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Bézier Curves and Surfaces Based on Modified
Bernstein Polynomials
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Abstract. In this paper, Bézier curves and surfaces have been constructed based on
@ n+ao

modified Bernstein bases functions with shifted knots for ¢ € [m7 m] Various prop-
erties of these modified Bernstein bases are studied. A de Casteljau type algorithm has
been developed to compute Bézier curves and surfaces with shifted knots. Furthermore,
some fundamental properties of Bézier curves and surfaces with modified Bernstein bases
are also discussed. Introduction of parameters o and 3 enable us to shift Bernstein bases
functions over subintervals of [0,1]. These new curves have some properties similar to
classical Bézier curves. We get Bézier curves defined on [0, 1] when we set the parameters
a, B to the value 0. Simulation study is performed through MATLAB R2010a. It has
been concluded that Bézier curves that are generated over any subinterval of [0, 1] based
on modified Bernstein bases functions are similar to the Bézier curves that are generated

based on classical Bernstein bases functions over the interval [0, 1].
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1. Introduction and preliminaries

It was S.N. Bernstein [1] in 1912, who first introduced his famous operators
By, : C[0,1] — C[0, 1] defined for any n € N and for any function f € C[0, 1] where
C'[0, 1] denote the set of all continuous functions on [0, 1] which is equipped with
Sup-norm H~HC[0,1]

Bn(f;x)_§< Z )xk(l—x)”_kf<7]z>, z € 0,1]. (1)
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and named them Bernstein polynomials to prove the Weierstrass theorem [9].
Bernstein showed that if f € C[0, 1], then B, (f;z) =% f(x) where ” =2 7 repre-
sents the uniform convergence. One can find a detailed information about the
Bernstein polynomials in [10].

Later it was found that Bernstein polynomials possess many remarkable prop-
erties and have various applications in areas such as approximation theory [9],
numerical analysis, computer-aided geometric design, and theory of differential
equations due to their fine properties of approximation [23].

In computer-aided geometric design (CAGD), Bernstein polynomials and their
variants are used in order to preserve the shape of the curves or surfaces. One
of the most important curve in CAGD [27] is the classical Bézier curve [2] con-
structed with the help of Bernstein basis functions. Other works related to differ-
ent generalizations of Bernstein polynomials and Bézier curves and surfaces can
be found in [3, 4, 5, 7, 8, 11, 12, 13, 18, 20, 21, 23, 24, 26|

A new analogue of Bernstein operators using the concept of post quantum
calculus ((p, g)-calculus) in approximation theory have been introduced recently
by Mursaleen et al. in [12]. Later, based on (p, ¢)-integers, some approximation
results for Bernstein-Stancu operators, Bernstein-Kantorovich operators, (p, q)-
Lorentz operators, Bleimann-Butzer and Hahn operators and Bernstein-Shurer
operators etc. have also been introduced in [13, 14, 15, 16, 17].

Also see a recent work in approximation theory On Approzimation by Stancu
type Jakimouvski- Leviatan-Durrmeyer operators [19].

In [7, 8], Khalid et al. have shown applications of post quantum calculus in
computer-aided geometric design in terms of flexibility and applied these Bern-
stein bases for construction of (p, q)-Bézier curves and surfaces which is further
generalization of ¢-Bézier curves and surfaces [21, 23]. For other relevant works
based on Bézier curves, we refer the readers to [4, 5, 11, 18, 21, 22, 23, 25].

In 1968, Stancu [28] showed that the polynomials

(P f) () = En: (Z) (1 —z)nk f(%) (2)

k=0

converge to continuous function f(z) uniformly in [0,1] for each real «, 8 such
that 0 < a < 8. The polynomials (2) are called Bernstein-Stancu polynomials.

In 2010, Gadjiev and Ghorbanalizadeh [6] introduced the following construc-
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tion of Bernstein-Stancu type polynomials with shifted knots:

n+ B2\ "= (1 as \*/n+as ko
st = (52 D (1) (-a) (=) /(55)
(3)
where ¢ e "+ZQ and ay, B (k = 1,2) are positive real numbers provided
0<a; <ay S 51 < (3. It is clear that for g = 2 = 0, the polynomials (3)
turn into the Bernstein-Stancu polynomials (2) and if oy = ag = 1 = 52 = 0,
then these polynomials turn into the classical Bernstein polynomials.

