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On Uniform Equiconvergence Rate of Spectral
Expansion in Eigenfunctions of Even Order
Differential Operator With Trigonometric Series
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Abstract. In this paper, an even order ordinary differential operator on the interval
G = (0,1) is considered. Uniform equiconvergence of spectral expansion in eigenfunctions
of the given operator with a trigonometric series is studied. The uniform equiconvergence
rate on any compact K C G is established for the functions from the classes WI}(G), p>

1.
Key Words and Phrases: differential operator, uniform equiconvergence, spectral

expansion, trigonometric series.
2010 Mathematics Subject Classifications: 34110, 42A20

1. Introduction and formulation of results

Uniform equiconvergence rate of spectral expansions on a compact was first
established in the paper of V.A. II'in and I. o [1] for the Sturm-Liouville operator
with the potential ¢(x) € L,, p > 1. They proved that the uniform equiconver-
gence rate is of order O (1/_1) if the decomposable function f(x) belongs to the
class W} (G), G = (0,1). In [2], the estimate O (v~'Inv), was obtained for
q(z) € Li(G), where v is the order of the partial sum of spectral expansion.
Later, these issues were studied for the Schrodinger operator with the potential
q(z) € Li(G) and arbitrary order operations with summable coefficients [3-6].
In all these works, for the functions f(z) € W{(G) the uniform equiconvergence
rate contains a logarithmic factor Inv.

In this paper we consider an even order ordinary differential operator and
distinguish a class of functions from W[}(G), p > 1, for which uniform equicon-
vergence rate is of order O (l/ﬁ _1), where 8 = 0, if the system of eigenfunctions
is uniformly bounded and 8 = % otherwise.

*Corresponding author.

http://www.azjm.org 149 © 2010 AZJM Al rights reserved.



150 V.M. Kurbanov, A.I. Ismailova, Kh.R. Gojayeva

On the interval G = (0,1) we consider the following formal differential oper-
ator :
Lu = u®™ + Py(2)u®"2 + . + Py (x)u

with summable real coefficients P;(x), i = 2, 2m.

Denote by Do, (G) a class of functions absolutely continuous together with
their derivatives up to the (2m — 1)-th order on G = [0, 1]

By the eigenfunction of the operator L, corresponding to the eigenvalue A,
we mean any non-zero function u(x) € Do, (G) satisfying almost everywhere
in G the equation Lu + Au = 0 (see [12]). Let {uj (z)},—; be a complete or-
thonormed Ls(G) system consisting of eigenfunctions of the operator L, and
Mty (=1)™* X, > 0, be a corresponding system of eigenvalues.

We introduce the partial sum of spectral expansion of the function f(x) €
Wi (G) in the system {ug (z)}5e;:

oz, )= fruk(x), v>2,

pp<v

where 1, = ((—1)m+1 Ak 1/2m’ fo = (four) = [} f@)up(z)da.

Denote A, (z, f) = o, (x, f) — Sy (z, f), where S, (x, f), v > 0 is a partial
sum of trigonometric Fourier series of the function f(x), i.e.

Sy (x, f) = % + Z (ay, cos 2mkx + by sin 27kx)
0<2mk<v

1
ay :2/ f(x)cos2rkxdr, k=0,1,2,..;
0

1
b = 2/ f(x)sin2wkxdx, k=1,2,....
0
Let K be some compact belonging to the interval G.
If mz}%<|Al,(m,f)| — 0 as v — 400, we say that expansions of the function
kS

f(x) in orthogonal series in the system {uy (z)};-; and in trigonometric Fourier
series uniformly equiconverge on a compact K C G.
In this paper, we will prove the following theorems.

