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Inverse Problem of Spectral Analysis for Diffusion
Operator with Nonseparated Boundary Conditions
and Spectral Parameter in Boundary Condition
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Abstract. This work deals with an inverse problem for a diffusion operator with non-
separated boundary conditions, one of which contains a spectral parameter. Uniqueness
theorem is proved, solution algorithm is constructed and sufficient conditions for solv-
ability of inverse problem are obtained. As spectral data, we use the spectra of two
boundary value problems and some sequence of signs.
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1. Introduction. Inverse problem statement

Inverse problems of spectral analysis, which require the recovery of operators
from some of their given spectral data, are of great interest as they are very
often used in mathematics and various branches of natural science and technical
science. Many authors have considered this kind of problems for differential and
difference operators. For main results in the theory of inverse problems and their
applications we refer the readers to [1-8].

The process of solving inverse spectral problem usually consists of three major
steps:

1) finding out which spectral data uniquely determine the operator and prov-
ing the corresponding uniqueness theorems;

2) constructing solution method and recovery algorithm for the operator using
the chosen spectral data;

3) finding solvability conditions for the inverse problem.
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As main spectral data, one uses, in particular, one, two or more spectra,
spectral functions, normalizing numbers, Weyl function, scattering data. The
statements of inverse problems of spectral analysis differ depending on the choice
of spectral data.

Consider the boundary value problem generated on the interval [0, 7] by dif-
ferential diffusion equation

y'+ [N =20 (z) —q(z)] y =0 (1)
and general boundary conditions

a1y (0) + a2y’ (0) + a13y (7) + anay’ (7) =0, )
a21y (0) + a2y’ (0) + a3y (7) + a4y’ (1) = 0,

where X is a spectral parameter, p (z) € W [0,7], q (¥) € Ly[0, 7] are real
functions, aj,, are arbitrary complex numbers, m = 1,4, and j takes on values 1
and 2 here and throughout this paper. By W3 [0, 7] we denote a Sobolev space
of complex-valued functions on [0, 7], whose derivatives up to n — 1 ** order are
absolutely continuous and the n-th derivative is square summable on [0, 7].
Inverse spectral problems for Sturm-Liouville equation (p (x) = 0) and for dif-
fusion equation with separated boundary conditions (a13 = a14 = a1 = az = 0)
have been fully solved in [9-13]. For a1a = a4 = a1 = as3 = 0, a11 = ag = 1,
a13 = az4 = —1 the boundary conditions (2) become periodic, for a;s = a4 =
as1 = ass = 0, a11 = a13 = asg = agqy = 1 they become antiperiodic, and for

a2 = a4 = ag1 = a3 =0, ang =1, |az| =1, a13 # 1, agx = a3, aga =1
they become quasi-periodic boundary conditions. Inverse problems correspond-
ing to these cases have been considered in [13-19]. Recovery matters for boundary
value problems with other types of nonseparated boundary conditions have been
studied in detail in [20-29]. In those works, the unknown coefficients of differential
equation and the parameters of boundary conditions are recovered either from
the spectra of two or three boundary value problems with different separated or
nonseparated boundary conditions, or from two spectra and two or three eigenval-
ues, or from the spectra of two similar or non-similar boundary value problems,
some sequence of signs and some number (the boundary value problems are said
to be similar if their characteristic functions differ by a constant).

Many problems of the theory of oscillations in mathematical physics lead to
the inverse problems of spectral analysis for differential operators with a spectral
parameter in the equation and in the boundary conditions. In case of separated
boundary conditions, some of these problems have been fully solved in [30-37],
where the properties of spectral data have been studied, uniqueness theorems
have been proved, solution algorithms have been constructed, and necessary and
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sufficient conditions for the solvability of inverse problems have been obtained.
Inverse problems for the operators with nonseparated boundary conditions con-
taining a spectral parameter in polynomial form have been studied in [38-42].
Note that the latter works provide uniqueness theorems and solution algorithms,
but the solvability conditions for the corresponding inverse problems have not
been obtained there.

