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On Non-Existence of Positive Periodic Solution for
Second Order Semilinear Parabolic Equation
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Abstract. Second order semilinear parabolic equation with time-periodic coefficients
is considered in the domain {x;|x| > R} X (—o00,400).The absence of global positive
periodic solutions is studied. The exact conditions are found under which the positive
periodic solution does not exist.
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1. Introduction

We will use the following notations: = = (z1,...,z,) € R", n > 3, r =
|| = /23 + ...+ 22, Bg = {a;|z| < R}, Br, g, = {2;R1 < |2| < R}, By =
{l/'; |l‘| >/ R} 7Q? = Bpr % (OvT)v ?hRQ = BR1,R2 X (OvT)7 ?Oo = B;% X (OaT)a
Qp = By x (—00,+00), Sg = {x; |z| = R} x (—00,400), © is a bounded domain
in R", Qr = Q2 x (0,7), Q =2 x (—o0, +00).

Consider the equation

% = div (|x|* AVu) + ag (x,t) |u|q_1 u, (1)

n

in the domain Q' , where ¢ > 1, a < 2, A = A(x,t) = (aj (@, 1))} j=1> aij (@,1)
ag (z,t) are bounded, measurable, T- periodic in ¢t functions, and there exist the
constants v, 5 such that

v €] < (AE,€) < ¢ (2)

for every (x,t) € Q/R, &= (&,..,&,) € R™.
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Here AVu denotes the action of the matrix A on the vector Vu = ( Ou Ou > ,

0x17 """ Oxp
n
n

n
ie., AVu = (Z aijg;.) and (A&,n) = > aii&ny, €= (§1,..,6n),n =
j=1 i1 ij=1

(M1, ).
We will study the existence of a global positive solution. Before giving a
definition for solution, we consider the following function space:

WyE (@) = {ue,0)sule,t+T) = u(e,t),ule,1) € W30 (Qr)

k=—o0

+o00
Z k|/uk(x)\2dx<oo ,
Q

where

1

U/c(x):f

2
u (z,t) exp {zk;t} dt.

St~

The norm in this space is defined as follows.

+00
HquVl,%(Q - el Zyiom + IVUlZy@n + D !k\/!uk<w)12dw~
T
Q

2 k=—o00

o 17%
By W, (Qr) we mean a completion of C*> (Qr) with respect to the norm

L1 , where C%%° (Qr) is a set of infinitely differentiable functions on Qr,

8l
W2 2 (QT)
which are T periodic in t and vanish in the vicinity of 0.

The function u(z, t) is called a solution of the equation (1) in Q?’OO, ifu(z,t) €

1,1 _
W,z ( g,oo> N Lo 1oc ( ?’OO) and the integral identity

+oo
27 Z (ik) / ug (z) ok (z) dx —i—/ |z|* (AVu, V) dadt =

k=—o0

By Q™
- // ag (z,t) |u|q*1 updxdt,
QP>
1.1

holds for every ¢ (z,t) € W2’2 < ?’Oo)



On Non-Existence of Positive Periodic Solution 165

Throughout this paper we will assume that a;; (,t),4,j = 1,n are bounded,
measurable, T periodic in t functions which satisfy the condition (2). All the
constants appearing in different estimates will be denoted by C, although they
are different in different estimates.

The matters of existence and non-existence of global solutions for different
classes of differential equations and inequalities play an important role both in
theory and applications, that’s why they have always been the cause for constant
interest from mathematicians. A lot of works have been dedicated to these mat-
ters (see [1-11]). For useful reviews of such works, we refer the readers to the
article [12], the monograph [13], and the book [14].

