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On the Existence and Uniqueness of the Solution
of Dirichlet Generalized Problem in Arbitrary
Domain of n-dimensional Space R" for Magnetic
Schrodinger Operator

Sh.Sh. Rajabov

Abstract. In this paper, we consider the first generalized Dirichlet problem in Sobolev
and Lebesgue spaces for magnetic Schrodinger operator. The Green operator is intro-
duced, its self-adjointness and positive-definiteness in the space Lo(G) is established.
The existence and uniqueness of the solution of the first generalized Dirichlet problem is
proved in the first order Sobolev space for the spectral parameter A € C\[\g, +00) (Ao is
determined in the text). La-estimation for solving the first generalized Dirichlet problem
is established. Continuous dependence of the solution of the first generalized Dirichlet
problem on the right hand side of the magnetic Schrédinger equation in the space La(G)
is proved.
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1. Introduction

Let G be an arbitrary domain in R”. We consider the magnetic Schrodinger
expression

1
in G, where a (z) = (a1 (z),a2 (), ...,a, (z)) is a real magnetic potential, V (z)
is a real electric potential, x = (21, z2, ..., ) € R™, ¢ is an imaginary unit.
Consider the following two problems in the domain G.
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1.1. The first generalized Dirichlet problem

0 0
Let f(z) € Wz/’l(G), where Wé’l(G) is a space conjugated to the first order
0
Sobolev space W4 (G). Tt is required to find a function u(z) from the class

W(}Ql (G), satisfying the equation
n 2
> (Tpe ta @) 1@V @u@ - du@ =@

in the sense of distributions (see [1], [2]), i.e. for any function from the main
space C3° (G)

n 2
<Z <13 ta (a:)> u () + V(@) (2) — M), o <x>> = (f(2),0(x),

1 0x
k=1 Oz,

where A is a spectral parameter, (h, 1) is the value of the distribution at the point
.
1.2. The second generalized Dirichlet problem

0
Let f(z) € WQ/’I(G). It is required to find a function u (x) from the class
0 0
W (G) that for any function ¢ (x) from the space W (G) satisfies the equality

" () G —
kZl/G< By + iay, (x)u(x))( i iag (m)go(x)) dx+

+/ V(@) = N u (@) p@de =< f (z), 9 (@) > . 2)
G

Note that such problems for the Schrodinger equation were considered in [3],
and the generalized Dirichlet problem in the sense of V.P. Mikhailov for a second
order elliptic equation in a self-adjoint form without minor terms was studied in
[4].

In [5] it is proved that if the functions ax(x),k = 1,2,...,n, have first order
partial derivatives continuous and bounded in G, the function V' () is measurable
and bounded, then these two problems are equivalent. In the same place, it is
proved that if p € (—o0, A\g), where

Ao :ao—nB0—2nA(2)+V0,
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_ 2
ag —;gg{zak (ﬂ:)},
k=1
BO = maX{Bl,BQ,...,Bn},
day, (x)

Tk

B = sup Jk=1,2,...,n,

z€G
AO = Imax {Al,AQ, 7An} y

A =sup |ag (z)], k=1,2,...,n,
zeG

— inf
Vo ;IGIGV(SU),

then the first generalized Dirichlet problem has a unique solution. In [5], the
0

Green operator G, associating to each element f(x) of the space WQ/’1 (G) a unique

0
element u (z) from the space W (G), that is the solution of the first generalized
Dirichlet problem, is introduced and the following lemma is proved.

Lemma 1. If the functions ax(x),k = 1,2,...,n, have first order partial deriva-
tives continuous and bounded in G, and V (x) is a measurable bounded function,

then for p € (—o00, o) the Green operator G, is a linear continuous operator
0

) 0
from the space Wy (G) to W (G).

The goal of the present paper is to study the Green operator in the space
L2(G) and prove the existence and uniqueness of the solution of the first gener-
alized Dirichlet problem in the subset C\[\g, +00) of complex numbers C.

2. Main results

Let p € (=00, Ag). We introduce to the space of main functions C§° (G) the
following norm:

lallayye = /oy () = gl 6,
where
du () 2
a:lik

+ iag(z)u(x)

ha,v (u) = ;/G

Denote the closure of the space C3° (G) by Wg v,,(G) and call it a first order
magnetic Sobolev space. Note that in recent years the properties of any order

dx + /G V() Ju(z)]? da.
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magnetic Sobolev spaces have been intensively studied (see [6, 7, 8, 9, 10, 11, 12,
13]).
In the sequel we will need the following

Lemma 2. (see [5]) The norms |||, and H-\|W21(G) are equivalent, i.e. the

0
space W v..(G) as a topological space coincides with the space Wy (G).

Now we consider G, as an operator from L(G) to La(G).

Theorem 1. The Green operator G, is a bounded positive self-adjoint operator
in the space La(G).

Proof. By Lemma 1 G, is an operator bounded from W7 1. (G) to Wy, v,u(G).
When we consider it as an operator acting from L2(G) to La(G), from the em-
beddings

Wav(G) € La(G) € Wy,,()

it follows that we narrow its domain of definition and expand its range of values.
By the same token, we strengthen topology in the domain of definition G, and
at the same time we weaken topology in the range of its values. Taking into
account these facts and Lemma 2, we see that if f(x) € La(G), then

||Guf||L2(G) < HGMfHWa,V,M(G) <a HG“fHI/Ing(G) < e HG“JCHWQ,V,H(G) <

<3 HG“fHMO/Q(G) < caallflli @ (3)

where ¢;, 1 = 1,2, 3,4, are positive constant numbers. The boundedness of the
operator G, from the space Lo(G) to the space La(G) follows from the chain of
inequalities (3).

