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Certain Modifications of (p, q)-Szasz-Mirakyan
Operator

V.N. Mishra*, S. Pandey

Abstract. In this work, we present Chlodowsky variation of Szasz-Mirakyan-Stancu op-
erators via (p, q) calculus and Szdsz-Mirakyan-Baskakov-Stancu type operator. Here, we
have calculated the moments and then formulated few properties which involves weighted
approximation and direct estimates. For the particular case « = 0,58 = 0,b,, = 1, the
previously known results for two parameter quantum-Szasz-Mirakyan operators are ob-
tained.
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1. Introduction

In last two decades g-calculus has played very important role in approximation
theory. Various operators are introduced in ¢-form ([2, 3, 4, 7, 8, 9, 10, 11,
13, 15]). (p,q) calculus or two parameter quantum calculus is the extension of
quantum calculus. Recently Mursaleen et al. [18, 19] introduced (p, g)-equivalent
of Bernstein operators. Also in (p,q) calculus many operators has been defined
and studied (see [1, 5, 6, 20, 21]). Basic notations and operations of two parameter
quantum calculus are:

For 0 < ¢ < p <1, the (p,q) integer [n], is defined by

P —q"
nlpg = :
[l 1= 2
(p, q) factorial is expressed as
[nlp.g! = [n]pg[n — Lpgln —2pg. .. 1.
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(p, q) binomial coefficient is expressed as

K ] T et

(p, @) binomial expansion is defined as

n . n n— n—
(az +by)pq = Z [ i } akpkgnkyk,
P

k=0 )
(@ +y)pg = (@ +y)(pr+ )P’z +¢y) ... (0" 'z +¢"y).
The definite integrals of the function f are given by
a 0 k k
p p p
/ f(@)dpqr = (q —p)az i/ <k+1a> ) - <1
0 £~ q q q
and o .
a
q q p
f@)dpgr =(p—qla) —f <a> ;T > L
/0 Pq ra PR\ R q
(p, q) power expansion is defined as
n—1 n—1
(x@a)y, = H(psa; + q¢°a), (zoa)y,= H(pszc —¢°a).
s=0 s=0

Derivative of any function f is given by
f(pzx) — fgz)
(p—q

We have two types of the exponential function in two parameter calculus (see

[1]):

D, qf(x) = , x#0.

o0 p(n(n—l)/an o0 qn(n—l)/2xn

) Epq (z) =

epq(T) =
P =0 [lp.q! oy [n]p.q!

Further (p, ¢) analysis can be found in [14, 16].

2. Construction of operators

Mohapatra and Walczak had studied the Szdsz-Mirakyan type operators in
[17]. Recently in [1], in two parameter calculus, Szdsz-Mirakyan operators have
been defined. Motivated by this, we define the Chlodowsky type variation of (p, q)
Széasz-Mirakyan Stancu operators and (p, ¢) Szasz-Mirakyan Baskakov operators,
as



Certain Modifications of (p, q)-Szdsz-Mirakyan Operator 49

2.1. (p,q) Chlodowsky variant of Szasz-Mirakyan-Stancu operator

oo k(k—1)/2/[Mp.a®\k

1 [n]per <= 4 ( ) (K]0, q) + «

T s(fia) = | Lp’q > e f( = bn), (1)
’ Epq b [k]p.q! " 2[n]pq + 8

where x € [0,b,], p,q € (0,1], ¢ <p, 0 < a < B, a,8 € Ny, and b, is an
increasing sequence of positive terms s.t. b, — oo and %" — 0 as n — oo. For
the special case where p =1, o = 8 =0, b, = 1, the operator (1) is reduced to
q-Széasz-Mirakyan operator.

n=0

2.2. (p,q) Szasz-Mirakyan-Baskakov-Stancu type operator
U o(F10) = 1 = 1]y 3 () g P22 0010 (4272
n=0

n7a76
o [lp.gp"t +
< [Tvaor (MEE ) d @)

where
P.q -1 R LAY n+k—1 tk
snk(x) = Epg([”]p,ql")W? bn,k(t) = k Tep)ii

For the particular case where p = ¢ =1,a = 8 = 0, the operétor (2) has been
well studied earlier.

3. Moments
Using the results of [1], we can easily obtain the first three moments of operators
(1), as
Lemma 1. Let z € [0,b,), p,q € (0,1], ¢ < p. Then we have
1. TP (1;2) =1,

n7a75
b . J— 1 k_
2. qu,g[7ﬁ(tﬂ .T)) = W(O&bn + q 1[n]p,qx),

3. TP (1% 2) =

n,o,f

W (a2b%+(2a+qk_1)qk_l [n]qubnl’—i-pq%_g [n]gﬂxz).

