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Inclusions and Noninclusions of Spaces of
Multipliers of Some Wiener Amalgam Spaces

A.T. Gurkanh

Abstract. The main purpose of this paper is to study inclusions and noninclusions
among the spaces of multipliers of the Wiener amalgam spaces. M.G. Cowling and J. J.F.
Fournier in [5], L. Hérmander in [22] and G. I. Gaudry in [15], have worked on the space
Mg (LP, L9) , the space of convolution multipliers from L? into L9, and studied inclusions
and noninclusions among these spaces. In this paper, we consider much larger classes of
spaces than LP and L?: we consider the Wiener amalgam spaces W (LP, L) and weighted
Wiener amalgam spaces W (LP, L%). Firstly, we work on inclusions between the spaces
of multipliers of Wiener amalgam spaces. Later by using the Rudin-Shapiro measures,
we investigate noninclusions among the spaces of multipliers of Wiener amalgam spaces.
Key Words and Phrases: multipliers, weighted Lebesgue space, Wiener amalgam
spaces.
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1. Introduction

In this paper we consider the Wiener amalgam spaces W (LP,L?) and
W (LP, LY), where w is the weight function. The idea goes back to N. Wiener
1926. He first defined the amalgam spaces W (Ll, LQ) W (LQ, Ll) W (Ll, L°°)
and W (L, L') [26] . Other special cases were considered in [20], [21] . In the next
few years, there appeared several independent studies of amalgam spaces. H.G.
Feichtinger gave a generalization of these spaces in [9]. In his definition, he takes
Banach spaces B and C' satisfying certain conditions as local and global compo-
nents and defines the Wiener’s amalgam space W (B, C') . He also studied in [10]
and [11] the interpolation and the Fourier transform in amalgam spaces, respec-
tively. Lastly, A.T. Giirkanl and Ismail Aydm in [2] and [19] and A.T. Giirkanh
in [18], defined the variable exponent Wiener amalgam space and worked on some
properties of these spaces.
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In [22], L. Hormander established a large number of results for convolution
multipliers from LP to LY. Later, many authors worked on multipliers of some
functional spaces. For example, in [7], [14] and [25] the authors studied the mul-
tipliers of Lebesgue spaces, weighted Lebesgue spaces and measures; in [4] and
[27], the authors worked on the multipliers of Segal and weighted Segal alge-
bras; in [1] and [8], the authors investigated the multipliers in Lorentz space and
weighted Lorentz space; in [12] and [16], the authors dealt with the multipliers
of the Banach ideals. Finally, in [17], the author considered the multipliers of
modulation spaces.

The main purpose of this paper is to study the inclusions and noninclusions
among the spaces of convolution multipliers of the Wiener amalgam spaces. M.G.
Cowling and J.J.F. Fournier in [5], L. Hérmander in [22], and G.I. Gaudry in [15],
worked on the space Mq (LP, L?), the space of convolution multipliers from LP
into L9, and discussed inclusions and noninclusions among these spaces. In this
paper, we consider much larger classes of spaces than LP and L9: we consider
the Wiener amalgam spaces W (LP, L9) and weighted Wiener amalgam spaces
W (LP,LL). Our paper is organized as follows. In Section 2 we introduce the
notations. In Section 3 we treat inclusions between the spaces of multipliers
of Wiener amalgam spaces.We investigate non-inclusions among the spaces of
multipliers in Wiener amalgam spaces in Section 4. In this section, we use Rudin-
Shapiro measures as in [5] .

2. Notation

Let G be a locally compact Abelian group (non-compact and non-discrete)
with Haar measure dz. In this paper C.(G) denotes the space of continuous,
complex valued functions on G with compact support. The translation and mod-
ulation operators are given by

Tof () =f(t—a), Mcf(t)=e>"f(t), t, z, £€G.