Theorem 1. Let the function f (x) € W (G), p > 1, and the system {uy (x)}72,
satisfy the condition

F@) ul™ V@3] <O ) mg lurlle » 0<a<2m—1, p>1. (1)
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Then the expansions of the function f(x) in orthogonal series in the system
{ug (z)}rey and in trigonometric Fourier series uniformly equiconverge on any
compact K C G, and the following estimate is valid:
max |A, (z, f)] = 0", v — +oo, (2)
zeK

where 3 = 0, if the system {u, (z)}p- is uniformly bounded; 3 = %, if the system
{ug (x)}r2 is not uniformly bounded.

Theorem 2. Let f (z) € W (G), conditions (1) and

in_lwl (f,n7") < o0 (3)
n=2

be fulfilled.

Then the expansions of the function f (x) in orthogonal series in the system
{ug (x)}iozl and in trigonometric Fourier series uniformly equiconverge on any
compact K C G, and the estimate (2) is valid.

2. Auxiliary facts

To prove Theorems 1 and 2, the mean value formula for eigenfunctions uy, ()
and different estimates for the Fourier coefficients f; of the function f(z) €
W (G) are significantly used.

Lemma 1. (see [7], [8]). For any sufficiently small R > 0, there exists R,
satisfying the condition 2R < R < CoR, where Cy is a constant depending on the
order of the operator L, and real values Ro (i), |Ra ()| € [0, R] such that
for any t € [0,R] and x € G, dist (x,0G) > R, the following asymptotic mean
value formula is valid (uk > po, po is a sufficiently large number):

u(x —t) + up(z +1t)
2

x4+t
= ug(x) cosukt+/ Ko(& —z,t)Q1 (&, ug)dE+

+ / " Ko(z — €,4)Q(, up)dé + / Po(€ — ,1)Q3(€, u)dé+
x—t

t<é—z<R
z—i—R

+/ ) Po(x—f,t)Q4(§,uk)d§+/ _ Fo(t, € — 2)Qs(&, ug)dE+
t<zx—E&<R x—R

2m—1

+ 3N Fa(t ) ul® (z + Ra) (4)

q=0 a=1
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where
|Ql(€7 uk)‘ S const |M(§7 Uk-)’ ) 1= 17 57

(gauk 2m 121315 2m K (5)7

for the integrals

sin vt

Ko(r,t)dt, 0<r<R;

R
JO(Tu RJ M, V) :/

min{r,R} .: " _
hr R = [ B RGd re (0, B
0

R -
t
Ky (R, gy 7, v) = / —Ry(trdt, re (o, B
0

sin vt

R
an(R, bk, V) :/0 P an(ta ,uk)dt

for 70 < R < Ry, Ry > 0 the following estimates uniform in R hold:
(0] min{y,u,;l, pev~t}) for |pup—v| >4,

Jo = O(ln’ ] for 2 <fup—v| <3, (5)
VT
O (min{|lnr|, Inv}), for |v—pu <2

Iy=0 (min{,uky_l, V,ulzl}) , (6)

| Ofexp (=dug)v=") for pg < pp < 3,
mJ%_{mePMW for > (@)

with 6 > 0.

Lemma 2. (see [9]). For the coefficients fy of the function f (z) € W) (G), p >
1, satisfying the condition (1), the following estimate (ux > 1) is valid:

fk’SC,U;;l{ [ Cy (f) pg =2+t 4 Z /f’ exp(—iw;pgt)dt| +

Imw;<0

/ f(1—1t) exp(zwjukt)dt‘

>

Imw;>0
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(U + 111 o lzuum ]ruku ot

17 .
(t)e_“"j“ktdt' } , (8)
where wj, j = 1,2m, are different roots of 2m-th degree with wi = —wsy = 1,
I, = Iz, ) » € >0 is a constant independent of f(x) .