Proof. In view of Lemma 2, of Szasz-Mirakyan operator defined in [1], we
have

L0 (L) =1,
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. _ by k—2 .
2. TDE 5(t2) = bt h) <0€ + 4" nlp,gSnpa(t; ﬁ)) ;

b2 _
3. quig( ) = (qk*2[n]7;7q+5)2’(042 + 20¢5 2 [n]p ¢ Sn p, qo(t; g ) + g2k 2)[ ]]2)q
Snvpvq(t’ :52 ))
Hence by substituting the moments from [1], we get the desired result. «

Similarly using the results for (p, q) Szasz-Mirakyan Baskakov, we can easily
obtain the first three moments of operators (2), as

Lemma 2. For positive x and q € (0,1); p € (q,1] we have

1. Uy s(Liw) =1,

n,a,

P,q « [n] 5 [TL]
2 Unas(t:2) = GLogd + et DTy T st B—rg
y2U 2. _ o? 2a[n]p, [2]p,q[n] ,
H et ’[x])z_ ot a2l g ) 2l T p5q3<[n1p,q+ﬁ>f[}1f2?p,q[n—:ﬂp,q
nl2, la(o-+[21p.0) +0%] ], o )
t ha e g | Pdbin-dpg T 20‘] R (PP o o e e e

4. Approximation properties of 777

4.1. Direct Results

Theorem 1. Assuming q € (0,1), p € (q,1], the approximating operator maps
space Cpg into Cg and

1Ty as(Plles < Iflles
where Cpl0,00) is the continuous, bounded function space on [0,00) — R and
Iflos = subsefo,c0) [f(2)]-
Proof. From Lemma 1, we have

k(kQ 1)([ ]lgonq \k

Dsq q
|Tn 06:/3( )| < E [n]p q:v Z
n=0

p,q( by, klpq
oo EkZ1) [n]p.q® \k
1 g * (4P)
< sup [f(2)| -
z€[0,00) Ep q([n]l:#q:v> nz;) [k]pﬂ!
= sup |f(2)|Ty2 5(1;2)

z€[0,00)

= [[flles- <
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Theorem 2. If f € Cg[0,00), g € C%[0,00), then
T2 5(g:2) = 9(@) < 119 | Gnpa(@) + Bi p.q(2))-

where TP J(g;2) = T2 (g:) + g(x) — (T2 4 (g: ).

n7a7B n7a7/8

Proof. Using Lemma 1 and definition of T2 5(g; ), we have

T (t —x;x) = 0.

n7a7/8

The Taylor’s formula of expansion for any function g is

o) = g(a) + g(o)(t ~ ) + [ (= )y ),

Now on operating with T2 5(9; x) in above equation, we have
t
Tas(9:%) = 9(@) = TG 5 / (t = v)g" (v)dv, )
X

t
— T / (t — v)g" (v)dv, z)

T s (t:2) 1 o1 p
- —————(aby, +¢" T n|pex) —v v)dv
/x <qk—2[n]p,q+/3( ¢l >g .
(3)
Here . .
[ =o' @ds| < | [ 1t =vllg" @lde] < (¢ = 215" e,
and
9 (tz)
n,a, 1 e
——(ab,, + k=1ip]) —v) V) dv
[ (g ot + ) =) 5'0)
1 2
< | 55— (ab, + ¢ - ) !
= (qu[n]pgﬂ-ﬁ(a q [n]p,tﬂ) v g llcs

2 11
= Bupa@llg llos-

Using the last two results, we get

104 5(gi7) — g(2) < g lley (Tﬁji,ﬁ((t —z)%z) + Bﬁ,p,q(x)) :

Assuming

Onp,q(T) = Ig[l(?fo) TrI::gé,/B((t — )% ),

we obtain the desired result. «
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4.2. Korovkin Type Approximation

Define C,2[0,00) = {f : |f(z)] < M(1 + 2?), M; > 0, f is continuous},
and C7,[0,00) = {g : g € Cp2[0,00), limpy_ % is finite}. Hence for f €
C>,10,00) we have

|/ ()]

fllgz2 = sup ——=.
Il vef0,00) (14 22)

~ Tpvq ; , -f E 0’ b
Consider Uﬁ’gﬁ(f;x) — n,a,ﬁ(f x), if x €[0,by)
$Q f(z), if z € (by,00)
Let’s state Korovkin type weighted approximation theorem, as in [12], for x €
[0, 00).