Denote by P (cy) the boundary value problem generated on [0, 7] by the
diffusion equation (1) and the boundary conditions of the form

Y (0) + (A + B)y (0) +wy (7) =0, (3)
Y (m) + 7y (7) —wy (0) =0,

where a; # 0, 8, 7, w # 0 are real numbers. It is easy to see that the charac-
teristic function of P (o) (o # ag) is

55 (\) = 2w —n(m A\ +w?s(m, A\) + (@A + B) o (, \), (4)

where 7 (7, A) = (7w, \) +ve(m, A, o(m, ) =8 (7, \) +ys(m, \), c(z,\),
s(z,A) is a fundamental system of solutions of the equation (1), defined by
the initial conditions ¢(0,\)=s(0,A) = 1, ¢(0,A) = s(0,\) = 0. The zeros
fylgj) (k= £0, £1, £2, ...) of this function are the eigenvalues of the problem
P (O{j).

Let 6y (k= £1, £2,...) (the zeros of the function o (7, A)) be the eigenvalues
of the boundary value problem generated by the equation (1) and the boundary
conditions

y(0) =y (m) +yy(m) =0. (5)

Denote o = sign [1 — |w s (m, Ox)|]. The inverse problem is stated as follows.

Inverse problem A. Given the spectral data {7,(61) }, {7,(62)}, {o}} of bound-

ary value problems, construct the coefficients p (), ¢ (x) of the equation (1) and
the parameters o, 3, v,w of the boundary conditions (3).

In this work, we prove the uniqueness theorem, construct solution algorithm
and obtain sufficient conditions for the solvability of inverse problem A, i.e. we
go through all the steps 1), 2), 3) of treating inverse problems. Note that the
similar results for Sturm-Liouville operator have been obtained in [42, 43].

2. Uniqueness theorem

Theorem 1. Boundary value problems P (ay1) and P (ag) are uniquely recover-
able if their spectra and the sequence of signs {o} are known.
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Proof. 1t is known [27, 44] that the following asymptotic formulas are true for
the eigenvalues of the boundary value problems P (a;) and (1), (5) as |k| — oc:

) (-0 bw—B; 7

’}/k :k‘+aj+ L +T, (6)
B 1. Qm+v &
Op =k 231gnk+a+ = + 1 (7)
where )
aj=a— %arctgaj, (8)
B+ a;p(0)
Bi=—+"5—-—9— 9

a:l/owpm dz, Qzl/oﬂ[q (2) + 9 ()] d,

T 2
92 :
S N ) R
1+ a?
Using the formulas [13, 27]
A— i A— 1 [7 .
C(’]‘(" )\):COSTF ()\_a>_01cos7r()\a)+7rQsm7r()\a)+)\ ¢1 (t) €Z>\tdt,

d(m, \) = =Asinm (A —a)+cosinm (A —a)+7Qcosm (A —a)+ [ o (t) eMdt,

sinm (A —a) sinm (A —a) cosmt(A—a) 1 [T i
s (m, A) = h +co \2 -7 T—'_F - s (t) et
cosm (A —a) sinm (A —a)

s'(m, A) =cosm (A —a)+ec

A L[ ixt
+7TQ)\+)\/Ww4(t)€ dt,
where ¢g = 5[p (0)+p (m)], ¢1 = 3[p (0)—p ()], Y (t) € La[-m, 7], m =
1, 2, 3, 4, we obtain from (4) the following representation for the function d; (A):

§; (A) = 2w+ (sinm (A — a) + aj cos T (A — a))+(a;7Q + ajy — ¢o) sinm (A — a) +
+(B+aje —7Q —7)cosm(A—a)+ f(A), (10)

where f(\) = [T _f(t)eMdt, f(t) € Ly[—m,7]. Using the given sequence
{fy,(gj )}, the function 6; () (as an entire function of exponential type) can be
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recovered in the form of infinite product. By representation (10) and Lemma
1.4.3 of [1], we have

. 05 (2k) . . 0j(2k—1) .
lim = ajcosma — sinrwa, lim ————— =sinma — a; cosa,
k—oo 2k k—oo 2k —1
5; (2k + 3 5; (2k + 3
im ](712) = cosma + ojsinma, lim ](712) = —cosma — «; sinma.
k—oo 2k + 5 k—oo 2k + 5
Hence 51 (2k) + 65 (2k — 1)
. 1 + 02 —
1 = —
Jim ok (a1 — ag) cosa,
81 (2k + 5) + 62 (2k — 3
lim — ( 3) £ 3) = (a1 — o) sinma,

and, consequently

0 (2k+3) + 62 (26— 3)
tema = i o o 2k —1) (11)