For 1 < p < oo, we write L? (G) to denote the usual Lebesgue space. We shall
write f for Fourier transform of the function f € LP. Let w be a weight function on
G, that is a continuous function satisfying w (z) > 1 and w (z +y) < w (z) w (y)
for x,y € G. Let wi,ws be two weight functions. We say that w; < we if and
only if there exists C' > 0 such that wy () < Cws () for all x € G. The weighted
L? (G) space L, (G) is the set

15(G) = {f : fw e P (@)}, 1 <p < o0
It is known that Lf (@) is a Banach space under the norm

1l = lfwll,» 1 <p < oo,
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or

[flloow = Ilfwlloo = esssup|f (z) w (z)[, p =00
z€R™

[13]. For 1 < p < ¢ < oo, the space Mg (LP, L9) of convolution multipliers of
(p, q) type is defined as follows. It is the space of bounded linear transformations
A from LP to L? which commute with translation : AT, = T,A for all a € G,
[5], [22], [23],[25]. Let w be a weight function and let 1 < p,q < oco. Take any
fixed compact subset () C GG with non empty interior. Then the Wiener amalgam
space W (LP, LY,) consists of all functions (equivalent classes) f : G — C such
that fxx € LP for each compact K C G, and the control function

Fy(2) = FP (2) = | fxqull, = | f Toxell,, = € G,

lies in LY. The norm on W (LP, Ld) is

17wz 28y = 15l = 17Xl

[9], [10]. Another equivalent but discrete definition of W (LP, L9) is given by
using the uniform partition of unity (for short BUPU), that is a sequence of
non-negative functions (1;);c; on G corresponding to a sequence (y;) in G such
that

a. Z 'sz = ].,

i€l
b. there exists a compact set U such that sup py; C y; + U for all 4,
c. for each compact K C G,

supf{i:z e K+yt=supg{jel: K+yNK+y; # ¢} < oo,
zelG

d. sup ||| e < 00.
zel

By using such a BUPU we define the Wiener amalgam space W (LP, L?) to
be all functions (equivalent classes) f : G — C such that fyx € LP for each
compact K C G, and

(Z ufwing) < .

Throughout Section 3, we will denote WP = W (Lp, 61) .Let 1 < py, g1 <00
and 1 < pg, go < co. The space of convolution multipliers from W (LP*, L?) to
W (LP2, [%2) is denoted by Mg (W (LP*,L%), W (LP2, L%)).
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3. Inclusions among the spaces of multipliers

Theorem 1. Let G be a locally compact Abelian group, 1 <
1
S

let p be dual index to p. We denote WP = W (Lp,ﬂl) f
Mg (L4, Lb) © Mg (WP, WP).

p < oo and
LP (

G), then

Proof. Let f € L% (G). Since
(fw)1 e L' (G) and hence L}, (G) C L
we obtain

€ LV (@) and fw € LP(Q), then f =
1(@). By the inclusion L}, (G) C L' (G)

LP(G) =W (LP, L%) (G) C W (LP, L") (G) = W (LP, ") (G) = WP. (1)

Take any g € L%, (G). By the inclusion L%, (G) C L' (G), there exists C; > 0
such that
lgll; < Crllglly,q, - (2)

Then from (1) and (2),
Hgllw ey = Ngllwe = [1Flly < CrIEGll, 0 = Crllgll (o 22y = Crllgllp -

Since C. (G) C Lt, (G), using (1) we obtain C.. (G) C W (LP, ') (G) = WP. Let
T € Mg (L%, L) and f € C..(G) . Since translation is isometry on WP?, and the
sum is finite, then we have

1T Fllvw» = (3)

(> fv,)

wp we

ST (T, (£20)

ZT (To, Tz, (f¥n ))H

wp Wwep
< ZHTan T, (fY)) Iy = ZIIT —an (S¥) o
< 201 1T (T, (f¥n ))Ilp,wﬁclzllTHLgﬁLg 1Tz, (SR
n

= ClITlpz o D 1T (FY)
n

where (V,,),.; is the uniform partition of unity and ||T|;» ,;» is the operator
norm. By the definition of Wiener amalgam space there exists a compact set Qg
such that supp¥,, C x, + Q. This implies suppT—,,, (f¥,) C Qo. Thus

1Tz (f )l < 8K 0 (2) | T (F L)l - (4)
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If we use the inequality (4) in (3)

ITfllwr < CulTl e, Z 1Tz (FYR)lp 0

IN

CullTl e, maxw ZIIT an (D),

= o) [1F%ll, = Co |l f lyws
n
where Cy = C1 ||T'||pp ,1p maxzeq, w(z) . Since C¢ (G) is dense in LP (G), then
C. (G)is dense in WP = W (L, ¢') by Lemma in 5.5.4 in [6] . Then M (L%, L},) C
M (WP, WP).