Theorem 3. Let p = (pn) and ¢ = (qn) satisfy 0 < g, < pp, < 1 and for large
values of n, pp — 1, gn — 1, with p} — 1, ¢ — 1, lim,_o[n]p, 4, = 00.
For f € C%,[0,00), we have

lim [|UP%%(f) = f|l,2 = 0.

n—00 n,o.B8

Proof. 1t is adequate enough to verify the following 3 equations (see [12]):

lim ([P (") — 2’2 =0, i=0,1,2. (4)

n—oo

Since 7% (1;x) = 1, the foremost condition of (4) is well justified for i = 0.

- b ¢" ! [n]

UpnaCIn ) — zll o S QOp, + p,q -1 z,
| ™o Q I ¢*2[n)pg + B a*=2nlpq + B

R 2b2

Upn7Qn t2 . .172 2 < a~o,
1Wnag () = e = (@t 5 32

‘ (20 + ¢" H)d* npebn sp ©
(¢"2[nlp,q + B)? z€[0,00) (14 22)
+ pq2k73 [n]qu . a?
(¢"2[nlp,q + B)? (1+2?)

which results in
lim ||Up"’q"(tl) — 2,2 =0

noyoo I ey

for ¢ = 1,2. This concludes the proof of Theorem 3.
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4.3. Voronovskaja-type result

Theorem 4. Let p = (p,) and q = (gn) satisfy 0 < ¢, < pn, < 1 and for n large,
pn— 1, ¢gn = 1 and p) — a ,q) —b. So, li_}m (M) pn.gn = 0.
n oo

For any g € C7,[0,00) such that g, 4q € C7,[0,00), we can have

A / 1 "
lim [n]p,,g| U (9:2) = 9(2)| = g (x)[abn + Az] + 59 (2)[bn + Bala,

n—00 n,a,8

where

k—1
A= Jim mpn,qn( o 1>,

nreo an " [Mpng. + B
: [n]%n’qnpnq%kfg quL_l [n]men
B = lim [n]Pan ) 5 [ k-2 +1].
nreo (qn “[nlpn.gn +B) (qn “[nlpn.gn +B)

Proof. Taylor formula for any function g where x € [0, 00) is

/ 1 "
9(t) = g(@) + g (&)t = x) + 59 (2)(t = 2)° + h(t,2)(t = 2)?,
Here h(t, ) is the remainder of Peano form, h(-,z) € C},[0,00) and 1%im h(t,x) =
—x

0. Applying the operator U to both sides of the above equation, we get

A~ ! A ]_ " .
(0275 (950) = (@) = ¢ @)U (0 = i) + 50" @UR% (0 = )% )

+UP9 (h(t, ) (t — 2)% ). )

Using Cauchy-Schwarz inequality in last term, we have

Ubn b (h(t, ) (t — 2)% @) < /ORI (B2 (8, x); x)\/ffp”’q”((t — )4 ).

n7a7/3 nIQ’ﬁ

Since we know h?(z,z) = 0 and h?(-,z) € C*,[0,00).
Hence from Theorem 3, UP™% (h2(t, z); 2) = 0 uniformly for z € [0, K]. So

n7a7/8

lim U™ (h(t,z)(t — )% z) = 0.

n—oo B

Therefore

lim_[n]p, g, Uy (952) = 9(2)]

n—o0

_ ; rPnsdn . " : rPnsdn 2,
=g (x) im [n]p, 0, U055 (¢ = 2;2) + g (2) Hm [n]p, U705 ((E = 2)% 2)
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n o k—1
=g'(x) lim [ ,[ Jon, b +[n](pn,qn)< o (g —1) a:]

N0 qf’f Q[n]pn7Qn + B) qn [ ]pn7Qn + IB
1 [ ]p q a262
+—-g (x) lim e
2 e [(qﬁ 2[ ]pn»‘]n + /6)2
+ [n]g%n,qn (20& + q )qﬁ ! [n]Panb 2a[n]pn,qnbn T
(%I”CL 2[ Mg + B)? qu 2[n]pann +
2k—3 2 k—1
n 2
_i_[,n]pthn ]]:ngn [ ]p7L7q’lL 5 _ q [n]perqTL 4 1 1;2
(gn "[nlpp.g, +B) Qn [ Mg + B

= g (z)[ab, + Az] + %g” (z)[by, + Bzlz.

which is the desired result.