Using (6), (8) and (11), we successively calculate

a; = lim ('ylij) — ),

k—o0
tgma — o
t =1t —arctga;) = ————,
gma,; g (mra retgoy) I+ ajtgna
t —1 ;
a; = gma — tgma; (12)
1 +tgma - tgma;
T/ 1+ a2 ) .
_ T (7) (4
o= g Jim k(0 o ). (13)

It follows that the parameters o; and w of boundary conditions (3) are uniquely
recovered from the spectra{v,&l)} and {7,9} of boundary value problems P (aq)

and P (ag) by means of the formulas (12) and (13).
Construct the function

o(m a) = LN =0 () (14)

(g —ag) A -
From here, we find the zeros 6y, k= +1,=+2, ... of the function o (7w, A) for which
the asymptotic formula (7) holds as |k| — co. Knowing ’y,(j ) and 0y, we can also
recover the parameter 3, because, by virtue of (6), (7) and (9)

a1do — aady
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where

dj =B+ a;p(0) = (1+0af) lim

G 1 1
Jm [bjw — 2km (72?“ — O2k11 + ;arctgaj — 2)] .
Using (4), let’s recover the function
hi (A) = Bo (m, X) =0 (m, X) +w’s (7, 3) (16)

by the formula
0251 ()\) — 041(52 ()\)

hi (N = p— — 2w. (17)
Consider the function
h(\) = Bo(m, A\) —n(m, \) —w?s(m, \). (18)
From (16), (18), considering the identity
c(m No(m, A)—s(m, AN)n(m, A) =1, (19)

it is easy to obtain h? () — h% (6;) = —4w?, and therefore

h_ (0)) = signh_ (6;) \/h2 (6x) — 4w?.

Taking into account (16), (18) and the intermittency of zeros of the functions
s(m, A) and o (7w, A), we have
sign h (0x) = sign [—n (7, 6x) — w’s (7, O)] =

1— [ws (7, 6;)]?
S(7T, Ok)

he (0k) = (=) opy /h2 (0y) — 402, (20)

-
g\ = hy (A) = ho (A) — MM
Using the relations (7), (16) and (18), Lemma 3.2 of [16] and Theorem 28 of [45],
it is easy to conclude that the function g () is uniquely defined by the spectrum
{6k} of the boundary value problem (1), (5) and the sequences {0}, {h+ (6k)}
via the formula

= sign = (-1 gy

1 ) e
m —w 8(71', 9k)j| = sign

Consequently

Let
(21)

o0 0
g(\) = o (m N _Z ()\_HZ,)(;EW, 1)’

k40

(22)
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where g (04) = hy (0) — (=1 oy /B3 (0r) — 4w? — 202 BUEOT anq the
point over function means a differentiation in .

Define the characteristic function s (m, A) of the boundary value problem gen-
erated by the equation (1) and Dirichlet boundary conditions

y(0)=y(m)=0 (23)
as follows: )
$(1) = 5y [ () = Ao V], (24)

where the function h_ (\) is given by (21). The zeros \g, k = £1, £2, ... of the
function (24) are the eigenvalues of the boundary value problem (1), (23). They
satisfy the asymptotic formula

)\k:k—i-a—i-%—l—%,{nk}elg. (25)

From this formula and (7) it follows that

1
'yzwlimk(ﬁk—/\k—i—). (26)
k—oo 2

Finally, using o (7, A), s (\,7) and 7, we recover the characteristic function of
the problem generated by the equation (1) and the boundary conditions

y(0) =y (7)=0 (27)
via the following formula:
s (\m)=0(m, A —vs(\ 7). (28)

It is known [13] that the coefficients of the equation (1) are defined uniquely by
using the zeros of this function and the sequence {\}.

Thus, the boundary value problems P (a;) and P (ag) are fully recovered

from the given sequences {’y,gl)}, {fy,(f)} and {o}}. <

3. Recovery algorithms for boundary value problems

As mentioned above, the coefficients of the equation (1) are uniquely defined
by the spectra of the boundary value problems (1), (23) and (1), (27). Based on
the methods of [13], these coefficients can be recovered by the following algorithm.
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Algorithm 1. Let the two sequences of real numbers {\;} and {vy} (k = £1, £2, ...)
(the spectra of boundary value problems (1), (23) and (1), (27), respectively) be
given.