Lemma 3. For the Fourier coefficients fi. of the function f (x) € Y/Vp1 (G), p>1
satisfying the condition (1), the following estimate (u > 4m) is valid:

|fk|s0{ Oy (f) o2 4 i oo (1) + i | £, +

2m
i (e 4 17 1) 180 | e )
j=2
Validity of (9) directly follows from (8) with regard to |lugl| o > 1, k =

1,2, ... and the inequalities (see [5]).

|(f e ™ty < C{wr(f my )+,uk1HfH } for e > 4w, Imw; < 0;

}(f’je"“f“k“*”)] < Clon(fs i)+ L} for pe > 4m, Imw; > 0.

Note that by the normalization of the system {ug(x)},-, for any compact
K C G the following estimates are valid (see [10])

[ e < O gl 2 = € (8 i, (10)

1 -
o SO (L4 )2 ugll 2= C(1+p)2*, s=0,2m—1,  (11)

57

where ||, i = [l ., ()

Denote Ry(z) = ZJQTZ”I wje it Aj(z) = 7= S0 . w?m 26 (i)~ 2t 1(34) (),

R
I (r,R) = /0 t~Lsin vt Ry(r — t)dt;
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2m—1

JP (R, x) Z Ajp(x / tsinvt (coswjpgt — cos pyt) dt

In the case p < po, we will need the following mean value formula (see [5]):

wp(z = 1) + gz + 1)
2

1 t
—unla)cosyut + 5 M (€ x
x—t

2m—1

XRo (|lx — & —t)dE + Z Aji () (coswjpgt — cos pyt) (12)
j=2

and this time the estimates for the integrals 17 (r, R) and J.° (R, x), which are
uniform for R € [%2, Ry], are fulfilled:

m—1
I =0 (V_lpi) JP =0 (1/_1 Z ’u,(fs) (;v)‘) . (13)
s=0

Lemma 4. (see [11]). For the sequence {py}rey the “sum of units condition” is
Fulfilled:

Z 1 <const, V7 >0. (14)
r<prp<T+1

3. Proofs of main results

The proofs of above formulated results are based on the spectral method
suggested by V.A. II'in [12].
Proofs of Theorems 1 and 2. We fix an arbitrary connected compact
K C G and introduce the function
sinvr - for < R,

w(rv, R):{ OW for r > R,

where x € K, ye G,r=|x—y|, R € [%, RO], v >0, Ry >0, dist(K, 0G) >
4 CyRy, and Cy is a constant from Lemma 1.

Denote by Srg, [g [ ] the averaging of the function g(R) on the segment [ Rg]
ie. Sg,lg] = 2R;" Ro g(R)dR. Then the Fourier coefficients of the functlon

A -
W (r,v, Ro) = Sg, [W] in the system {uk (y)}Oo are calculated by the formula

A A R —
Wy = Wi (z,v, Ro) = %SRO {/ s vt (Uk(x ) +uk($+t)> dt] .
0

t 2
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Taking into account the mean value formulas (4), (12) and the equalities

2 R sin vt A
—Sg, {/ SR cos ,uktdt} =0y + I} (Ro) ,
T 0 t

where

5y =

N |

(L= sgn(u— 1)), 1Y (Ro) =0 ((1 n ru—uu?)l) T

allowing for the basicity of the system {uk (y)}zo ) for Ly (G) and assuming that

A
the function W (|z —y|,v, Rp) belongs to La (G), for every x € K, we get the
equalities with respect to y:

1

Wl =yl o) =6 () = —5 S wa()uy)+

pk=V

37 T (Ro)wi@)un() + 3 By (o, v Ro) ui ().
k=1 k=1

where 6 (z,y,v) = >, <, ur(z)uk(y) is a spectral function of the operator L;

ZBk (w,l/, RO) uk(y) =

k=1

z+R L
Y se| [ MEwrpe-e ma |ut

T
HE<PO

+% Z SRO [J]sO(Rv $)] Uk(y)+

i <po

9 z+R
+; Z SRO |: /m Ql (gvuk’) JO (g_xv RaMkaV)df :| X

HE>P0

w42 Y sn| [ @ewhe-g R |uGr
> po r=

z+R

+72TZSR0[ /x

Qs (&) To (€ — v, R jup,v) de ] w )+
K> po
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+= ZSRO[ / Qa (& up) Io (z — & R, g, v) d§ ]“k(y)+