5. Approximation properties of U7 ;

5.1. Direct Results

Theorem 5. With ¢ € (0,1); p € (q,1], the operator Uﬁ’gﬁ maps Cp into Cp
and

1Ua5(Hlles < Nflles,

where Cp[0,00) is the continuous functions space on [0,00) and || f|lcy =
SUPe(0,00) |f(.%')|

Proof. From Lemma 2, we have

Uy a.5(fi2)]
k<k+1) 2 (etD(k+2) [ PPt + o
<[n—1] P 2 / v ‘f < bd ) dp ot
I Z o MF nlp,q + B P
pa [k(k+1)—2] (k+1)(k+2) o0 7
< sup |f(@)|ln = 1pg an,m) ’ b
CCE[0,00) k=0 0

= sup (@) |UR(1;)
z€[0,00)

= [[flles- <
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Theorem 6. Let g € (0,1); p € (q,1]. If f € Cp[0,00), then

w ! ay/[n—2lpg [n]pq
B <f’ [”—%) ( (5l +B) " P (nlpg + VI g

2, 1
x)* ”2< B 2bg>

[n —
pq2 pq+ﬁ \/ n_ Pq

2[n);, - 22
n)pg + ﬁ Pq 6[n — 3}p,q ([n]pq + B) P

P
[n]5.qla(p + [2]p.0) + 97
5[y

_|_

’ <([” Ipg + B pq> 2 ¥ (Inlpg + B)?p'a°In — 3]y
20‘[” —2lpq . 2[n]pq )
([n]p g+ B8)  ap*([nlpq +B)
2a[np,q [2]1),61[”]120,(1 [n — 2]p,qa2 12
([ Ipg + ﬁ) ap*  ([lpq + B)*P°@n —3lpg  ([nlpg + B)?

Proof. For positive x and natural number n, applying the Steklov-mean fj,

we have

Upaps(fi2) = f(@)] UG 5(1f = fuls2) + !Uﬁig(fh—fh(w);w)lﬂfh(x)—f(ﬂz)!)-
6

Using the property of Steklov mean and Theorem 1, we get
Uras(Lf = fulsz) <NUYE (F = f)lles < I = falles < wa(fih).

Now using Taylor expansion
/ 1 1"
Un'ag(fn = fa(@);o)| < 1f llopUng st —i2) + S lesUpa s((8 = )% ).
From the properties of Steklov mean and Lemma 2, we obtain

Pq — () §w @ ["p.q
|Una5(fh fh( )’ )| < h (fa h) (([n]p,q _{_5) + qp2([n]p’q _1_6)[,” _ Q]p,q
N 2,

pQQ([n]p,q + B8)[n — 2]p,q

where

UPd L ((t — )% x)

n,a,3

1x>+;gmq,ﬂ$g¢@xﬁmx
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_ 3, IR A O
([nlp,g + B)?pa®[n — 2pgln —3lpg  PE([Nlp,g + B)n — 2lpq

n 2a(n }p q + [n]g,q[Q(p + [2]p,q) + 7]
([nlpg + B)2paP[n = 2lpg — ([lpg + B)2p a5 [0 — 2]pg[n — 3lp,q
B 2« _ 2[n]p.q o+ 2an]pq
([nlpg +B8)  ap*([nlpg + B)n —2)pyq ([nlp,q + B)?qp*[n — 2]pq
N 2lpglnl L

(Inlpg + B0 — 2pgln = 3lpq  ([nlpg +B8)?*

Replacing h =, /m and substituting the above estimated values in (6), we

get the above mentioned result.

5.2. Korovkin Type Weighted Approximation

Define C,2[0,00) = {f : |f(2)] < My(1+2?), My >0, f is continuous}, and

*310,00) = {g : g € C,2[0,00), ‘ 1|im (lgiz)Q) is finite}. Hence for f € C%,[0,00)
T|—00

we have (@)
x
[fllz2 = sup :
! z€[0,00) (1 + ‘T2)
Let’s, we state the Korovkin type weighted approximation theorem, as in [12],
for x € [0, 00).