Now we show that the inclusion in the statement is proper. Take the Dirac
delta function §, at any x € G and any function f € L%, (G). Since Lf, (G) C
L' (G), the convolution §, * f is defined and d, * f= T, f. We know by Lemma
2.2 in [13] that the function x — [T f|,,, is equivalent to the weight function
w, i.e there exists a constant C' > 0 such that

Clw(z) < T2 fllp < Cw(z).

Hence

T
|0:| Ma (LE, LE)|| =  sup M >  sup M — 00,
110 <t Wl 10,0 <1 C I llp

as & — oo. Then 4, is not uniformly bounded. Thus §, ¢ M¢ (L%, LY,) . On the
other hand

Oy T,
s Mg (W) = sup Mo Tlwe o el
e <t 1 lwe e <t 1 e

From the equality

1Tefllwe = 1Frplly = 1T Fplly = (1711, = [l

we obtain

T
e <t 1fllw Il <t L1l

Hence §, is uniformly bounded in Mg (WP, WP) and thus 6, € Mg (WP, WP).
That means the inclusion Mg (LY, Lt,) € Mg (WP, WP) is proper. <
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Example 1. Let G =R", p’ be dual to p and s > ﬁ. Define the weight function
S !’
w(z) = (1 + |m|2> . Then L € LP (R™).

Theorem 2. Let G be a locally compact Abelian group, 1 < p < oo and p/ be
dual index to p. Assume that = € LP (G). Then
Me (I3, (G)) € Mg (W (LP, L))
for1<r <p,and0<6 <1, where
1
le—ﬁ, and v = w’
r p

Proof. For the proof we will use the interpolation Theorem 2.2 and the Corol-
lary 2.3 for Wiener amalgam spaces in [10] . We have for 0 < 6 < 1,

[W (Lpa Lﬁ) ) w (LpaLl)] (6] =W (Lp’ LZ) ) (5)
where 18 1
vzv?v%fg:we andg—l—T:;.
This implies
1_9+1_9—1—0<1—1) zl—i.
roop 1 p p

Let T € Mg (L% (G)). Then by Theorem 1, T € Mg (WP, WP). Since T €
Mg (L% (G)) = Mg (W (L, L5)) and T € Mg (WP, WP) = Mg (W (L?,LL),
w (Lp, L,}U)) , the functions

T : W(LP,LP) — W (LP,LP)

T : W (L, L,) =W (L*, L)
are bounded. Applying complex interpolation method [3], [24] and using (5) , we
find that the function

T:W(LP, L)) — W (LP,LY)
is bounded for 0 < 6 < 1, where

1 0
le—ﬁandv:wg
,

Then T € Mg (W (LP, LT) W (LP, 7)) = Mq (W (LP, L)) . <
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Lemma 1. Let (B, H-HBl) , (Ba, H.||B2) be two normed spaces and let T be a
bounded linear operator from (Bi,||.|g,) to (Ba, |.|lp,) - Assume that a normed
space (Bs, ||.|lp,) is continuously embedded into By, and By is continuously em-

bedded into a normed space (By, ||.|lg,) - Then T defines a bounded linear operator
from Bs to By.

Proof. Since T is bounded, there exists C; > 0 such that
ITz) g, < Crll2l g, , (6)

for all x € By. Also, since Bs < Bj and By < By, there exist Cy > 0 and C3 > 0
such that

lullg, < Calullg, (7)

and
[v]lg, < Csllvllp, (8)

for all u € Bs and v € By. By using (8), (6) and (7), we have
1Tzl 5, < C3 [T, < C3C1 ||zl p, < C1C2C3 ]| 5,

for all x € Bs. Then T is bounded. <«

Proposition 1. Let wy,ws,v1,v2 be weight functions, 1 < p1,q1,71,51 < 00 and
let 1 < p2,q2,72,82 < 00. Assume that pp > p1, 1 = g2, 71 = 12, 81 < s2. If
w1 > v1 and wy < vo, then
Mg (W (L, L)) W (L', L3))) © Mg (W (LP?, L%2) W (L™, L}?)) .
Proof. By the assumption
w (LPQ,L%) — W (Lpl,LZ,ll)

and
W (L™, L) — W (L2, L32) .