Hk >po

+= ZSR0|: / @5 (& uk) K1 (R, g, |z — €], v) d ]Uk(y)Jr

Nk>po
9 2m—1 3
=S SRO[ > Y @+ Ra) Kya (Ropix, v) ]ukw).
KE>Po q=0 a=1

Hence, by the convergence of all the above series in Lo (G) with respect to
the variable y € G, we get the equality

/GT;[\/(\az—y,l/,Ro)f()dy—aym‘f ZT (v, x) (16)

where f (y) € Wi (G) is an arbitrary function,

=5 3 fn)

K=V

kauk Ik (Ro) ;

ZSRo{/ M (& ue) I (lz = €], R) dg }fk%

.uk<po
Ty(v, ) :% Z Sry [J{° (R, )] fr;
HEe<po
T5( Z SR0|: / Ql {,Uk)«]()({—iv R UE,V )df :|fk7
Mk>po
T (v, Z SR0|: / Q2 (& uk) Jo (x — &, R, pu, v) d§ }fk?
#k>po
T; (v, Z SRO[ / Qs (& uk) Lo (§ — =, R, p, v) d§ ]ka
Mk>p0

Ty(v,z) = Z SRO[ / Qa (& up) Io (x — &, R, g, v) d§ ]fk;,

Hk >po
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Ty(v, Z SRO{ / Qs (&, uk) K1 (R, pg, |z = &, v) d§ }fkv
Nk>PO
2m—1 3
To(v,z) = Z SRO[ ZZu (x + Ra) Kga (R, i, V) }fk
uk>p0 q=0 a=1

Let us estimate the series T, (v, x), ¢ = 1, 10 in the metric C(K) for the function
f(x), satisfying the conditions of Theorems 1 and 2.

1
IT Mo < 5 3 Wil lluellogey

K=V

Taking into account the estimates (9)-(11) and (14), we have

1Ty (v, oy < Co(K (Z [ ){Cl(f)vo“4+u‘1w1(f’,v‘1)+

pr=v

2m
2|l 27 (oo + 1712 Do w2 1B 3 < Cs(E) { Ca w2

Jj=2

2m
2 S (1 2 (P (e + 111 S w2 1R ) Y =0 (#271),
7=2

(17)
where 8 = 0 if the system {uy (2)},, is uniformly bounded, and § = % if
otherwise.

To estimate the sum T, (v, ), we use the estimates (10), (11), (14) and (15).

As a result, we have

/\I/ /\V
I (Ro) I, (Ro)| +

< Cy(K) ( > U

0<pr<1

15 (v, ')HC(K) < Z | x| ”ukHC(K)
k=1

A, _
EY a1 (R )sa(K)rf\l Sl gl +
p>1 0<prp<1
-1
+C(Ro) 30 Ul (14l —vP)  +C(Ro) D 1fil + C(Ro)x
1<pp<3% | —v|<1

S U (Tl o) T o) Y Ul (14 o) <

1<pup<% >3
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<Clfl, v Y 1+C X Iad+Csu w{ R

0< <1 1<pp<% 2 e —v|<1

+ Y <1+’V_Nk|2>7l+z (1+|Nl~:—’/|2)71 ]S

1<|up—v|< 4 o> 22

_ C
<Ov2|flly + —— Z ]fk|+Csup ]fk|[ 1+Z (1+n?)