1) Using the given sequences {\r} and {v}, construct the functions

il A — A a vk — A
e T e I
2
= —0 = —0
k#0 k#0

2) Set
P (A) = e [s1(A) —ids (V)]

and construct the function
S(A)="—F= (00 <A< 00).
Note that S (N) is a scattering function of some boundary value problem

4[N 2p(a) —q(@)] y=0 (0<z<oc), y(0)=0,

where the real functions q (z) and p (x) possess the following properties:

q(x)=p(x)=0forz>m, qx) € Ly[0,7] , p(z) € Wy [0,7].
3) Define the function F (x) by the formula

1 / [efQiﬂ'a -9 ()\)] eiAde:,

F(ac):%

where a = lim (Mg — k).
k—o0

4) Solve the integral equations

F(x—i—y)—i—Ko(:c,y)—l—/ooKo(m,t)F(y—i-t)dt:0,

- [e.e]
iF (x+y) + Ky (Jr,y)+/ Ki(z,t) F(y+t)dt=0 (z<y<o0)
x
with respect to Kg (z,y) € L1 (x,00) , K1 (z,y) € L1 (x,00), where x € [0,00) is

considered as a parameter.
5) Define the function a(x) as a solution of nonlinear Volterra type equation

/ V(t,al(t =0 (0<z<00),
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where
V (t,2) = [ReKp (t,t) — ImKj (t,t)] sin 2242 [ReK; (t,t)] sin® 2—2 [TmKq (t, t)] cos? z.
6) Calculate p (x) and q (z) by the formulas

p@) =~ (@),

q(z) = —p*(z) — 2% {[ReK (x,x)] cosa (z) + [ImK (x,x)]sin (z) } ,

K (z,y) = Ko (z,y) cosa (z) + K1 (z,y) sina (z) .

Based on the proof of Theorem 1, let’s state the solution algorithm for the
inverse problem A.

Algorithm 2. Let the sequences {”y,(cl)}, {7122)}, {ok} (the spectral data of

boundary value problems P («1) and P (a2)) be given.

1) Using the sequence {71(;)}, construct the function 0; (\) in the form of
infinite product.

2) Calculate tgma by the formula (11) and define the parameters oj and w of
boundary conditions (3) by (12) and (13).

3) Construct the function o (mw, \) using (14) and find the zeros 0y of this
function.

4) Find the parameter B from the formula (15).

5) Recover the function hy (\) = Bo (7, \) —n (7, \) +w?s (7, X) using (17).

6) Find the values of the function h_ (\) = Bo (7, A) —n (7, \) — w?s (7, A)
at the points 0y using (20).

7) Using o (w, X\) and hy (0), recover the function g(\) (see (21)) by the
interpolation formula (22).

8) Knowing g (\), define h— (\) from (21).

9) Define the characteristic function s (m,\) of boundary value problem (1),
(23) by the formula (24).

10) Using asymptotic formulas (7) and (25), find the parameter ~ from (26).

11) Using o (w, N), s (A, m) and vy, recover the characteristic function s’ (X, )
of the problem (1), (27) by the formula (28).

12) Using the sequences {\r} and {vy} of zeros of the functions s (w,\) and
s’ (\,7), respectively, construct the coefficients p(x), q(x) of the equation (1)
following Algorithm 1.



180 Ch.G. Ibadzadeh, L.I. Mammadova, I.M. Nabiev

4. Sufficient conditions for solvability of inverse problem A

Theorem 2. In order for the sequences of real numbers {'y,(gl)}, {’y,(f)}
(k=20,£1,£2,...) and {0} (o =—1,0,1; k==x1, £2, ...) to be spectral data
of the boundary value problems of the form P (a1) and P (a2) (a1 < a), it s suf-

ficient that the following conditions hold:

. () _ L Cutas, g
1) the asymptotic formula v, = k+a+a;+ = + ZS true, where

Aj = 2wcosmaj, w, a, aj, Bj are real numbers, a < 0, 0 < aj < 2, a; > ag,

w0, T2 o (1) < oo

(1) (2)

