 T 1Bl oty » )
1 1
1A% oy < 27 072 Rl Ly » )
1 _1.1
HAU//IHLQ(R+§H) <2730 257 |||y p, ) )
d4U _1 1
‘ dtt < a 282 bl Ly, - 1o
La(RysH)
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Proof. Multiplying both sides of equation (5) by a function p~'/2 (t), we
obtain

1, dho(t 1 _1
)T At = h ).
Hence we have
1 d4’U 1 2 1 2
31— 4+ p2 At = H *ﬁh‘ )
Hp at La(Ry:H) g L2(R;H)
On the other hand, we obtain
4 2 4, 112
leiz +p%A4v = Hpéjz +
t Lo(RosH) N Lo (R
2 d4
‘ p%A%‘ + 2Re (Z A%) : (11)
Ly(Ry;H) dt Lo(Ry;H)

After integration by parts, we have

4 2 2
(C“:,A%) - <A2‘“;,A2d§) . (12)
dt Lo(Ry:H) dt dt* ) 1, (R, 1)

Taking into account (12) in equality (11), we obtain

dy|? 2 2,112 )
L o P e I
dt Lo(R4;H) L2 (Ry;H) dt Lo(Ry:H) Lo(Ry;H)
(13)
From equality (13) it follows that
1 2 112
§A4v‘ < H ‘§h‘ i 14
‘p La(Ry;H) P La(Ry:H) (14)

Therefore, taking inequality (14) into account, we obtain

2 L 2
At = H -3 %A%‘ < a_l‘ §A4v‘ <
H HL2(R+;H) pr La(Ri;H) — P La(Ry;H) —
e L =
- La(RaiH) ~ 2Rt

i.e.
HA4UHLQ(R+,H) S ail HhHLz(R+,H) °

Inequality (6) is proved.
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Further, from inequality (13), we similarly obtain

_1d*
Hp St Lo(RyH Hp 2h‘LZ(R+, H)’
ie. .02 o .
'dv ='p5p—5dv SBH 340 <
At ||y 5m) At || () At || 1y ()
S < W

Therefore, inequality (10) is also proved.
On the other hand, v (¢) is a solution of the equation Lov = h (v (0) = v’ (0) =
0). Then it is obvious that after integration by parts we have:

A2 |2 — (A2y". A2 — [ a4 ‘147”
H v “LQ(R+,H) - ( v, v )LQ(R+,H) - Uy dt4

>L2(R+§H)

4
= (péA v,p‘édf> <
dt Ly(Ry;H)
4
< \p%A‘*v\ Hp‘édij <
Lo(Ry;H) dt LZ(R+.H)
1 2 d*v
<= ’p%A%‘ + Hp 2 . (15)
2 LQ(R+;H) dt 2(R+;H)

From equality (13) it follows that

T | do? L2 2
§A4 ’ T2 — :H 7§hH —2 AQUH .
‘p v Lo(Ry;H) H dt* La(Ro s H) i Lo(Ry;H) H HLz(R+;H)
Considering this equality in (15), we have
1 112
A2y 2 - H ——hH 91| A2y"
| A% HL2(R+; mS3 P Lo(RyH) | HL (Ry:H)
Consequently,
2
2 |4t {d
H HL2 R+,H) - 2 p L2(R+;H)7
i.e. )
A2 /" H 2 ‘ )
H HLQ(R+, - 4 p LQ(R+;H)
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Hence we have
H AQ U”

1 1 1
| < 5074 Rl Lyr i

1
< — -
HL2(R+%H) -2 H’O La(Ry3H)

Inequality (8) is proved.
Let us prove the remaining inequalities. We have
HA?)’U/ = (A%, A%) =

HL2(R+;H) Ly (Ry;H)

=- (A4U’ A2UI,)L2(R+;H) < HA4UHL2(R+;H) HAQU/,HLZ(R+;H) :

Taking into account the proved inequalities (6) and (8), we obtain

3 2 —1o—1 -1 2 -1 -2 2
HA UIHLQ(R+;H) <a 27 ae Hh‘|L2(R+;H) <2 a2 ||h||L2(R+;H)~

Consequently,

HA?)U/HLz(R+§H) <2 3ai ||h||L2(R+?H) ’

