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Multiple Solutions to a (pi(x),...,p.(x))-Laplacian-
type Systems in Unbounded Domain

N. Chems Eddine*; A.A. Idrissi

Abstract. In this paper, we establish the existence of at least three weak solutions for a
parametric problem for doubly eigenvalue elliptic systems involving the (p1(z), . . ., pn(2))-
Laplacian operator. Our technical approach is based on variational methods and recent
three critical points theorem obtained by Bonanno and Marano.

Key Words and Phrases: weak solutions, variable exponent spaces, (p1(z), .. ., pn(2))-
Laplacian operator, three critical points theorem.

2010 Mathematics Subject Classifications: 35J60, 47J30, 58E05

1. Introduction

In this work, we deal with the multiplicity of weak solutions for nonlinear
elliptic system:

—Api(gﬁ)ui + ai(x)|ui|p"(x)_2ui = )\Fui (x, ULy, Uy -eny un) in RN, (1)

for 1 < i < n, where A yu; = div(]Vui\pi(“)JVui) is the p;(x)-Laplacian
operator for all 1 < i < n, p;(z) are continuous real-valued functions such that
1 < p; = infyepn pi(z) < pi(z) < pf = supyepn pi(z) < N (N > 2) for all z €
RY \is a positive parameter, a; € L°°(R") such that a; := essinf cpy a;(x) > 0,
the real function F belongs to C*(RY x R"), F,. denotes the partial derivative
of F' with respect to u;.

The p(x)-Laplacian operator possesses more complicated non-linearities than
p-Laplacian operator, mainly due to the fact that it is not homogeneous. The
study of various mathematical problems involving p(z) growth condition have
seen a strong rise of interest in recent years, we can, for example, refer to
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[8, 9, 10, 11, 14, 17, 19, 22, 23, 28]. This great interest may be justified by
various physical applications of this operator. In fact, there are applications
concerning nonlinear elasticity theory [30], electro-rheological fluids [26, 27], sta-
tionary thermorheological viscous flows [2] and continuum mechanics [3], etc. It
also has wide applications in different research fields, such as image processing
model [12], and the mathematical description of the filtration process of an ideal
barotropic gas through a porous medium [4].

The goal of this work is to establish the existence of some interval which
includes A\, where the system (1) admits at least three weak solutions, by means
of a very recent abstract critical points result of G. Bonanno and S.A. Marano [7],
which is a more precise version of Theorem 3.2 of [6]. For other basic notations
and definitions we refer to [29].

Lemma 1 (see [7, Theorem 3.6]). Let X be a reflexive real Banach space; @ :
X — R be a coercive, continuously Gateauz differentiable and sequentially weakly
lower semicontinuous functional whose Géteauz derivative admits a continuous
mverse on X*; W : X — R be a continuously Gateaux differentiable functional
whose Gateauz derivative is compact such that

Assume that there exist v > 0 and T € X, with r < ®(T), such that

SuPg () <r Y(®) _ W(F
() 22 ¥ o 3,

(ag) for each \ € A, :=] ig)), supq)(z); q/(x)[ the functional ® — \VU is coercive.

Then, for each A € A, the functional ® — AV has at least three distinct critical
points in X.

The rest of the paper is organized as follows. Section 2 contains some basic
preliminary knowledge of the variable exponent spaces and some results which
will be needed later. In Section 3, we establish our main results and give an
example of potential function F satisfying the assumptions requested in our main
results.

2. Preliminaries and basic notations

In this section, we introduce some definitions and results which will be used in
the next section. Firstly, we introduce some theories of Lebesgue-Sobolev spaces
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with variable exponent. The details can be found in [16, 20, 21]. Denote by
S(RYN) the set of all measurable real functions on RY. Set

C+(RY) = {p e CR™): inf p(z) > 1},

For any p € C;(RY) we define

p~ = inf p(z) and p' := sup p(x).
T€RN z€RN

For any p € C, (RY), we define the variable exponent Lebesgue space as

LPE)(RN) = {u € S(RY): /R lut@) P@ dz < oo} :

endowed with the Luxemburg norm

p(z)
|u’p(x) = ’u|Lp(z)(RN) = inf {,u >0: /RN 0 dx < 1} .