In particular, the existence of solutions to the periodic parabolic equations
has also been a study object for many researchers (see [15-22]). One of the earliest
works dedicated to periodic parabolic equations was Seidman’s [15], which treated
the existence of non-trivial periodic solution for the following problem:

?;: = Au+ a(z, t)ul, (x,t) € Q x (0,400),u/s0 = 0, (3)
with ¢ = 0, where a(z,t) is a periodic in ¢ function and 2 C R" is a bounded
domain. Since then, many authors have considered the problem (3) for ¢ > 0.
Beltramo and Hess [16] studied the problem (3) for ¢ = 1 and showed that for
specially chosen a(z, t) it may have non-trivial periodic solutions. Esteban [17, 18]
proved that for every ¢ > 1 when n < 2, and for 1 < ¢ < ;%5 when n > 2 the
problem (3) has positive periodic solutions for any kind of a(x,t) > 0. He also
proved that for n > 2, ¢ > Z—fg, this problem has no positive periodic solution.
In 2004, Quittner [21] proved, with some restrictions on a(z, t), that this problem
has positive solutions for 1 < ¢ < Z—Jjg

In [23], the equation (1) has been considered for a = 0 in Q7, and it was
proved that if ag(x,t) > c|z|?, then there is no positive solution for 2 + o + (2 —
n)(g—1) > 0. In [24], the equation (1) has been again considered for a = 0 in Q'
and it was proved that if ag(x,t) > c|z|? In® |z|, then there is no positive solution
for24+0+4+(2—-n)(¢g—1) >0,s € (—o0,+00) and for 24+ o+ (2—n)(¢g—1) =0,
s> —1.

In this work, we consider the equation (1) for @« < 2 and obtain an exact
criterion for non-existence of positive time-periodic solutions.

2. Auxiliary facts

Denote

Lu = div (|Jz|* AVu) — %
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Lemma 1. Let W (2,) € Loo 1oe(QF), W (2.t +T) = W (,8). If0 < u(z,1)
is a solution of the inequality Lu + Wu < 0, then for every f(x) € Cg° (BR

there holds
//W (z,t) f2 (= dzdt<c/|x\ |V f|? da.

QP
t
Proof. In the definition of solution, we take ¢z (z,1t) ,11 f (x,7)dr as a
test function, where I C)
’ P (@:t) = S

f(z) e CF° (Bk) , up (z,t) = % / u(x,T)dr.

Taking into account that

we obtain

+oo
27 Z (ik) / ug () Pp—k) (T) da:+/ |z|* (AVu, V) dedt >
k=—o00 '
BR

Q>
/ W (x,t) uprdadt, (4)
Q™
+oo
27 Z (zk:)/uk () h(—k) //uwhd:rdt
g, Q>
dy dp
= —//u ((%)hdxdt = //uhatdajdt
Q™ Q™

2
:/ % odadt = //a“hfd dt = //mn“hﬂdmdt:o,
ot uyp

/ |z|* (AVu, V;) dedt = / |z|* ((AVuw),, , V) dzdt =

R, R,
Q™ Q=
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B e ~Ou ouy, f?
_ //|x| 3 (“”aa;j)h a ot

QR i,j=1
S du\ Oof f
—|—//2|ZL‘| Z (amaw])h B, Uhd:vdt.
R,c0 17]:1
Qr

Considering the last relations in (4) and passing to the limit as h — 0, we get

2
/ / W f2dzdt < — / |z|* (AVu, V) %dwdt—i—

R, R,
Qr™ Q™

2
—l—//2 |z|* (AVu, Vf) id:cdt < —/ |z|* (AVu, Vu) f—zd:cdt—l-
u u
Q™ Qp™

+//2|x\a£(AVu, Vu)

R,
Q™

</ 2% (AV £,V f) d:vdt<u2T/|x\an|2dx.
Q™ B

Lemma 1 is proved. «

(AV £,V )2 dedt <

D=

Lemma 2. Letn > 3, 2 —n < «a < 2, the non-negative, continuous function
1 _
u(z,t) € W;lic (Q?’OO> on Q?’OO satisfy the inequality Lu < 0 and u(x,t) > 0

on Sg. Then there exists By = const > 0 such that u(z,t) > Bo|z|*"""* for
(2,1) € Q7™

Proof. We first consider the case 2—n < « < 2. Let’s continue the coefficients
aij (z,t) to QE, assuming a;; = 6;; in QE. Let T (x,t) be a fundamental solution
of the equation Lu = 0 with a singularity at zero. From [25, 26] it follows that if
a < 2, then the following estimates are true for I' (z,t), ¢t > 0:

‘1‘2704 |z|270‘

aq

,ult_#e* <TI'(z,t) < ugt_#e*"‘?