Then by Lemma 1, the proof is completed. <«
Lemma 2. If1 <p,q<oo and f € W (LP,L9), then

_ 1
hll_)Ilolo IIf+ TthW(Lp,Lq) = 24 ||f||W(Lp,Lf1) .
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Proof. Suppose g € C,. (G) with compact support K. Since the definition of
W (LP, LY) is independent of choice of the compact set @), we can choose Q C K.
If h¢ K — K, then
SUP PXQ+a N SUP PXQ+z—h = P,

thus
SUP PIXQ+z N SUP PIXQ+z—h = P;

for all x € G. Then we have

109 + Thg) X@+2l, = ll9x@+a + (Thg) xQ+<ll,

= llgxq+zll, + ll9xQ+e—nll, = Fy (z) + ThFy (). (9)
Since F, and T}, Fy belong to L?(G), by Lemma 3.5.1 in [23] we have

1 1
i [1Fy + Ty, = 20 |1 Fyll, = 27 1 (oo, zo)- (10)
Thus by (9) and (10) ,we obtain
1
o+ Trllw(es 2oy = |10+ Tng) Xl | =20 W lweao oy~ (1)

It is known that C, (G) is dense in W (LP, L?) ,[6] . Then for any f € W (LP, L9),
and any € > 0, there exists g € C. (G) such that

5
If = 9llwwr Loy < —7—v (13)
2(2+21)
Take any h ¢ K — K such that
1 £
[1Th9 = gllw (zo,oy = 27 N9l ooy < 5-
Then it is easily shown that for all h ¢ K — K
1
1 = Tuflwzn,ony = 29 1 llwizr,an| = (14)

=\ lf —9+9—Thg +Thg — Thfllwre o)+

1 1 1
24 |9l e, Loy = 29 9llw (i, Loy = 29 1 Flw (Lo, oy |

<IIf = 9gllwre,zay + 1T f = Trgllw e, Loy + 1109 = 9llw (e 10y +

1 1 1
24 |gllwre,zoy = 29 19wz Loy = 29 1 fllw (o Loy | -
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Since the Wiener amalgam space is strongly translation invariant (i.e. ||7; h9||W( Lr,L9)
= [l9llw(ze,ay); from (13) and (14) we have

1
1 = T v o oy = 27 1l 2o 20

IN

_l’_

1
2| f - QHW(Lp,Lq) + ‘HThg - QHW(LIJ,LQ) — 2q HgHW(LP,Lq)

1 1
+ 129 19llwzp,ay = 27 1 Fllwzr,2ay| < 21 = 9llw(zr Lo
( ) ( ) ( )

1 1
+ 20f - gHW(LP,Lq) + )”Thg - gHW(LP,L'J) — 24 HgHW(LP,Lq)

1 1
= (2+29) 15 = glhwio oy + 1709 = gllwzo,zay = 29 gl (oo, i)

€ 1 e € €
—_— (2 2) —=—4+ - =c.
2( 1><+q+2 2+2 €

IN

2+ 24
<

Proposition 2. If A€ Mg (W (LP,L?) ,W (L",L®)) and q > s, then A = 0.