Let a € S(RY), and a(x) > 0 for a.e x € RY. Define the weighted variable
exponent Lebesgue space Lg(x) (RM) by

LP@(RNY = {u e S(RM) : /

RN

a(z)|u(z)|P @ ds < oo} ,
with the norm

u(z)
7

p(z)
de <15.

From now on, we suppose that a € L®(RY) with a := essinf g~ a(x) > 0.

Then obviously L™ is a Banach space (see [13] for details).
On the other hand, the variable exponent Sobolev space W1P(®) (RN ) is de-
fined by

|Ulp(e),a(e) == |u’L£(’“)(RN) = inf {u >0: /]RN a(x)

Wwle@) (RN) ={ue Lp@) (RN) (| Vul € @) (RN)},

and is endowed with the norm
HuHLp(I) = HUHWLP@)(RN) = \u\p(x) + \Vu|p(x), Yu € lep(x)(RN).

Next, the weighted-variable exponent Sobolev space W; p(@) (RM) is defined
by
WP RY) = {u € LED(RY) : |[Vul € LI (RY)},
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with the norm

[l = inf {M >0 /
]RN

Then the norms |jul|, and [|ul|,) are equivalent in Wwer®) (RM).

If p~ > 1, then the spaces LP®(RYN), WP (RN) and W;’p(x)(RN) are
separable, reflexive and uniformly convex Banach spaces.

p(z)

+ a(x)

u(z)
I

dx < 1} Vu € WIPE(RN),

Here we display some facts which will be used later.

Proposition 1 (see [16, 20]). The conjugate space of LP*)(Q) is L' (#)(Q), where

Moreover, for any (u,v) € LP@)(Q) x L' ®)(Q), we have

1 1
| [ wvde] < (= + ) ubiolvlye) < Helolvlye

Proposition 2 (see [16, 20]). Denote p(u) = [pn [uP®dz, for allu € LP@ (RN).
We have

. - + _ N
minfluf. [} < o) < max{luf, bl

and the following implications are true:

(i) lulp@y <1 (resp. =1,>1) < p(u) <1 (resp. =1,>1),
+

+ -
(iii) |u’p(as) <l= ‘“|z(x) < p(u) < |U’Z(x)-

From Proposition (2), we have:
< [ (IVa@P® + o) fu@)P@) do < Jule” it a2 1.
RN

wﬁséngw@ﬂmme%mswm it flulla <1 (3)
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Proposition 3 (see [18]). Let p(z) and g(x) be measurable functions such that
p e L®RY) and 1 < p(x), ¢(x) < oo almost everywhere in RN . Ifu € LI (RN),
u # 0. Then, we have

z +
< 1Pl < lubey

|tlp()g(e) < 1= Julp 2)q(z)’

q()

+ . -
[Ulp@yate) 2 1=l gy < Nl ) < ullge.
In particular, if p(z) = p is constant, then
oy = [ol?,

For all z € RY denote by

Np(z
() = N—p;(7(m)) for p(z) < N
+oo for p(z) > N

the critical Sobolev exponent of p(x).
Proposition 4 (see [16, 18]). Let p € C?r’l(RN) be the space of Lipschitz-

continuous functions defined on RY. Then, there exists a positive constant c
such that

Julyr () < cllulla,  Yu € WEP@(RY).
Proposition 5 (see [16, 18]). Assume that p € C(RN) with p(zx) > 1 for each

r €RN. Ifge C(RY) and 1 < q(z) < p*(x) for each x € Q, then there exists a
continuous and compact embedding WP (RN — L@ (RN),