In recent years, generalization of the Bézier curve with shape parameters has
received continuous attention. Several authors were concerned with the problem
of changing the shape of curves and surfaces, while keeping the control polygon
unchanged and thus they generalized the Bézier curves in [7, 8, 22, 23].

The outline of this paper are as follows. Section 2 introduces a modified
Bernstein functions with shifted knots Gk B and their properties. In Section
3, Bézier curves based on modified Bernstem bases alongwith degree elevation
and a de Casteljau algorithm are presented. In Section 4, we define a tensor
product patch based on Algorithm 1 and we discuss its geometric properties
as well as a degree elevation technique. Furthermore, tensor product of Bézier
surfaces on [ﬁ, ZJFT%] X [ﬁ, f;[—g] for Bernstein polynomials with shifted knots
is introduced and its properties inherited from the univariate case are discussed.
In Sections 5 and 6, we have given concluding remarks and MATLAB codes.

In next section, we construct basis functions with shifted knots with the help
of (3).

2. Modified Bernstein bases functions with shifted knots

The modified Bernstein bases functions with shifted knots are defined with
the help of (3) as follows:

oot = (1) <nf¢1ﬁ>" <t‘ni/3)k<ﬂg‘t>nk’ @

where m <t< Zig and «a, 8 are positive real numbers provided 0 < a < S.

2.1. Properties

Theorem 1. The modified Bernstein bases functions with shifted knots possess
the following properties:

1. Non-negativity: Gnaﬂ()ZO k=0,1,---,n, te[L M}
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2. Partition of unity:

;Gﬁ’a’ﬁ (t)=1, forevery te [niﬂ, Z:::g]
3. End-point interpolation:
. o 1, ifk=0
s <”+5> o k#0
Gﬁ,aﬁ <Zig> B 1, ifk=n
0, k #n.

4. Reducibility: when oo = 8 = 0, formula (4) reduces to the classical Bernstein
basis on [0, 1].

Proof. All these properties can be deduced from (4). <

1.4
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Figure 1: Modified Bernstein bases functions with shifted knots

Figure 1 shows the modified Bernstein bases functions of degree 3 with shifted
knots for a = 4, 5 = 6. Here we can observe that the sum of blending functions is
always unity and also satisfies end point interpolation property. In case a = 8 =
0, it turns out to be classical Bernstein basis on [0, 1] which is shown in Figure 2.
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Figure 2: Classical cubic Bernstein bases functions

2.2. Identities

Below we state some important identities which we will use later.

n+ o k B n+l—k n i
<n+ﬂ_t>G"’“’5 (t)_< n+1 ><n+5>Gn+Laﬁ (t) (5)

and
o k _(_n k+1Y okt
<t_ ’I’L+ﬁ>Gn’a"B (t) - <n+/3> <n+ 1>Gn+1,a,,8 (t) (6)
Proof.
Consider

(et = () e () (25) )
(5]t - (% (V) = (%) G5
(Zig a t) Griap (1) = { (75?1) (niﬁ) }Gfﬁ-l,a,ﬁ (t)

n—+ o k B n+l—k n i
<n+ﬁ t)Gn,a,,B (t) = < ] >(n+B>G”+1’O‘»5 (t).

o
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<t_ni6> st (n—%)@ib
(5) o= (- (D e (55) G5
(0~ niﬂ)%ﬁ
(e (55) (550
n (6% k+1’l’l (6] n—k
:<k)(n_’ilﬁ)”<t_n+6> (niﬁ t)
n—k
—t
)

<t_ o >k+1<n+a
n+ 5 n+ 3

Similarly

k+1
Gritas(®)

_t)"_k}.

Theorem 2. FEvery modified Bernstein function with shifted knots of degree n
is a linear combination of two modified Bernstein functions with shifted knots of

degree n + 1 :

& _(n+1-Fk\ 4
Ghap (1) = <n+1> Gri1a,8

k+1
Gn+1,a,ﬁ (t)

k+1
t
() + (n+1>
where

n+a
<t< n+p

n—l—ﬂ

Proof.
We have

(25) Chas (0=

n L _(n+a
(n+B>Gn,a,ﬁ (t> - <n+B

+ o Q
G* L )
.0, <n—|—ﬁ 1 n—|—ﬁ}

— t) Ghrop + (t —

or

(6%
— )G
n + B) n7a76

(7)

and a, B are positive real numbers satisfying 0 < a < 5.
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On using equalities (5), (6), we can easily get

_(n+1-k E+1Y\ i1
Gna,@ ( ) - <n+1>Gn+l a,f (t) + <TL+ 1)Gn+1,a,ﬁ (t) <

Theorem 3. FEvery modified Bernstein function with shifted knots of degree n
is a linear combination of two modified Bernstein functions with shifted knots of
degree n — 1 :

Gha 0= "0 (12 Vet 0+ "2 (MES )6t s 0, )

where
n+,3 <t< Zig and o, B are positive real numbers satisfying 0 < a < .