2) the numbers v, and v, satisfy the inequalities

0<) <) <P <ol <o <oV < < <

+0 = ’
(29)
0> 7(,23 > %13 > 7,21) > 7,11) > %22) > ’ng) > 7,233 > 7(,1;3 >
when w < 0, and the inequalities
0<% <A <P <y <P <y <P <y <
(30)
0>’y()>’y(13>’y()>fy(l)>'y() 7(712)>7723227713)2...
when w > 0, with 7(3 2 < '71(63 7 < ka]) for'y = 7,221,
3) the inequality bk = |5j (0r) — 2w| — 2 |w| > 0 is true, where
J N COS T a;j k
k=—o0
k#0

and 0y’s are the zeros of the function d1 (\) — 62 (A);
4) ok is equal to 0 if by = 0, and to 1 or -1 if b > 0; besides, there exists
N >0 such that o, = 1 for all |k| > N.

Proof. Denote aj = —tgma;. Then it follows from the inequalities a1 > az
and 0 < aj < 5 that aq < ap < 0. By Lemma 1.3 of [27], for §; (\) (see (31)) we
have the representation

1

COS Ta

5i(A) = [Aj+ (A —a)sint (A —a—aj)+ Bjcosm (A —a—aj)+
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+Mjsint (A —a—a;)+ fj (A —a—aj)],

where f; (A\) = [7_ fj(t)etdt, f; (t) € Ly [—m,7]. Hence, considering relations
Aj = 2wcosma; and o = —tgma;, we have

—a [sin7m (A — a) cosma; — cosm (A — a) sinwa;|+

d0;j(\) =2
ey w+cos7raj

[sinT (A — a)cosmaj — cosm (A — a) sinwa;|+
coS Ta;

B;
COS ’ﬂ'aj

[cosT (A — a)cosmaj + sinm (A — a) sinma;|+

cosma; J_.
=2w+ (A —a) [sinm (A —a) + ajcosm (A —a)|+
+ (Bj + a;M;j)cosm (A —a)+

+(M; — a;Bj)sinm (A — a) + / G (1) A=t gi(t) € Ly [—m, @], (32)

—Tr

Therefore
91 (A) — 02 () sinm (A — a)
o (N) (o1 —0a) (A —a) cosm (A —a) ST +
_ T G (£) — 8o (T i(A—a)t
A—a o o] — a9 A—a
where
My — My + o1 B1 — aaBs Bi + a1 My — By — agM>
By = My = .
7 (a1 — ag) o1 — a2

By Lemma 1.2 of [27], the following asymptotic formula is true for the zeros 6y,
of the function o (\):

1 B
O = k— gsignk+a— 2+ 75 i} el (34)

Using (32), for the function

a1(52 ()\) — 062(51 ()\)
a1 — Q2

Ul ()\) =

— 2w (35)
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we obtain the following representation:

ur(A)=A—a)sinmt(A—a)+ Dcosm(A—a)+

+Msinm (A —a) + / r(t) A=ty

—T

1 (BQ + OCQMQ) — Q9 (Bl + Oqu)

9

D=

a1 — Q9
a1 (MQ — OéQBQ) — Q9 (M1 — 04131)
a1 — Q9

M = ,7(t) € Ly [—m, 7] .

As in [27], we define the function ug (\) satisfying the condition

ug (0) = (=) T oy /u2 (Br) — 4w? (36)
as follows:
sinm (A —a) 4cosm (N —a)
u )\ = Ul \z —2w2 74-377'——
2 = (2) - 247 | ROy ST

M sinm (A —a) m()\—a)}, (37)

+
(A —a)? (A —a)’
where By is an arbitrary constant satisfying the inequality By < Bs, and m (\) =
oM X o W is an entire function of exponential type not greater
than 7 belonging to Ly (—o00,00), {my} € lo.