Proof. Since A is bounded, there exists a smallest constant C' > 0 such that

||Af||W(LT,LS) S C ||f”W(Lp,Lq) (15)
for all f € W (LP,L?). Then from (15),
IAF +Tu (AP, ) = AT + AT e
= JAG + Ty g ey < CIF + Tl oo (16)
By Lemma 2, we have
. 1
T A+ T (AP 0y = 20 1A an
and .
hli)n;o 1f + Thfllwe,pa) = 29 1 fllw(ze,o - (18)
Then from (16),(17), and (18), we have
1 1
25471, 0y < O2 [ fllwia o)
and hence L
1AFlly 0 ) <20 C 1 lwgaon - (19)

1 1
Since ¢ > s, we have % — % < 0, and so 29 sC < C. But this contradicts the
assumption that C' is a smallest constant satisfying (19). <
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/
Proposition 3. If L € L¥ and A € Mg (W (L?, L) ,W (L",L3)), then A = 0.

Proof. The assumption % € L implies that L, C L', and thus W (L", L$,) —
w (L”", Ll) . Then the inclusion

Mg (W (LP,L9) ,W (L", L%,)) C M (W (LP, L), W (L",L")) (20)

is obtained by Lemma 1. Hence by the inclusion (20) , we have A € Mg (W (LP, L7),
w (LT’, Ll)) . Since ¢ > 1, by Proposition 2, we obtain A = 0. «

4. Noninclusions among the spaces of multipliers

In this section we will discuss the noninclusions among the spaces of multi-
pliers.
We need the following Lemma (see Lemma 17 in [5]).

Lemma 3. (M.G. Cowling and J.J.F. Fournier). Suppose G is a nondiscrete lo-
cally compact group. There exists a sequence of relatively compact neighbourhoods
(Un) of the identity in G such that

m (U, +U,) <Cm(U,), n=1,2,...; m{U,) =0 as n — oo,

where C' is a constant independent of n, and m (Uy) is the Haar measure of the
set U,.

Theorem 3. Let G be a nondiscrete locally compact Abelian group. Suppose
1<p,grsp,q,r,s1 <00, 1<r <g<s <oo,andl <ry <r<s3 <oo.
If

11 1 1
0<-——-<-—=

p q r s
then Mg (LP, W (L™, L"")) is not contained in Mg (W (L™, L"), L®).

)

Proof. Since G is a nondiscrete locally compact Abelian group, by Lemma
3, there exists a sequence of relatively compact neighbourhoods (Uy,), <y of the
identity in G such that

w(U,y+U,) <Cu(Uy,), neN; u(U,) =0, asn — oo,

where C' is a constant independent of n. We estimate the Mg (LP, W (L™, L*1))
and M¢ (LP, L?) norms of characteristic function yy, of the set U,, where U, is
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the term of the sequence (Up)y - Since r1 < ¢ < sy, we have LY C W (L™, L*')
and there exists C7 > 0 such that

gl (zri oy < Crllglly

for all g € L9. Then

HXUn‘MG (LP,W(LH,LSI))H = sup HXUn (f)HW(Lm’le)

sup, 17l (21)

Cr lIxu., (S

< sup =0 Ixv, |Ma (LF, L] .

rere Sl

Note that L
Ixv, | Mg (LP, L9)|| < 1o (Un)' 770 (22)

Indeed, if we take a number ¢ such that

then L' is embedded continuously in Mg (LP, L) and
Ixv, * fllg < Ixoalle [1£1],
for all f € LP. Then
141
Ixv, [ Ma (L, L9)|| < |Ixu, ll; = 1 (Ua) 75

Combining (21) and (22), we obtain

S

_1
Ixw, [Me (L7, W (L™, L*)|| < Ct [Ixw, [Me (2P, L)|| < Cipp (Ua)' "7 (23)

On the other hand, from the inequality r < r < s; we have L™ C W (L™, L*!)
and there exists C5 > 0 such that

ol iz 2oy < Co lgl, (24)
for all g € L". Then by (23),
o Ma W (2,20 1) = sup XDy

rew@ oy 1 lwr zoy —
F#0
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1
> sup 10 D = 2o, v (27, 29 (25)
wr G, G
£0

Again as in (22), let ¢ be the number such that

It is easy to show that

1% (Un) X—Un S XUn * X—Un_Un'

Then
p(Un) Ix-valls < lxvn * X-va-va s
< lxvaMa (L7 L) I x-v.-0a I, »
this implies
1 rors 1
1 (Un) (1 (Un)* < lIxva M (L7, L) (1 (=Up = Un))" - (26)