Proof.

On using Pascal type relation (}) = (Zj) + (";1), we get

<TI, > n < >k<n + (6% >7Lk

2 ) 0+ 2 (BN 0

When o = § = 0, equalities (7), (8) reduce to the degree evaluation formula
of the classical Bernstein bases functions. <«

n+8

3. Bézier curves based on modified Bernstein bases

Using modified Bernstein bases functions with shifted knots, the Bézier curves
of degree n are defined as follows:

P(t;a, 3) = ZPkGWﬁ (9)
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where Py, € R? (k=0,1,---,n), and Py are control points. The adjacent points
Py, k=0,1,2,--- ,n are joined to obtain a polygon which is called the control
polygon of Bézier curves.

3.1. Properties

Theorem 4. Bézier curves based on modified Bernstein bases have the following
basic properties:

1. Bézier curves have geometric and affine invariance.
2. Bézier curves lie inside the convex hull of their control polygons.

3. ghe end-point interpolation property: P(nJrﬁ7 a, ) = Py, (Zig, a,fB) =
n-

4. Reducibility: When a@ = 8 = 0 formula (9) reduces to a classical Bézier
curve.

Proof. These properties of Bézier curves based on modified Bernstein bases
can be easily deduced. «

Theorem 5. The end-point property of derivative:

o« B n—14+8\""'/n-1+a a "
P (ges) = oo (M) (S )
(10)

n -+« _ 7’L—1+B n-l n—+ « (64 ol
P! <n+5 »5) = <"+5><PH—PH1>(n_1) (n—l—ﬁ Tas 1+ﬁ>
11)

1.e. Bézier curves with shifted knots are tangent to fore-and-aft edges of their
control polygons at end points.

Proof.
Let

P(t;a, ) = E:Pkc%aﬁ

—ZP <n> 1 <t o )k<n+at)"_k
=T \R) G n+p8) \n+5
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=V(t;a,p)

or

P(t;a,8) = V(ta,p).

On differentiating both sides with respect to ‘t’, we have

P'(t;a, 8) = V'(t;a,p).

= () chp (-sa) (530

Let

Then

V(t;a, 8) = Z Py AL (t; o, B).

s = (3) e b <t‘niﬂ>“(ﬁg‘t>nk

() i () een (s
= (n+B){A} 1 (t;a,B) — A (0, B)},

which implies

tOé,ﬁ ZPk Akta7ﬁ)

k=0

Now

V(0 i08) =P a8 = (o A1 Po) Ay (50,

and

, _ n—14+8\"""/n-1+a a "
P tges) = meaepo (") (T nt)

Similarly after some computation, we have
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fntoa o nta _ B ne1({nta
V(Tl—i-,B,a’B) _P< +B 7/8) _<n+5)(Pn Pn_l)Ak_l(n—’—ﬁ)?

n—|-a - n—l—i—ﬁ n-l n—+ « (07 nl
P Gi0s) = epeaPun () (- )

<

3.2. Degree elevation for Bézier curves with shifted knots

Bézier curves with shifted knots have a degree elevation algorithm that is
similar to that possessed by the classical Bézier curves. Using the technique of
degree elevation, we can increase the flexibility of a given curve.

As we know, Bézier curves based on modified Bernstein bases with shifted
knots are given by

toz,ﬂ ZPkG”aﬁ

Then after applying degree elevation algorithm on this, we have

n+1

P(t;a, ) = ZPan—l—laﬁ()

as Bézier curves based on modified Bernstein bases of degree n + 1, where

k k
r=(1—-—— | Py — | Py. 12
k ( n+1> k1+<n+1> K (12)
The equation above can be derived from Theorem 2. If we denote by P =
(Py, P1, -+, P,)T the vector of control points of the initial Bézier curve of degree

n, and by P = (P, Py, --- , P, 1) the vector of control points of the degree
elevated Bézier curve of degree n + 1, then we can represent the degree elevation

procedure as

( )_ n+1P

where
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n+1 0 0 0
n+l—n n 0 0
1 : : . : :
T 1: . . . . .
Tt 0 on+1-2 2 0
0 0 n+1-1 1

0 0 0 n+1

L 4 (n+2)x(n+1)

For any I € N, the vector of control points of the degree elevated Bézier curve
of degree n + [ is P = Thvi Thyo- - Thi1P. As | — oo, the control polygon
P converges to a Bézier curve.