Inequality (7) is proved.
Now let us prove inequality (9). For this purpose, consider the norm

2

1
7'21}(4) + A" + §A2U”

N =

La(Ry;H)

for v e D (Lg) (v(0) =" (0) =0), and 7 > 0. It is clear that

2
N=r H’U(4)’ + LAz
La(Ry;H) T

2
HLQ(R+;H)

A (4) g2 ”)2
+ HAU HLQ(RJF;H) +2Re (v A%y Lo(Ry;H)
1
9 ) A2, m L neoA2 1
+27°Re (v ,A%v )LQ(R%H) —|—27_2Re (Av ,A%v )LQ(R+;H).

After integration by parts, we have:

(”(4)’ A%”) La(ResH) 1A\ ) (A%”m (0), A% (0)) ’

e (80.0), =[O
2 —+5
2Re (AU///’AQU//)LQ(R+;H) =— HA%U” (O)H2
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Therefore, taking into account equalities (17)-(19) in (16), we obtain

N=T4HU(4)’2 1 |42
Lo(R;H) T4

HLQ (Ry;H)

_ HAU”/ 2

1 1,3 2
st = 4" © 24k )

Hence we have

HAUW 2

12 sy + 47" ©) + a3 @)+ v =

=7 H (4)‘ A2

1 i

Consequently,

3 2
HAUH/HLQ (B <7t H ) H La(Rs) +T 4HA2””HL2(R+;H)'

1
Putting 72 = (HA%” ? . we obtain for any & > 0

[P DL ey

14017, oy < 201420 oy |0 LatRa) =
< 2[82 P 2’[}(4)‘ Lo(Ry:H) H 2 ,/HL2 (R+;H) <

l 2 1 2 2
< 2< Hp 2l H 2(R+;H)+EHA v”HLQ(R+;H)>.

Taking € = 2_%, we obtain

P~ 2 423 | A% 2

(4) ’

2 1
14 e < 8% (274 oo

Taking into account the equality (13) we have:

| 4v" |2 <2-%g ’

1.1 4 2
HLQ(R+;H)— <27z2B2a7 ||hllL,y(my ) s

1
_5h}
P Lo(Ry;H)

i.e.
"n 1.1 1
A" || ey < 27184072 1Al 1y -
Theorem is proved. <«

Now, let us prove the main theorem.

I

189



190 U.0O. Kalemkush

Theorem 3. Let the conditions 1) -8) be satisfied, and moreover, the operators
Bj = A;A77, j=0,4, be such that the inequality

4
¢= clBijll <1
J=0
1 3 1 1 1 1
holds, where co = ™Y, ¢ = 272a7 1, ¢ 27'a72, cg = 274 2831, ¢4 =

_ 91
oz_%ﬁ%. Then the boundary value problem (1), (2) is regqularly solvable.

Proof. After replacing u (t) = v (t) + uo (t), where v(t) € Wi (Ry; H),
ug (t) = ez + e¥2t42y, problem (3), (4) can be written in the form Lov(t) +
Liv(t) = g(t), where Lov () = T80 4 p(1) A% (), Liv = S0 Ajt)(t),
g(t) € Ly (R4; H). Since Ly is an invertible operator, then, assuming Lov = w,
we obtain an equation w + Lng_lw = ¢ in the space Ly (R4+; H). On the other
hand, for any w(t) € La (Ry; H) we have:

4
—1 o 4—q ]
1EALg 0l 1y o,y = 110l sy < D 1 Bass| HA JU(J)‘LQ(R{H).
j=0 ’

Taking into account the inequalities (6)-(10) from Theorem 2, we obtain:

1
—1
| L1Lg w}|L2(R+;H) < ch 1Ba—jll 1wl 1y s iy = @ lwll po iy sy -
=0

Since 0 < ¢ < 1, we have v = Lj* (E+ LlLal)ilg and

lollwacrysmy < constllgll L,y -

Then the solution of the boundary value problem (1), (2) is representable in the
form u(t) = v(t) + uo(t). Moreover

||UHW24(R+;H) < HUHLQ(R+;H) + ||UOHL2(R+;H) <
< const (119l uayomn + ol + lills ) <

< const (1l ryern) + Iollz + llerlls ) -

Theorem is proved. <«
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