142
* 1<pue<y He2g n=[%]

S S }gcﬂ I+ S Ul | +Csup Al -

n<|pug—v|<n+1 1<pup<% =

Hence, by the Bessel inequality, Lemmas 3 and 4, it follows

[NIES
N|=

T2, o) < Cv2 |[Ifll; + Z | fil® Z 1 +

1<pp<y 1<pr<

+C sup |fk|sc{n|f||1+||f||2]u3+ sup rfk|}=0(u%)+

Me>Y B>

+0 < { Cy (f)votP=2m 4 )Pl (fv7h) +

2m
22 (7 W+ 171D il ) ) =0 ().
j=2

To estimate the sums T5(v, x) and T,(v, x), we use the estimates (10), (13) and
apply Lemma 4.

T+R
Sw | [ 0w 12 (o - 61 w1 <

1
1T Mow < — D

HE<po

z+Ro 2m
<C > 3 muim 1 / . < > |7 ©u™ ™" ()| uiv! )d5|fk <

i <po

—1< OZ|P m&)Zuwk)?m‘?rkaS

—Ro r=p 1e<po
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2m
<! (ZHPTHl) S I Nkl (14 )™ <
r=2

Bre<po

2m
<cvfly <Z IIPrII1> Mo U+m) < Clpo)v =0 (). (18)
r=1

HE<po

By (10), (11), (13), (14), the same estimate is valid for the sum T,(v, z), i.e.
1T, ey =0 ().

To estimate the series Ty(v, x) and T},(v, ), we use the estimates (7), (10)
and

< C(K1, K2) (14 ) [|uglly, i, - (see[10]) (19)

57
OO7K1

where K1 C Ko C G, p> 1. Aﬁs a result, for v > 2py we have (K = [a,b], K1 =
[a — CoR(), b+ CoRo] , Ky = G)

1To (v, Mgy < C Y Srex

HEk=Po

XM ()l gy o) sup K1 (R, g, |v = &L 0)] | | fel <
lz ¢ <R
rze K

<C > Sk

k= PO

2m £)
2m 1 ZPE ()
g, =2 Ly (K1)

2m
sup | K1(Ropups o — €], v)| |fk\<o<§jupe||1>x
lr —¢[ <R =2

rze K

< 3 luglly 1y S sup Ky (R, |z — €L )] | |ful <
PE>pP0 lr —¢ <R
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<C Z 11 " Sk, sup K1 (R, pu, |z — &L 0)| | | fe] <
Pk PO ‘33_5’ <R
re K

gc( S v exp (<o) il + Y vigtexp (~8e) |l

v v
Po<pr<%5 HE>5

Taking into account the inequalities |fi| < || f]|, and the estimate (14), we get
1T, ey =0 @) . (20)

The series T}, (v, x) is estimated in the same way, and it is of order O (V*I).
The series T;(v, z), i = 5,6 are estimated using the same scheme. Therefore,
we only estimate the series Ty (v, x).

Tl < 3 s | [

K> Po

X ZSRO[L

Pk > Po

z+R
Q1 (&, R)| |Jo(§ — =, R, Mlc,V)|d§] | fx] < constx

z+R
M€ u)| 1o (€ — 2, R uk,wrds] il < const S Sy

Pk > Po

z+R (2m—2)
[P O] e - R 1l +

z+R 2m 9
+eonst ) SRO[ / PG \ué’”‘” <£>\\Jo<f—x, R, ju,v)| d€ ]x
z r=3

K> po
Xy 2™ | fi| = const (A1 + As).

We first estimate the series As. For that, we apply the estimates (10), (11), (5),
(9) and (14). As a result, we get

z+R 2m

< Y sm| [ IR @I T I € n Ralae| 1A <
z r=3

K> Po
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z+R
<const - w2 Uil | [ (e o Ry rZ|P TE

=1

< const Z + Z + Z + Z < constx

1<u<y  2<|m—vI<Y  ImvI<2 >3

X Z ,ulzly*1|fk|—|— Z ,u];2]n<|,u |) |fk|+ Z Mk2an|fk‘+

1<ur<3g 2< up—v|<5 | —v|<2

1 -1 o I
I T / ZrP )] de <

=%
< C(K, ||B|ly : = 3,2m) VP~ = 0P ).