3.3. de Casteljau type algorithm for Bézier curves with shifted
knots

The recursive de Casteljau type algorithm for Bézier curves with shifted knots
of degree n can be expressed as follows:

Pd(t;a,8)=P?=P; i=0,1,2---,n

Pi(t;, ) = 2 (t - W) P (o, B) + P (iﬁ - t) PI (L0, )

_ _ +
r=1,---,n, i=0,1,2--- . n—r., nJrB<t<”+2‘, 0<a<p.
(13)
Then
P(t;a,B) = ZPltoz,,B —ZPrta,ﬁ nerapt) = =Pg(t;a,p).
(14)

It is clear that this result can be obtained from Theorem (3). When a = =
0, the formulas (13) and (14) recover the de Casteljau algorithms for classical
Bézier curves. Let PY = (Py, Py, , P, , P" = (P}, Py,---,Pr_)T. Then de
Casteljau algorithm can be expressed in matrix form as follows:

(t 047/3) (t O‘aﬁ) MQ(t;a75)M1(t;a76)POa (15)
where M,(t;c, B) is a (n —r + 1) x (n — r 4 2) matrix and

M. (t;a, B) =
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(G- (-3 0 0
ot B 0 (g —t) (t—2%5) 0 0
= n . . .
0 Gig-1) (-3%) 0

LY 0 = gt (-39

4. Tensor product Bézier surfaces with shifted knots on
[} n+oa o n+oa
[n—l—ﬁ’ n—&—ﬂ} [n—l—ﬁ’ n—&—ﬂ}

We define a two-parameter family P(u,v) of tensor product Bézier surfaces
of degree m x n as follows:

P(’LL,U):
« n—+ « « n—+ «
P 1
;;;%,ﬂmaﬂ>Gmw<>Wwwsh+ﬁM%HJx[n+ﬁn+6]<6>
where P;; € R*(i = 0,1,---,m,j = 0,1,--- ,n), and Gmaﬁ( u), Gf‘%aﬂ(v) are

modified Bernstein functions, respectively. We refer to the P;; as the control
points. By joining up adjacent points in the same row or column, we obtain a
net which is called the control net of tensor product Bézier surface.

4.1. Properties

Bézier surfaces with shifted knots have the following properties:
1. Geometric invariance and affine invariance property: Since

EZEIGmaﬁ @ s0) =1, (17)

=0 j=0

P(u,v) is an affine combination of its control points.

2. Convez hull property: P(u,v) is a convex combination of P;; and lies in
the convex hull of its control net.

3. Isoparametric curves property: The isoparametric curves v = v* and u = u*
of a tensor product Bézier surface are the Bézier curves with shifted knots
of degree m and degree n, respectively. Namely
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- o n+a]

P, J * ( - - -
Z 5] Gn7a’ﬁ(v )) Gm,a,ﬁ(u) ’ u € [n + 67 n+/8

i=0 N j=0
Pt 0) =S (S P, &) G o nrae
(w's0) = 2 | 2 Pij Grap() ) Gmap) » v e[ =75 =5l
7=0 “i=0
The boundary curves of P(u,v) are evaluated by P(u, nj%a), P(u, ZJFTE),

P(;%5:v) and P(TT%‘,U).

4. Corner point interpolation property: The corner control net coincides with
_ +ay _
the four corners of the surface. Namely, P(-%, +55) = Poo, P(;55, ﬁ) =

PO,nv P(%i%: njria) - Pm,Oa P(%7 ;LH—T%) - Pm,n-

5. Reducibility: When o« = § = 0, the formula (16) reduces to a classical
tensor product Bézier patch.

4.2. Degree elevation and de Casteljau algorithm

Let P(u,v) be a tensor product Bézier surface with shifted knots of degree
m X n. As an example, let us consider obtaining the same surface as a surface of
degree (m+1) x (n+1). Hence, we need to find new control points P; ; such that

m n m+1n+1
P(u,v) = Y PGy o s(WG , 50) = Y > PGl 0 s(WG  5(0).
i=0 j=0 i=0 j=0

(18)