)

with I" (z,t) = 0 for ¢ < 0, where p1, 2, a1, ag are positive constants.
Consider the function

I (2,t) = > T(x,t+Tq). (5)
q
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Obviously, the series (5) is convergent and determines the solution of the
equation Lu = 0, According to the estimate from below for I' (z,t + Tq), we
obtain

2—«
I (@,t) = ST (@t +Tg) > 3 g |t + Tl 5 exp {—m o } N

7 7 t+Tq

* 2—«
ZC’/ |t +Ts| 2o exp{—allg:’_TS}ds—C]x\_” >

t
T
> C ’x‘Q—n—a —-C ‘x|—n > C ’x|2—n—oz '

As u(x,t) > 0 on Sg, there exists a constant By = const > 0, such that
u(x,t) > Bol" (x,t). Assume W (z,t) = u (z,t) — SoI” (z,t). Then we have

LW (z,t) <0, W (z,t) >0 on Sg andW (z,t +T) = W (x,t).

Because of u(z,t) > 0 in Q?’Oo and IV (z,t) — 0 as |z| — oo, we have
lz'meOOW(x,t) > 0.

The maximum principle implies W (z,¢) > 0 in Q?’Oo.

Therefore, u (x,t) > By |z|>~ "

Now let o =2 — n.

Consider the following auxiliary problem

Lv,=0 in QFF, (6)

UP||¢‘:R =1, Up||x|:p =0, Up(.%’,t + T) = Up(x7t)' (7)

Let’s prove that v, T 1 as p — oo.
Consider the following function

1
1, z| < pe,
() = . [zl <p
1+ Inlnpe —Inln|z|, pe <|z| < p.

Let’s take v, — ¢, as a test function in the definition of solution of the problem

(6),(7).

Then we obtain

+oo
2 Z (ik) /Uﬂk (vp — @p)_p dz+

k=—00 Br.,
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+ / 2> (AVv,, V(v, — ¢,)) dzdt = 0. (8)
QP

Just like in Lemma 1, it is easy to show that the first term is equal to zero.
Then from (8) we obtain

/ / 2> (AVv,, Vv,) dedt = / / 2> (AVv,, Vip,) <
R,p

R,p
T

1 1
< 2// |z>" (AVv,, Vv,) dzdt + 21/2// Z|> " |V, |? dadt.
R,p R,p

Hence

// 2> (AVw,, V,) dadt < 1/2// 2> |V, | dedt <
R,p

R,p
T

1
:C’(e—l)mﬁo as p — 0.

It follows from the maximum principle that v, < v,, for py < ps. Therefore,
v, T1as p— oo.

Obviously, for every p > R we have u(z,t) > Cyv,, where Co = % min, g u(,t).
Then, passing here to the limit as p — co, we get the statement of the lemma.

So Lemma 2 is proved. <«

Let’s prove the following analog of the Caccioppoli inequality.

Lemma 3. Let a < 2, and v (z,t) be a non-negative solution of the equation
Lo+ 82 z|* 20 =0 in Q?’OO. Then the following inequality holds for p > 2R:
o 2 a—2 2
/ |z|*|Vo|*dzdt < C / |z|* % v dxdt.
Qgﬁp Qp/2,5p2
T

Proof.



170 Sh.G. Bagyrov

Consider the following function

0, as x| < 8,
2(l=l=5), as £< [a[<p,
n(x) = I, as  p< |z < 2p,
2(%-lal), as 2< <P

0, as ]:1:|§57’).

Take n?(z)v(z,t) as a test function in the definition of solution. Then we
obtain

+oo
27 Z (ik) / o (nPv) _, da + // n? |z|* (AVv, Vo) dedt+
k=—0c0

Bp/2,5p/2 Q%/255p/2
// 2nv |z|* (AVw, V) dedt — 3 // |2|* 2 n*v2de = 0.
QPT/Q,SP/Q Q§/2,5p/2

As in Lemma 1, it is easy to show that the first term is equal to zero. Using
the inequality 2ab < ea® + %bQ in the third integral, we get the statement of the
lemma. <«

Lemma 4. Let o < 2, 0 < W(2,t) € Lo 10c(QF), W(z,t +T) = W(x,t) and
|z|2=*W (z,t) — 00 as x — oo. Then there exists no positive solution in Q?’OO

to the inequality
Lu+ W(z,t)u <0.