In the following discussions, we will use the product space
n
X = H W;i,pi(ﬂf) (RN),
i=1
which is equipped with the norm
n
lull =" llullass Vo= (ur,ug,.oun) € X,

i=1

where [|ul|q,; is the norm of Wali’p (@) (RY). The space X* denotes the dual space

of X equipped with the usual dual norm.
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Definition 1. u = (uy, ug, ..., u,) € X is called a weak solution of the system (1)

if

Z /RN <\Vui(x)\pi(x)’2Vuini + ai () |u P2 uivi) dz—
i=1

—-A Z Fy,(z,u1,..up)vide =0
=1

for all v = (vi,ve,...,uv,) € X.
We denote by E) the energy functional associated with the problem (1)
Ex(.) :=®(.) — AT(),

where ®, ¥ : X — R are defined as follows:

uw) = - 1 w (P @ de + ai (2w ()P ) da
2 =3 [ o7 (VP e + (o))

U(u) = / F(z,ui(x),...,up(z))dz.
RN
for any u = (u1,...,up) in X.
It is well known that E\ € C'(X,R) and a critical point of E) corresponds

to a weak solution of problem (1).
Hypotheses. We assume some growth conditions:

(H1) F e CYRY x RY,R) and F(x,0,...,0) = 0.

(H2)  There exist positive functions b;; (1 <4,j < n), such that

—(z,ug, ..., up)

n
. | pij—1
Ou; S;bw(l’ﬂuﬂ T

where 1 < p;; < inf cpn pi(z), and p;(z) > %, for all € RY and for all
i € {1,2,...,n}. The weight-functions b;; (resp b;; if i # j) belong to the
generalized Lebesgue spaces L% (RY) (resp L% (R™N)), with

B pi ()} (x)
T P @pi(e) (@) - ()

ai(z) = ——~"—, ()
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(H3) Assume that there exist r > 0 and w = (wy,...,w,) € X such that the
following conditions are satisfied:

Py

T !
(C1> Zi:l >

(c2) Jev suD(e, eyer(sr) F (@, 61, 6n)dx _ Jan F(z, w1, ..., wy)dx
n +
" Sy ma { lll, s 17}

where K (t) := {(ﬁl,fn) eERN S 1m1n{]§1| \§Z|p () } < t} with

t>0
— i 4+ @)~ )"
and s = min { p;” min Cpi(z) * Cpi () , such that ¢, (,) represent the con-

stants associated with Proposition (4).

3. The main results

We will use the three critical points theorem obtained by Bonanno and Marano
together with the following lemmas to get our main results.

Lemma 2. The functional ® is continuously Gateaux differentiable and sequen-
tially weakly lower semicontinuous, coercive whose Gateaux derivative admits a
continuous inverse on X*.

Proof. 1t is well-known that the functional ® is well defined and is con-
tinuously Gateaux differentiable functional whose derivative at the point v =
(uy, ..., up) € X is the functional ® (u) given by

@' (u)(v) = /QZ (’VW(@“)‘pi(z)_2vui($)vvi($) + az‘(x)|Ui(x)|pi(x)ui($)vi(x)) dx,
i=1

for every v = (vq,...,v,) € X.
Let us show that it is coercive. By using (2) and (3), we have for all u =
(ugy..oyun) € X

_ pi(z ) pi(z)
(u) /RNZ]% @ (Vi ()P @ dx + a;(2)|us ()| )d:r,

= [ (Vul@)r e + a@u@) @) do
1pz

(
>§j+ o { ol s}
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This shows that ®(u) — 400 as ||u|| — oco; that is , ® is coercive on X.
Now we recall the elementary inequality (see, e.g., Chapter I in [15]) for any
a,B RN

{|a — B <27 (Ja| 20— |87728) - (a — f) if v > 2 "

la =B < (la[ +18D)*77 (o 2a = [8726) - (a = B)  ifl<y<2

where - denotes the standard inner product in RV.
Let us define the sets of RY dependent on p;

—{:EER pi(x >2}

Vo i={z eRY 1<pi(z) <2}.

Now we show that ® is uniformly monotone. Indeed,

((I)/(ul) o (IDI(UZ)) (ul o u2) —

= Z/ (|Vu}|IDZ'(‘7”)*2Vu11 - \Vu?]pi(x)*QVua (Vu; — Vu?)dx
— JpN

+Z/ a; (@) |ul P @ u) — ag(@) [u2 @) )(U» —u?) dx,

Using the elementary inequality (4), we get
(@/(u!) — ¥'(u2)) (u! — u?) >
n

Z/ 2p1<z> (I} = )P + ay(a)lu} — w2 da
=1 Upi

n

1 21 \ 2-pi(x)
. pi(x) |vuz — vuz | d
+Z/V Sl (rw,1|+|w%\ !