1 _ m+tl—i 1 _ ntl—j
Let a; =11 T B =1 et
Then

Plj=aiBj Pis1j-1+a; (1-55) Picij+ (1 —ai) (1 8;) Py, (19)

which can be written in a matrix form as

n+1—j
1 _ [mA1-i] [m+1—i]} X P11 Piyj 1= [[n—l-l]]]
[m+1] [m+1] P, P, . [n+1-4] |-
2y 2y [n+1]

De Casteljau algorithm can also be easily extended to evaluate points on
a Bézier surface. Given the control points P;; € R3,i =0,1,---,m, j =
0,1,---,n, we have
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PYO(u,0) =P =Piji =0,1,2-- ,m;j =0,1,2-- .

r—1,r—1 r—1,r—1 n+ nta
Pr,r(u ’U) — | m4B [ mta _ t m+p t— Pi,j Pi,j+1 n (n B t)
i,j ) m m+3 m m+3 Prfl,rfl Prfl,rfl n+ ( .« )
< a

i+1,j
r=1,---,k, k=min(m,n) ¢=0,1,2--- , m—-r; j=0,1,--- ,n—r, 2=

When m = n, one can directly use the algorithms above to get a point on
the surface. When m # n, to get a point on the surface after k applications of
formula (20), we use formula (15) for obtaining the intermediate point Pf’jk.

Note: We get classical Bézier surfaces for (u,v) € [-95, 9] x [-2 nda]
when we set the parameter a = g = 0.

5. Concluding remarks

Bézier curves and surfaces are constructed with the help of modified Bernstein
bases functions with shifted knots for ¢ € [ﬁ, Z‘"Tg] . Introduction of parameters
a and ( enable us to shift Bernstein bases functions over subintervals of [0, 1].
We get Bernstein functions on [0, 1], when we set the parameters a = 8 = 0.

Simulation study is performed through MATLAB R2010a. It has been found
out that Bézier curves that are generated over any subinterval of [0, 1] based on
modified Bernstein bases functions which satisfy the properties of non negativity,
partition of unity and end point interpolation property are similar to the Bézier
curves that are generated based on classical Bernstein bases functions over the
interval [0,1]. This result is shown in Figure 3 where Bézier curves based on
modified Bernstein bases functions is shown by blue curve get overwrite by Bézier
curves based on classical Bernstein bases functions shown by green curve.

6. MATLAB Code

m=[4,0]; % value of alpha
1=[5,0]; % value of beta

cpx=[37 40 39 29 23 26 45 ] I x-coordinate of control points
cpy=[38 37 27 26 36 50 56 ] I y-coordinate of control points
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— Modified Bernslain bases
Classical Barnstain basas (grean avarwile blus)
— # — conbal palygan

25 3 a5 4 45 5 5.5

(a)

— Maodified Bernslein bases
Classical Bernstain basas (grasn avanile blus)
— # — contral palygan

T T T
m— Modifiad Barnstain bases

Classical Barnstain basas (grean ovarwnile blug)
— # — conkal palygon

25
20

35 a0 35 40

=1 a 1 2 3

(b)

Figure 3: Bézier curves based on modified Bernstein bases

for shifloop=1:2

17
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d=d+1;
end

bezierx=[1:d-1];
beziery=[1:d-1];
_ o . . nto

bezierbernsteinx=0;bezierbernsteiny=0;

for k=0:n

k n—=k
bezierbernsteinx = bezierbernsteinx + { Z } <x - ) <n ta ac) epz(k +1);

k n—k
bezierbernsteiny = bezierbernsteiny + [ Z } (az - ) (n to x) epy(k + 1);

end
n
bezierz(i) = bezierbernsteinz x <7i?3> :
n
beziery(i) = bezierbernsteiny <”:’B> :
i=i+1;
end

if (shifloop==1)

c=plot(bezierx,beziery)
set(c,’Color’,’blue’,’LineWidth’,2)

else

c=plot(bezierx,beziery,’g’)
set(c,’Color’,’green’,’LineWidth’,2)
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hold on

end

plot(cpx,cpy,’——k*’);

hlegl = legend(’Modified Bernstein bases’,’Classical Bernstein bases (green
overwrite blue)’,’control polygon’,’location’,’northwest’);

set(hlegl, ’Box’,’off’)

hold on

[1]
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