By Lemma 3, u (=U, — U,) < Cu(U,) for some constant C' > 0. Thus from (22)

S =

1 (Un) (1 (Un))* < [Ixwn | Ma (L7, L2)|| (Cp (Un)) ™

and so we have
1
S

1 _1
Ixv, [Ma (L7, L) | = C~ 7 (Up) ' 77 F
Combining (25) and (27), we have

S 1 T S
Ixv, [ Me (W (L™, L), L?)|| = o Ixv. [ Me (L7, L) 2 ——=
2 T

(28)
Finally, by using the estimates (23) and (28), we obtain
r s s ! Un 1_%+%
x| Ma (W (L7, 1), L) guet (V)
e M (2 W (L, L) ey oy 278
1
= . (29)

0102C%H(Un){(
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Since 0 < % — % < % — 1 the right- hand side of (29) tends to oo as n — co. That

S
means we haven’t any constant Cy > 0 such that

Ixv, [ Ma (W (L™, L*1), L*)|| _ Co.
Ixv, [Ma (L, W (L™, 1)) || —

for all (Uy,)cy. This implies that Mg (LP, W (L™, L)) is not contained in
Mo (W (L7, 1%1), T°) . <

Corollary 1. Let G be a nondiscrete locally compact Abelian group and let 1 < p,
q, T, S, P1, 41, T'1, S1 < oo. Ifrl §> r < S1, S2 <s< r2 and

1 1 1 1
0<-—><=—=

P q r S

then Mg (LP, W (L™, L®Y)) is not contained in Mg (W (L™, L) , W (L™, L*?)).
Proof. Assume that

)

Mg (LP,W (L™, L*)) € Mg (W (L™, L*') ,W (L"?, L*?)) . (30)

Since so < s < ro, we have W (L™, L%2) C L* . Thus there exists C; > 0 such
that

1 lls < Cullfllw (e, oo
forall f € W(L"™,L*?). Let A € Mg (W (L™, L*"),W (L™, L*?)). Then by (30),
[Af]ls < Ch ”Af”W(L"2,L52) < GGy ||f||W(L’”1,L31)
for some Cy > 0. This implies A € Mg (W (L™, L"), L®). Hence
Mg (W (L™, L) ,W (L™, L*?)) C Mg (W (L™, L"), L%). (31)
Combining (30) and (31), we have

Mg (LP,W (L' L*)) C Mg (W (L™, L*), W (L™, L))
C Mg (W (L™, L), L).

But this inclusion is a conradiction with the Theorem 3. Thus the inclusion (26)
18 not true. <4

Theorem 4. ( M.G. Cowling and J.J.F. Fournier, [5], Theorem 7 ). Let G be a
noncompact, unimodular, locally compact group. Let 1 < p,q,r,s < 0o. Suppose

that p < q and min <s,r/) < min <q,p/) . Then Mg (LP,L?) is not included in
Mg (L™, L) .
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Theorem 5. Let s1 <p<ry, 1o < qg<s9 andlet rg <r < s3, s4 < s <ry. Sup-
pose that p < ¢ and min (s,r/) < min (q,p/) . Then Mg (W (L™ L), W (L",
L#2)) is not included in Mg (W (L"3,L%8) , W (L™, L*)).

Proof. By Theorem 4, M¢ (LP, L?) is not included in M¢ (L", L®) . Then there
exists at least one element 7" € M¢ (LP, L?) such that T ¢ W (L", L*). By the
assumptions W (L™, L*1) «— LP, L7 < W (L™, L*?) and also L" — W (L3, L®3)
and W (L™, L*) — L*. Then by Lemma 1, we have the inclusions

Mg (LP,LY) C Mg (W (L™, L*Y) W (L2, L*?)),

Mg (W (L™, L*),W (L™, L*")) C Mg (L",L%).

Since T € Mg (W (L™, L), W (L™, L)) but T ¢ Mg (W (L™, L), W (L™,
L#4)) , the space Mg (W (L™, L) , W (L"2, L*?)) is not included in Mg (W (L"3,
L), W (L™, L%)). 4
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