Now estimate the series A;. For that, as in the case of series Az, we divide it
into four sums A; = Z?:l A’ and estimate every sum A} separately.

= > [ m@ e @) -

<V

0<P >3

x| Jo (& =z, R, pug, v) d€|] pi 2™ | f] <

tHo (2 2) 1-2
< X [ R @] s o€ = R denl 2 1.
1<p,k<l’ %o <R<Ry

Taking into account the estimates (19) for K1 = Kg,, K» = G = [0,1], (K =
[a,b] C intG, Kr, = [a — Ry, b+ Ry|), p = oo and the estimate (5), we get

Al Sconst/ | Py (&)] Z ,ul 2my,= 1#,%7" Y fil lukllo | =

Kry 1<p<¥

1
:C":St/o G

1<pe<y

Taking into account that the numerical series Y o | fx| ||uk|| o, is convergent in
the conditions of Theorems 1 and 2 (see [9], [13]), we get the estimate A} =
o).
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Now estimate the sum A2. For that, we apply the estimates (5), (9), (14) and
(19):

af= > Sw [ / “in @l o) x

2< |, —v|<5%
X ‘JO (5 - .'L’,R, ,u’khl/)| dé.] :u’]i-_Qm |fk‘ S constx

« Z M1—2m In v /x-i—Ro ’P2 (£)| ‘U(Qm—Q) ({)‘ d¢ <
k ’V - Mk‘ T o

2<|pk—v|<5

B v
<const Y. Mkllnm 1Pl [Jullo | fel <

2<y—pkl<y
< const Z ,u];2+6 n—2 <
2<|v—pux| <% [V = e
< const [%] 1 v 1] < const [%] 1 v < constl l/[%] <
= Vz—ﬁznﬁ Z —,/2—,32115— 2B n[z]!—
n=2 n<|pp—v|<n+1 n=2 2

const v

Py 1_6 n v »
7 T

By the Stirling formula n! = (2)"2mn (1 + %) , |w| < 1, from the last in-

equality we get the estimate A? < consty~ 18 = O(vF1).
In the same way we prove

z+R
A= Y Sk, [/ P2 (©)] \uﬁf”"”(é)!’Jo(f—x’R’“’“””d{]X

|/‘k*”|SZ

x i3 | fi| < const Z ,u];2+6 Inv=0@"1);
|“1f”|§2

z+R
A=Y S, [ [ | @ 1 -, R,Mk,undg} x
I

3v
K>

1-2 —2+8 V _3+
Xpu ™ | fi| < const Z m +Bﬁ < constv Z 1, p<
my =%
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< constv Z n3t8 Z 1| < constv Z n =3t = 0P ).

nz[%’] n<pp<n+l nz[%’]
Consequently, for the series T5(v, ) and T5(v, x) the estimate
[ Ti(v,2)| = O™, i =5.6, (21)

uniform with respect to x € K, is valid.

The series T7(v,z) and T3(v,x) are estimated just like the series T;(v,x),
i = 5,6. This time the estimate (6) and Lemma 4 should be applied. As a result,
the estimate (21) is true for these series.

From the obtained estimates (17), (18), (20), (21) and the equality (16) it
follows

sup
zeK

A\
(e = v o) £ = (. 5) \ — 0P, v - o0,

If instead of {ug(x)},—, we consider an orthonormed system of eigenfunctions of
the operator Lu = —u®, v (0) =« (1), j = 0,1, then we get

sup
zeK
because in this case, the system {ug(2)}32; = {1} U {V2cos 2rkz, v2sin 27rkx}2ozl
is uniformly bounded.
From the last two relations, we get the equality

[ (e = v o) Sy = 8,5, \ — o),

sup |oy (2, f) = Sy(x, f) | = O™, v = +oo
zeK

Theorems 1 and 2 are proved.
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