Since G, is a bounded operator in Hilbert space La(G), then from the Hellinger-
Teoplits theorem (see [14, p. 136, Theorem 1}) it follows that in order to prove
the self-adjoitness of the operator G, in the space La(G) it suffices to establish
its symmetricity in La(G).

At first we prove that G, is a symmetric operator in the space W, v, ,(G), i.e.
for any elements ¢(x)and ¢ (x) from Wy v, (G) the equality

(Guep, w)Wa,V,u(G) = (o, Glﬂ/})Wa’V,H(G) : (4)

is valid.
Note that by the definition of the Green operator G, the equality

(Gue, w)Wa,V,,L(G) = (Soyw)LQ(G) (5)
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is valid.
On the other hand,

(‘P’G/ﬂb)way,u(c‘) (G u, SD)W vaul@ = (%Z) SD)LZ @)~ (@7¢)L2(G)7 (6)

where Z denotes any complex conjugation of the complex number z. Equality (4)
follows from (5) and (6).

We now prove that for any elements ¢(x) and ¢(z) from the main space
C§° (G) the equality

(Gu¢,1/’)L2(G) = (@vGu¢)L2(G) . (7)

is valid.
By the definition of the Green operator G,

(Gﬂ(p’ w)LQ(G) = (qu% 1/}) Wav,u(G)” (8)

On the other hand,

(. Cut) ey = Guths D)y = (G D)y, ey = (9 G20,y

It follows from the symmetricity of the operator G, in the space W, v,,(G) that
Gi is also a symmetric operator in the space W, v, (G).

Thus, the validity of (7) for any elements ¢(x) and ¥ (z) from the main space
C§°(G) follows from equalities (8) and (9). From the boundedness of the operator
G, in the space Lo(G) and everywhere density of the space C§°(G) in the space
Ls(G) it follows that equality (7) remains valid in the space Lo(G) as well.

In what follows, we assumef(x) € W, v,,(G). Then from the definition of the
Green operator G, we get:

(G;Lfa f)L2(G) = (Gif’ f)Wa,V,/L(G) = (Gﬂf’ Gﬂf)Wa,v,u(G) = 0.

From everywhere density of the space W, v,,(G) in Lo(G) it follows that for any
element f(x) from the space Lo(G) the inequality

( Mf?f)LQ(G 0

is valid.
From the bijectivity of the operator G, from W/,

a VM(G) to Wa,V,p,(G) it follows
that if (Gyf, f)p,q =0, then f =0. <
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Theorem 2. Let A be an arbitrary complex number and f(x) be an arbitrary
function from the space Lo(G) . Then in order the first generalized problem for
equation (1) have a solution, it is necessary and sufficient that the equation

u(@) = (p = A)Guu(z) = G f(z) (10)
have a solution from the space Lo(G) provided \ € (—o0o, Ag).
Proof. Necessity. Let f(x) € Lo(G) and equation (1) have the solution u(x)
0

from the space W3 (G). Rewriting equation (1) in the form

(Ha,yu(z) — pu(z)) + (1 = Mu(z) = f(z)

and applying the Green operator G, to it, we get

u(a) = (= NGyu(x) = Guf (2).

Hence the function u(z) is the solution of equation (10).
Sufficiency. Let f(x) € La(G) and equation (10) have the solution u(z) from

the space La(G). By the definition of the operator G, the functions G, f(x) and
0
G,u(x) are the elements of the space W (G). Consequently, from equation (10)
0
it follows that the function u(z) is also an element of the space W3 (G). Now

applying the operator H,y — uE to equation (10), we see that the function u(x)
is the solution of the first generalized Dirichlet problem for equation (1). «

Now we formulate the main theorem on the existence and uniqueness of the
solution of the first generalized Dirichlet problem for equation (1).

Theorem 3. Let G be an arbitrary open domain in R™ and A € C\[A\g, +00).
Then for an arbitrary function f(z) from the space Lo(G) equation (1) has a

0
unique solution u(x) from the space Wy (G) and the following estimation is valid:

1
(@), < o] 1f @)l Ly » (11)
where k(\) is the distance from the complex number X to the set [Ag, +00).
Proof. Let f(z) € La(G) and A € C\[A\g, +00). The existence and unique-

0
ness of the solution of equation (1) from the space W4 (G) follow from the self-
adjointness of the Green operator and Theorem 2. Let us prove the validity

0
of estimation (11). Let u(z) € W3 (G) be the solution of the first generalized
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0
Dirichlet problem for equality (1). Then for any function ¢(x) from W3 (G) the
equality (2) is valid. From this equality in particular we get

(0 1a(c) = Z/{

Hence, using the Schwarz inequality, we have

2
iay,(z)u(x)

+(V(z) = \) |u(:v)|2} dz.

8mk

2

By +iag(z)u(z)

dx+/G(V(:U)— A) Ju(z )\ dz| <

< @) gy 1)l Ly - (12)

Introducing the denotation A = ReA + iImA, we estimate below the left hand
side of inequality (12):

2
dr+

+ iag(z)u(z)

8$k

2

+/(V( ) — Re) Ju(x)[? d:v—z[m)\/ () 2da

i x—eumez
da:-ir/G(V() RA)\()\d>+

&rk

2
+ (ImA)? </G IU(:L‘)!de> > K2 [[u(@)l| 7,0

Thus, we have
2

dz+

+iag(x)u(z)

oxy,

+ [ (V@) = Nluta)Pdo > KO @) - (13)
Taking into account estimation (13) in inequality (12), we get

kO u(@) 2,6y < 1@ e 1u@) @)

Hence it follows that the inequality (11) is valid. «
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