Proof. Assume the contrary, i.e. assume there is a positive solution u(x,t).
Then all the conditions of Lemma 1 hold. Let the function f(x) satisfy the
following conditions: f € C§°(By2p), 0 < f <1, f =1 for 575’ < x| < % and
IVfl < %. Then, by Lemma 1,

inf W(x,t) /dex< /Wxthdx<

p 2p
QP ,2p

<C / 2|V f|*dzx.
BP,2p

Hence
p" inf W(z,t) < Cp 2,
Q” ,2p
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and
||~ W (2,t) < C,
which contradicts the conditions of the lemma.
Lemma 4 is proved. «

Lemma 5. Let @ =2 —n, 0 < W(,1) € Lootoc(QE™), W(x,t +T) = W (x,t)
and |z|" In|z|W (x,t) — oo as |x| — oco. Then there exists no positive solution in
R,00 . .
Q™ to the inequality
Lu+ W(z,t)u <0.

Proof. Assume the contrary, i.e. assume there is a positive solution u(x,t).
Consider the following function

0, as lx| < p%,
l+Inln|z| —Inlnp, as ,0% < x| < p,
fla)=9 1 as  p< |z <2,
1+Inln(2p) —Inln|z|, as 2p < x| < (2p)°,
0. as |zl > (20,

where p > R°.
Again, applying Lemma 1 to such f(x), we obtain

p" inf W(z,t) < C // W (x,t) fAdadt <
Qe

1
e .(20)°
Qr

<c [ PVt -

B3
pe,(2p)€

—o| [ wrrwspes [ pprvsta| <

B 1 Bap,(20)¢
pPe.p
o (2p)°
<C /1 dr + / L d
r r| =
- rin?r rin?r
B 2p
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Hence
ptlnp inf W(z,t) <C,

Qe
|z|" In |2 |W (z,t) < C,

which contradicts the conditions of the lemma. So Lemma 5 is proved. <«

3. Main results and their proofs

The main results of this work are the following theorems.

Theorem 1. Letn >3, ¢ > 1, 2—n < a < 2, ay(z,t) > Clz|?, 0 € R,
C=const>0. Ifo+2—a+(2—n—a)(g—1) >0, then the equation (1) has
no positive solution in Q?’OO.

Proof. For simplicity, we assume R = 1.
I. Let first 2+0 —a+(2—n—a)(g—1) > 0. Denote W (x,t) = ag(x,t)|ul?"!.
If u(z,t) is a positive solution of the equation (1), then all the conditions of

Lemma 2 are satisfied. So by Lemma 2 we have W (z,t) > C|z|7|z|?—"~)(e=1) =
C|z|*2|x|7t2—a+@—n—)(@—1)  Hence

lim |z]>~*W (2,t) = oco.
|z| =00

Then, by Lemma 4, the equation (1) has no positive solution in Q%OO .
II. Now let 0 +2—a+ (2—n—a)(¢—1) =0 and « # 2 — n. If the equation
(1) has a positive solution u(z,t), then, by Lemma 2

Lu + B2|z|*u < 0.
Consider the following linear equation in Q%OO:
Lo + f2|z|* %0 = 0. 9)

Assume that the equation (9) has a non-negative solution v(z,t).
In the definition of solution of the equation (9), we take the test function
o(z,t) as follows:

0 < p(z,t) = p(z) € CF°, |Vp| < C/lz|,

0, as |z| <1,
o@)={ 1 as 2</<p
0, as |z| > 2p.
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Then
B2 //\x]a%gpdwdt—/ |z|*(AVu, Vo)dzdt. (10)
Qr™ Qr~

Let’s estimate the left-hand side of (10) from below, and the right-hand side from
above. By Lemma 2, we obtain

52 // |lz|*2vpdedt > Bg/ 2|2 2vdadt > 52 // |z| @227 g dt >

Qp™ Q7° i
"4
r p
>p32 [ = =p321n2 11
_@/r B ?. (11)