P4

n 2 2—pi(z)
_ i () uj — u;|
—I—Z/ ai(z)|u} — u?|P <|u1| " |u2| dz.

Due to the facts

i(2)
|Vl — Vu?| 2l
0< | =———% <1
- (\Vuil\ﬂvufl -
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2—p;(x)
|u1 —u?

(@' (u) — @' (u?))(u' —u?)] >

n 1 1 2\ |pi(x) ) 1 2 pi ()
Z;/RNWOV(U@'—UZ‘)‘ + ai(x)|u; — u?| ) d

in other words, we have

and

we have

((I)’(ul) N (I),(’LL2))(U1 _ ’LL2) >
> m1n{2pl }Z/RN |V u — Uu; )|Pz(ﬂc +a( )|ull _u?‘pl(x)) d
1 & ) X
> g Somin a2t 212} 20
=1

for all u! = (ul,...,ul),u? = (u?,...,u2) € X. Hence ® is uniformly monotone

and therefore coercive (see (2)). Since @’ is semicontinuous in X, by applying
Minty-Browder theorem (Theorem 26.A of [29]), ' admits a continuous inverse
on X*. Moreover, the monotony of ®' on X* assures us that ® is sequentially
lower semicontinuous on X (see [29], Proposition 25. 20). <«

Lemma 3. Under the assumptions (H1) and (H2), the functional ¥ is well
defined, and it is of class C' on X. Moreover, its derivative is

u)h = Z/N o, (x,u1 (), .oy un (z)hi(x) dz
Yu = (Ui, .oy tty), h = (h1,...., hy) € X.

Proof. For all u = (uy,...,un) € X, under the assumptions (H1) and (H2),
we can write

u; F
F(z,uy,...,up Z/ or (T, ULy ey Sy ooy p) ds + F(,0,...,0),

n

Fla,ur, ) <o [ [ S bg@lu@po u@) || ©)
=1

J=1
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Then,

T, ULy ey Up) dx < C Y Y () |ws ()P Yy ()] da .
| P i) do < o > /Rzzju g @) i)l dr | | (6)

If we consider the fact that W1hP@) (RN) s LAE)(RN) for pu(x) > 1, then there
exists ¢ > 0 such that

lullp@y = lulfyg) < clullbg,

and if we apply Propositions 1, 3 and 4 and take b;; € L), bij € L% () if
i # j, then we have

/]RN Fl@ v tn) < 3 ; <j§::1 oy o139 g oy i) | (D)
<csg :Z (Z |bz]|a”(w)| j (M”_ll)p x)\ul|pl >:| (8)

i=1  j=1
< es[ 3 (2 Bl 051205 il )| < 0. )

=1 j=1

Hence, ¥ is well defined. Moreover, one can easily see that ¥’ is also well defined
on X. Indeed, using (F2) for all h = (hy, ..., h,) € X, we have

u)h = Z/ " (T, U1y ..., up ) h; da
N 7
<Z(wa @) |uj ()|~ )]hi(aj)|dx.
i=1 =

Following Hélder inequality, we obtain

' (u)h < ey [2 (2 B35l ) 0519 syl )|
i=1 =
The above propositions yield

W < | S (3 Bl @l Vi) ] < o

i=1 j=1
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Now let us show that W is differentiable in the sense of Frechet, that is, for
fixed u = (u1,...,u,) € X and given ¢ > 0, there must be a 6 = 0z ;... u, > 0
such that

\\Il(ul—{—hl, ...,un—l—hn)—‘ll(ul, ...,un)—\IJ/(ul, ...,un)(hl, ooy hn)| < €Z(thle(z))

for all h = (h1,...,h,) € X with 377" (| hillp, () < 0.
Let Bg be the ball of radius R which is centered at the origin of R"V and denote
B;z = RY — Bg. Moreover, let us define the functional ¥ on []}, Wali’p i(x)(B R)

as follows:

Ur(u) :/B F(x,ui(x),...,up(z)) dz.