Denote )
SO0 = 55 [ ) = (V)] (38)

In view of (37), we have

4(A—a)cosmt(A—a) m(A—a)
4()\—(1)2—1 * A—a

(A—a)s(\) =sinm (A —a) + Byr

where m (\) = —M sin A\r +m (\) , m (0) =m/(0) = 0.
Therefore, according to Lemma 2.1 of [27], if we denote by A\, (k= +1, £2, ...)
the zeros of the function (A — a) s (\), then we will have the following asymptotic

formula:
By Tk = 2
)\k:k’—F(l—?‘f—?, E T < 00. (40)

= —00

k40
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Taking into account the obvious equality 01 (6x) = d2 (0) (see (33)), from (35)
we obtain

ur (60) = 3 (6)) — 2. (41)
Third condition of theorem and the relations (29)-(30), (41) yield

s ur (0—2) < =2w|, ur (0-1) = 2w|, ui (1) = 2[w|, w1 (b2) < —2w], ...,
Consequently, there is a number hj such that
ur (6) = 2Jw| (1) chihy,. (42)
From (36), by virtue of (42), we obtain
ug (k) = 2 |w| (=1)*F o [sh Ay (43)

By (38), (42) and (43) we have

kL
5(00) = 53w (60) — 2 (60)] = 2 (chhu — sl =
)R
_ (ZD)™ chhy (1 — op [thhyl) .

wl
Hence, by the obvious inequality |th hg| < 1 it follows that
sign s (0;) = (1)1, (44)

Then, every interval ..., (0_3, 0_2), (0_2, 0_1), (01, 62) , (02, 03) , ... contains
one and, due to the asymptotic equality (40), only one zero of the function s (\).
Consequently, the zeros ..., 0_o, 6_1, 01, 02, ... of the function o (\) and the
Zeros ..., A2, A_1, A1, A, ... of the function s(\) satisfy the inequalities

<O 3< A 9<O09< A 1< 1 <0< <A << Aa<b3<.... (45)
Consider the function
s1(A) =0 (A) —vs(A), (46)

where
~v=(By— Bs) . (47)
The equality (46), combined with the relations (33), (39) and (47), implies

s1(A\) =cosm(\—a)— BMSH”T()‘ —a) L m (A —a)

A—a zZ—a
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(where my (A) = MycosAm + [* iy (t) eMdt , my (t) € Ly[—m,7]), which, in
turn, by Lemma 2.1 of [27] implies that the following asymptotic formula holds
for the zeros v, k= 41, £2, ... of the functions s;(z):

[e.9]

1. By Uy
yk:k—551gnk+a—?+g, Z 12 < oo. (49)
k=—o0

k0

By the formula (31), the inequality a1 < as < 0 and the second condition of
theorem, we have

5.(0)  [t+a? 4190 ﬁ o
- 2 2 2 2 :
20) Vet 5Ly U o

k£ 0

Then, due to the equality (33) and the inequality §; (0) < 0 which follows from
(31) by (29)-(30), we have

_01(0)=6(0) _ 6(0) [51 (0)
52 (0)

o (0) (v — 1) a (g — 1) a

- 1} > 0. (50)

Further, by Lemma 2.1 of [27], the function s ()\) can be represented in the form
of infinite product s (A\) = 7 [[;Z_ 140 Ak—k_/\ Hence it follows by (45) that

s=r ] %>0. (51)

k=—-—

k0

Consequently, from (46), taking into account (47), (50), (51) and the inequality
B4 < Bs, we obtain
51(0) =0 (0) —s(0) > 0.

On the other hand, by (44), (50) we have

sign s1 (A\) = signo (\g) = (—1)".

Therefore, every interval

oy Ol Al) s (200, (00) 5 (Muhe) s -
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contains one zero of the function s; (A). By virtue of the asymptotic formula
(49), the function s; (A) has no other zeros. Thus, for the zeros of the functions
s(\) and s1 (A) we have the inequalities

<V 3 < A g <V 9 <A <V <0< <M< <Ad<ry<...

Hence, considering the asymptotic formulas (40) and (49), by virtue of [13] we
conclude that there exists only one pair of functions ¢ (z) € L2 [0,7] , p(x) €
W [0, ] such that the sequences {\;,} and {v;} are the spectra of boundary value
problems generated on [0, 7] by the same equation (1) with the found coefficients
(¢ (z) and p(x)) and the boundary conditions (23) and (27), and the equalities
s(A\)=s(m A), s1(A) =5 (m, A\) hold. Using these equalities, it is easily shown
that the spectra of the recovered boundary value problems coincide with the

sequences {'y,gl)} and {7,5}2) } |

It can be shown that if the operator L given by the equalities
Ly=—y"+q(z)y,

D(L)={y e W5 [0,7]: ' (0) + By (0) +wy () =4/ () + vy (r) —wy (0) = 0},

is positive, then the conditions of Theorem 2 are also necessary.
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