2
//\x]a(AVv,ch)da;dt: //m\"‘(AVv,Vgp)dde—

1 1,2
Q™ Q7

+// |z|*(AVv, Vp)dzdt < C + // |:c|a(AVv,Vv)%(AVgo,Vgo)%dxdt <

Py2p P2p
QT QT

D=

2

<c+ //yxayw?dxdt /\x|°‘\V<p[2dx <

P,2p

<C4Cp //\x]“\Vv\Qda:dt | (12)
e

Using Harnack inequality and Lemma 3, we estimate the latter integral as

follows )

2
// |z|*|Vo|2dedt | < C // 2|20 dxdt
2p

2

<
P p/2,5p/2
T T
n—2+a« .
<Cp 2 min wv. (13)

/2,5p/2
QY =r
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Then, by virtue of (11), (12) and (13), from (10) we obtain

521n—<C+Cp” 2o min .

QU1
Hence
B2 GG =0
As a result
v(z,t) > Clz> " %In ‘xC’ (14)

Now let’s show that the equation (9) has in fact positive solutions. For this
aim, consider the following auxiliary problem:

LV + B°|2|**VR =0, (15)

VR||$|:1 == ]., VR|‘$|:R == 0 (16)

Obviously, the problem (15), (16) has a solution Vg. Let’s show that Vg > 0 and
Vr < 1. We first prove that Vg < 1. Assume the contrary, i.e. assume there
exists Q' € Q%OO such that Vg > 1in Q.
Let ¢(x,t) = VlR — 1 for (z,t) € Q' and P(x,t) =0 for (z,t) ¢ Q'. Tt is clear
o L3
that ¢(z,t) € Wy ’ ( %R). Then, if we take Vg ¥ (z,t) as a test function in the
definition of solution, we get

VR 0(Vr
27 Z / Ve, (z)Y_(x dx+//x| aij(z,t) amf(azm)dxdt
7]

k=-001 - |z|<R 1

—ﬁQ/ |z|*2VR(VRg — 1)dzdt = 0.
Q/
t
Using the averaging v;,(z,t) = h™! [ 1(x,7)dr and then passing to the limit as
t—h
h — 0, we obtain as in the proof of Lemma 1 that the first term in the latter
equality is equal to zero.

As a # 2 — n, using the Poincare inequality and taking into account the
condition (2) we obtain

Y1 // |$‘Q|VVR|2dxdt+52/ 2|2V =
Q o
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= B2 // 2|2V A3dadt < 520/ym|ayvvR\2dzdt.
Q' Q'
Hence,

(1 — B2C) // 1]V Vi 2dwdt + B2 // 222 Vigdadt < 0.
Q' Q

As B? can be chosen sufficiently small, all the terms on the left-hand side of this
inequality are positive. Then we obtain a contradiction. Therefore, Vp < 1 in
QIT’R. Similarly we can show that Vi > 0.

As Vg > 0 and Vg < 1 for every R and Vg is a solution of the problem
(15), (16), the function Vi (z,t) converges uniformly, in every compact subset, to
some function V(x,t), which is the sought non-negative solution of the equa-
tion (9). Consider the function Wg(x,t) = u(x,t) — CVg(z,t), where C' =
3 minj,—; u(x,t). Then

LWg + B?|z|**Wg <0,

Wgr >0 for |z| =1, Wr>0for |z| =R, Wg(x,t+T)=Wg(x,t).

From here, similar to the case Wr < 1, it is easy to derive that Wg(x,t) > 0 in
1L,R
T -
As a result, we have u(z,t) > CVg(x,t) for every R. Then, passing to the
limit as R — oo and taking into account (14), we obtain

u(z,t) > Clz|> " lnm.
C
Using this inequality, as in case I, we arrive at the conclusion that the equation
(1) has no positive solution for « #2—n, 0 +2—a+(2—n—a)(g—1) =0, too.
III. Now let o = 2 — n.
Denote W (x,t) = ag(z,t)|u|9"!. By Lemma 2, for o = 2—n we have u(z,t) >
C. Then
W(x,t) > Clz|° = Clz|* 2|z T2 = C|z| ™™ |x|7 ™.

Consequently, for 0 > —n we have

lim |z|"In|z|W(x,t) > lim In|z|jz|”T" = .