If we consider (H1) and (H2), it is easy to see that ‘IJR € CHYITL, Wa ’pZ(x)(BR)),
and in addition for all h = (h1, ..., h,) € [, Wa’p’ )( Bpg), we have

W (u)h = Z/B :;i:;(:n,ul(x),...,un(aj))hi(w) da.

Also as we know, the operator ¥, : X — X* is compact [20]. Then, for all
u= (U, ...,tpn),h = (h1,..., hy) € X, we can write
|W(ug + hiy eyt + hy) — VU, ey tn) — U (U, ey U ) (B, oey )|

< |WR(us + hiy oyt + hn) = Ug(ur, ooy ) — Op (g, ooy i) (A1, ooy )|

+ // (F($,u1—i—hl,...,un—}-hn)—F(x,ul,...,un)—
B

R
_Z/B oI (z ul,...,un)hz) dx| .

According to a classical theorem, there exist 1, ..., &, €]0, 1] such that

/ (F($7u1+h17"'7un+hn)_F(x7u1a"'7un))_
B/

R

- E_:/B gi(x,ul, vy Up ) Dy dx

n

OF
D —(z,uty ey uy + &by, ooy up )by _Zau x ul,...,un)> dx| .

Al

i=1
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Using the condition (H2), we have

‘/B;% (F(w,uﬁ-hh...,un+hn)—F(x,u1,...,un)>—Z/B gi(z,ul,...,un)hidx‘

2 Z/ i) (s -+ 515~ — [y o~ Y ) |
=1

Using the elementary inequality |a + b* < 2571(|a|® + |b]*) for a,b € RN, we
can write
n n
< (@0 [ bl e
i=1  j=1 Br
et [ byl hilds) ).
B

R

Then, applying Propositions 1, 3, and 4, we have

<Z (Z(\bw Do sl + i@, 103l ) ) il o

and by the fact that
|bll(1")|L0¢z(B;%) — 07

|bij ()] o (B — 7 0

for 1 <4,5 <n, as R — oo, and for R sufficiently large, we obtain the estimate

/ (F(:E,u1—|—h1,...,un—|—hn)—F(:E,u1,...,un)—
B/

R

n 8F n
R D) GRS un)hi) de| < &3 (Ihillp)
i=1 i=1

It remains only to show that ¥ is continuous on X. Let u™ = (u}*,...,u!") be
such that u™ — u as m — oo. Then, for h = (hq,..., h,) € X, we have

|9 (™)h = U (u)h] < [Vp(u™)h — ‘1/;%( )l

+§;/

or
8’[1,1'

um)hz —

7..., n

(2, U1, oy un ) hy) dx|.
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Since W', is continuous on [, Wi (BRr)(see [20]), we have

W (u™)h = Wp(u)h| — 0,

as m — oo. Now, using (H2) once again and taking into account that the other
terms on the right-hand side of the above inequality tend to zero, we conclude
that ¥’ is continuous on X. <«

Lemma 4. Under the assumptions (H1) and (H2), ¥ is compact from X to
X~

Proof. Let u™ = (u}", ..., u]"") be a bounded sequence in X. Then, there exists
a subsequence (we denote it also as v = (uf",...,u;") ) which converges weakly
in X tou = (uq,...,un) € X. Then, if we use the same arguments as above, we
have

’

' (@™)h = ' (u)h| < [Wp(u™)h — p(u)h)

= oF . . m OF
+ ;/B;% ](a—uz(:c,ul sy U YRy — a—w(:c,ul, vy Up ) D) dx

Since the restriction operator is continuous, we have v — win []}", W;{p i(®) (BR).-
Because of the compactness of U', the first expression on the right-hand side of
the inequality tends to 0, as m — oo, and, as above, for sufficiently large R we
obtain

F
(z,ul®s cyurthy — g(ﬂz,ul, ...,un)hi) daz‘ — 0.
u;