Theorem 7. Let p = (p,) and q = (qn) satisfy 0 < gn, < pn, < 1 and for n large,
pn— 1, gn — 1 and pl' — a, ¢ — b, hm[ Jpm,gn = 00. For f € C*,[0,00), we

have

lim ([UP%% (f) = fll2 = 0.

n—oo Il M

Proof. 1t is adequate to examine the following 3 conditions (see [12]):

lim [|U2%% (') — 2|2 = 0,i = 0,1,2. (7)

n—oo

Since Uf:"a’qg(l, x) = 1, the first condition of (7) is satisfied for ¢ = 0. For n > 3,

we can say

Ui (8) = /]2

n,a,

a [n]p.q [”]127#1

o+ B) a2 ([lpg + Bt — g |00l + A0 — 2y

<

— 1|z,
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”Upm% (tQ) o $2Hm2

n,o,3

2

< ; o2 + 2a[n]p,q + [2]1741[”];27,(1

= ([nlpg + B)? qp*In — 2lp,q p°g3[n — 2lpg[n — 3lpq

[n]?? q [q[n]p.q(p + [2]p.q) + p2] z
+ : = : + 2| sup
([nlp,q + B)?pg*[n — 2lpg PP¢3[n — 3lp.q z€[0,00) 1+ 2
+ [n]é,q B 2
([n]pﬂ + B)quﬁ [n — 2]p7q[n - 3]p,q 1+ 22’

which results in
T}LH;O ”Ug,TZ?E (t") — ‘Tl”:zc2 =0,

for ¢ = 1,2. This concludes the proof of Theorem 7. <«

5.3. Voronovskaja-type result

Theorem 8. Let p = (p,) and q = (qn), satisfy 0 < qn < pn < 1 and for n large,
pn — 1, ¢o = 1 and pj, — a, g} — b. So, lim [n],, 4 — o0o. Then for any
n—oo

g € C,[0,00) such that g.,q € C7,[0,00), we have

lim 1], 00075 (9:.2) — 9(@)| = ¢ (2)[1 + o + Az] + 2g” (@)[1 + Bala,

n—00 n,a,f3 2

uniformly on any [0, K], K >0, where

A = lim [n]p, 4, ([n]pn’qn — 1> ,

n—oo [TL - 2]1%»%

L [ ]gm(In
b= nh—>rgo[n]pmqn <([n]p‘ﬂvqn + /8)[77’ - 2]pn=qn [Tl B 3]p"’q" o .

Proof. For x € [0,00), the Taylor’s formula for function g is given by

/ 1 "

9(t) = g(x) + g (2)(t — x) + 59 (2)(t = 2)° + H(t, 2)(t — 2)?, (8)
where H(t,x) is the remainder of Peano form, H(-,z) € C7,[0,00) and
limy_,, H(t,z) = 0. Applying the operator U to both sides of the above equa-
tion, we get

Ul (g5 x) — g(@)] = g (@)U 5 (t — v32)
1 1"
39 @UZLG((t = 2)%2) + Upf (H (t 2)(t — )% ). (9)

n7a7ﬁ n7a7ﬂ

+
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Using Cauchy-Schwarz inequality, we have

U (H (L)t = 0)% @) < (UL (H2 (1 0) @) JURS (= 2)bs) (10)

n,o, n,a,

Since we know H?(z,x) = 0 and H?(-,z) € C%,[0,00). Hence from above theo-
rem, UP™ % (H?(t, z); x) = 0 uniformly for z € [0, K]. So,

n7a718

lim UP» " (H(t,z)(t — )% z) = 0.

n—oo B

Therefore
T [, 0, (U255 (952) — g(2)| = g () Jim [ 0, UZ%5 (8 = 3.2)

+g (2) lim [nl, 0, Ups% (8 — 2)% @)

/

=g (z) lim [a + g + [Pl an ( [n]pm%pmqn N 1) 4

n—00 anpaln = 2p,.q. Pngaln — 2]
1 . 1 2 2a[n]p q
+-g (z) lim | 7—5————35 (a + o
2 o e !([n]pmqn + B)? P [ = 2lpn g

2
((pn + qn)[n]}%n,qn + [n]gnvqu
piq;’; [n — 2]pn,qn [n — 3]pn7Qn ([n]pmqn + 6)2[)”(]7% [n — 2]pn,qn

([Qn[n]pg,qg@pn + qn) + P} i 2a) v f[n]pn,qn
PRaa[n = 3lp..gn anPan — 2p,.q.

T — 2ax

[TL} ?’n »dn

- <([”]pn,qn + B)PnaSn — 2lp, gu 7 = 3lpn.an

+ [n]pn7Qn

2[n)2 .. o 1
—— =g (z)[1 + a+ Ax] + =g (x)[1 + Bz]z.
Pndz [ = 2lp,, . 2

which is the desired result. «
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