Hence, by Lemma 5, the equation (1) has no positive solution.
So Theorem 1 is completely proved. «
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Theorem 2. Letn >3, ¢>1, a <2—n, ag(z,t) > Clz|?, 0 € R, C = const >
0. Then, for every o € (—o0,+00),q > 1 the equation (1) has no positive solution
in Q?’Oo.

Proof. Again, for simplicity we assume R = 1. Let u(z,t) > 0 be a solution
of the equation (1). Take u~%* as a test function in the definition of solution,
where 0 < 0 <1, s= 2q —, ¢z ) E(x)(x),

1
=] EEE 1=kl
1, |z > p,
1, 1<z < p,
v)=q @-Bh,  p<p <y,
0, 2| > p.

Then we obtain
z|7 |u a0 wsdxdt <
’ ‘ =

Qr™®

+oo
<27 Z (ik) [ ug (z) p—p () dz + (— / |z|* (AVu, Vu) u= "t dadt+

k=—o00
B} Qr™

—I—s/ |z|* (AVu, Vo) u=?p*dzdt.
Q7™

Obviously, the first term on the right-hand side is equal to zero. Then, using
the inequalities

N

(AVu, Vo) < (AVu, Vu)% (AVp, V)2 |

1
ab < Ea2 + —bQ,

2 2¢e
we obtain
//m|‘7|u\q b psdrdt < ( //|:1c| (AVu, Vu) u= "t dadt+
Qr™ Qr

IN

+|Z| //\x|°‘ (AVu, Vu)u 0t sdmdt+m /|£C| (AV, V) u= o ~2dadt

Q™ Q™
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RS

2
< 28’9’// 2% |V|* u= 0 2dadt < // 2|7 [u|7? pPdadt | x
1
p/

|z|o(®'=1) ’
;lr,oo

_9 9
where p = {=, p = 1.

P
Hence

ozp/ 2p’ 572pl
’x‘a(p -1)

1, 1,
Qp~ Qp™

ap/ 2p/ 2p/ Oép/ 21’, 2pl
o [ e

|z|o(@' 1) |z|o(®' =)
Bi,p Bp,2p
p
<c /
1

¢ |
or

/
. /
PP +n—1-o(p fl)dr —

2p
T,ap/Jrnla(p/l)dr_’_C/ 677/)
or

P

1
(p—1)%

< Cpap,—Qp/—l—n—a(p/—l) _ Cp(a—Q—o)(p,—1)+a—2+n —

ozp/+nfa(p/71) + Cilpap,+n7cr(p,fl) <
pP -

_ot2-at(@-n—a)(p-1) _(a=2-0)(1=B)+(2-n-a)(g=1)

=Cp p-1 =Cp -1 . (17)

If now o < 2 —n, then we choose 6 € (0,1) in such a way that (o —2 —o)(1 —
0)+ (2—n—a)(g—1) > 0. Then, passing to the limit as p — +oo, from (17)

we obtain
// 2|7 |u|70 p*dadt < 0.
1,00

Q7

It follows that u = 0.
Theorem is proved. «

Now let’s show that the estimate we obtained for the non-existence of positive
solution is exact. To do so, we have to show that for o4+2—a+(2—n—a)(¢g—1) <0
there exists an equation which has a global positive solution.
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Consider the equation

ou

i div(|z|*Vu) + |z|7 [u)T . (18)

We seek the solution of this equation in the form wu(z,t) = A|x|™#. Substi-
tuting it into the equation, we obtain

—pla = = 2)|z[* 7 = pla|* T 4 AT |7 =0,
Take a —p—2 =0 — qu.

_ ot2—
Hence, p = 0(177104.

Let’s find out when A > 0 holds. We have

AT = pla—p—2)+np=pla—2+n—p) =

2 — 2 —
R e N S S I
qg—1 qg—1
o+ 2-ac+2—a+(2-n—-a)(g-1)
g1 ¢—1 '

So,ifc+2—a+(2—n—a)(g—1) <0, then A9~ > 0 and A > 0.
Therefore, for o +2 —a + (2 —n — a)(¢ — 1) < 0 the equation (18) has a
positive solution

1
ct+l—aoc+1l—a+(2-n2)(¢g—1) Fn’ﬁﬁa
- i -
q—1 q—1

u(x,t) =
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