(5

n
>J,
=1 R

This implies ¥ is compact from X to X*. <

Theorem 1. Under the assumptions (H1) — (H3), for each

- +
s max{uwm:z ] }
f]RN F(a:,wl(x), 7wn<$))d$ ’ f]RN SUDP(¢,,..£,)eK (s7) F(xaé-lv 7§n)d$

r

A€

the system (1) admits at least three distinct weak solutions in X.
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Proof. By Lemma 2, ® is coercive and ®(0) = ¥(0) = 0. Also, we see that
the required hypothesis ®(z) > r follows from (c;) and the definition of ® by
choosing T = w = (wy, ..., w,). Moreover, by applying Proposition 4, for each

1,pi(z)
Uz S .[/.[/a/i7
|ui‘pf < c|luilla;,

with 1 <4 <n, we have for each u = (uq,...,u,) € X
]~ - . P p+ & 1 . P~ er
5 2o min {fuily sl b < 0 min ] il (10)
i=1 i=1 11

*\— *\+
with s = min {pj‘ min {cj(f’(;) ,cl(fzi) }} . From (10), for each r > 0 we obtain

Y] — oo, 7)) = {u=(u1,...,u,) € X : ®(u) <7}

n
1 . = +
U= (U, ..,up) € X : Z]ﬁ_mln{ﬂuiﬂﬁ s[5 } < 7‘}
i=1 47

—N— —

n - +
Clu=(up,....,uy) € X : Zmin{]ui\gi ) |uz|§i } < sr} .
i=1
Then,
sup U(u) = sup / F(x,uq, ..., up)dx,
u€P~1(]—oo,r[) u€®~1(]—o0,r|) RN

< / sup F(z,&,...,&,)dx.
RN (&1,...60)EK (sT)

Therefore, from the condition (cz), we have

x,w1(x), ..., wp(x))dx

W(u) <r S £

q)jup n Py pr’
ued™(J=eor]) > ieq max 9 |willal  [|willa
<rL(w).
— P(w)

from which (a1) of Lemma 1 follows.
To show that the functional ® — AW is coercive, we use the inequallity (9).
Then for all v € X, we have by virtue of (H1) and (H2)

u) — u:n ! wi(2) PP da 4 a;(2)|ui ()P da
o) -2 =3 [ s (VP e+ a@u@p ) a
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- A F(x,uy(x),...,up(z))dx,
RN

>Z = [ (Fu@P©d+ @@l ) do

=1 p%
a3 (3 Byl i)
i=1 =]

Using Young’s inequality, we obtain

n

O(u) — AT (u) > Y pl*”“z‘Hgi - 03{ <Z| ijlas; (z) (um el
=11 o

=1 7j=1

1 Mg
+ %HUini(x)))}?
n

n
1 ;
= ZFHWH& B 64{ < <‘bij’aia‘(w)H“jH5jJ(z)
i=1 "1

j=1
+ |bij|aij(r)||“i”szcc))>}’

This shows that ®—AV — 400 as |lul|x — 400, since 1 < p;; < inf, cpn pi(2);
that is, ® — AW is coercive on X for every parameter A, in particular, for every
A€ A, =] i(w) ) [. Then, condition (az) also holds. Now all the

(’LU) ’ SUP@ (w)<r v
hypotheses of Lemma 1 are satisfied. Also note that the solutions of the equation

®'(u) — AU’ (u) = 0 are exactly the weak solutions of (1). Thus for each

3

.
—_

- +
" max{uwnwz ] }

fRN (x,wi(x), .. wp(x))dx’ fRNsup £n)EK (s7) F(x,&, ..., ) dx

e "

the system (1) admits at least three weak solutions in X. <«

Example
Let
F(z,u,v) = a(x)[u|"@ o] 1)
where g((;”)) + véz)) < 1 and a is a positive function in L*@ (RY) such that
*(2) g+(@)
s(x) = ;

f h RNV,
p*<w>q*<w>—ﬁ(x)qﬂ@—v(x)pﬂw) orcac ¥ €
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We can easily verify that F(z,u,v) satisfies the conditions (H;) and (Hs).

Moreover, by using Young inequality we easily check that the condition (Hz) is
also satisfied, and then the conclusion of Theorem 1 holds true.
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