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Uncountable Frames in Non-Separable Hilbert Spaces

and their Characterization
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Abstract. The concepts of Bessel families and frames in non-separable Hilbert spaces
are introduced in this work. Besselianness criterion for a family is found. Similar to
the usual case, analysis, synthesis and frame operators are defined, their properties are
studied. Many results related to usual frames are extended to new case. Examples are
given.
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1. Introduction

The concept of frame has been probably introduced by R.J. Duffin and A.C.
Schaeffer in 1952 [1] in the study of non-harmonic Fourier series with respect to
perturbed exponential systems. In this seminal work, Duffin and Schaefer estab-
lished some properties of exponential frames. In the same work, they introduced
the concept of abstract frame in separable Hilbert space and extended some prop-
erties of frames consisting of perturbed exponential systems to this concept. The
interest to frames has grown in the 1980s due to wide applications of wavelet
methods in various fields of natural science. Standing at the crossroads of theory
and practice, the wavelets are widely used in processing and encoding of signals
and different kinds of images (satellite images, roentgenograms of internal organs,
etc), in pattern recognition, in the study of the properties of crystal surfaces and
nano-objects, and in many other fields. Today, there are a lot of monographs and
review articles dedicated to this direction of approximation theory. For theoreti-
cal aspects of this direction we refer the readers to Ch. Chui [2], Y. Meyer [3], I.
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Daubechies [4], S. Mallat [5], R. Young [6], Ch. Heil [7], O. Christensen [8, 9, 10],
etc.

In subsequent years, the concept of frame has been generalized to various
mathematical structures (for example, Banach frames, p-frames, etc) and new
methods for establishing frames have been elaborated. One of these methods is
a perturbation method. A lot of results have been obtained in this direction in
the context of classical Paley-Wiener theorem on perturbation of an orthonormal
basis (for more details see O. Christensen [8, 9, 10] and Ch.Heil [7]).

It should be noted that, unlike Hilbert’s case, the definition of Banach frame
does not, in general, provide the decomposition of arbitrary element of Banach
space (or of arbitrary element of the closure of the linear span of the system
under consideration). In special cases, such a decomposition exists. Lp-case
has been considered by A. Aldroubi, Q. Sun, W.-Sh. Tang in [12] where the
concept of p-frame has been introduced and the atomic decomposition with regard
to Lp-subspaces invariant with respect to the shift operator has been obtained.
This idea has been extended to the general Banach case by Christensen O. and
Stoeva D. T. [10]. Also, the concept of q-Riesz basis for a Banach space has been
introduced in these works, which generalizes the one of Riesz basis introduced by
N.K. Bari [13]. Note that similar results have been obtained in [14, 15, 16, 17,
18, 19, 20, 47]. There are different generalizations of frames, and this research
field has been continuously growing over the last years (see, e.g., [10, 11, 12, 21,
22, 23, 24, 25, 26, 27, 28, 29, 30, 31]).

Frames draw growing interest also from a theoretical point of view. As an
example, we can mention the connection between the theory of frames and the
well-known problem of Kadison and Singer (1959). Modified, but equivalent
forms of this problem have been studied in different branches of mathematics
such as theory of frames, theory of operators, time-frequency analysis, etc. (for
more details see [32, 33, 34, 35, 36, 37, 38, 39, 44, 45, 46]).

In the context of applications to some problems of mechanics and mathe-
matical physics, since recently there arose great interest in the study of different
mathematical problems in non-standard function spaces such as Lebesgue spaces
of variable summability, Morrey-type spaces, grand Lebesgue spaces, etc. (for
more details see Cruz-Uribe [40], Kokilashvili V., Meskhi A., Rafeiro H., Samko
S. [41], Adams D.R. [42], Bardaro C., Musileak J., Vinti G. [43], etc). It’s worth
noting that in most cases these spaces (like, for example, Morrey-type spaces,
grand Lebesgue spaces, etc) are not separable. That’s what makes the study of
frames in non-separable spaces interesting.

In this work, we define Bessel families and frames in non-separable Hilbert
spaces, and find Besselianness criterion for a family. Similar to the usual case,
analysis, synthesis and frame operators are defined, their properties are studied.
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Many results related to usual frames are extended to new case. Corresponding
examples are given. Note that, as far as the authors know, this is the first time
the non-separable case is considered.

2. Uncountable Bessel System

Let H be a non-separable Hilbert space and I be an index set equipotent with
its topological dimension. Accept the following definition.

Definition 1. A system {xα}α∈I is called a Bessel system in H, if there exists
an absolute constant M > 0 such that for ∀ω ⊂ I : cardω ≤ θ0 (The cardinality
of the set ω is at most countable):

∑

α∈ω

|(x;xα)|2 ≤ M ‖x‖2 , ∀x ∈ H, (1)

where (·; ·) is a scalar product in H and ‖·‖ =
√

(·; ·).

If {xα}α∈I is a Bessel system in H, then it follows directly from (1) that the
index set I (x) = {α ∈ I : (x;xα) 6= 0} is at most countable for ∀x ∈ H. In fact,
take ∀x ∈ H. Let In (x) =

{

α ∈ I : |(x;xα)| ≥ 1
n

}

. It follows directly from the
convergence of the series

∑

α∈In

|(x;xα)|2 ,

that card In < +∞. On the other hand, it is not difficult to see that I (x) =
⋃∞

n=1 In (x). Hence, I (x) is at most countable.
Consider the Hilbert space

l2
(

IC
)

=

{

λ ∈ IC : card {α ∈ I : λα 6= 0} ≤ θ0 ∧
∑

α∈I

|λα|2 < +∞
}

,

equipped with the norm

‖λ‖l2(IC) =

(

∑

α∈I

|λα|2
)
1/2

.

Let I (λ) = {α ∈ I : λα 6= 0} , where λ = {λα}α∈I . Scalar product in l2
(

IC
)

is
defined by the formula

(λ;µ)l2(IC) =
∑

α∈I

λαµ̄α, ∀λ;µ ∈ l2
(

IC
)

,
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where λ = {λα}α∈I , µ = {µα}α∈I (we will use these notations throughout this
paper).

Let {xα}α∈I ⊂ H be some system and the series
∑

α∈I(λ) λαxα be convergent

in H for ∀λ ∈ l2
(

IC
)

. Let’s enumerate the elements of the set I (λ) and denote
{

αλ
n

}

n∈N
= I (λ). It is absolutely clear that the value of the series

∑∞
n=1 λαλ

n
x
αλ
n

does not depend on the method of enumeration.
Let’s show that there exists an absolute constant M > 0 such that

∥

∥

∥

∥

∥

∥

∑

α∈I(λ)

λαxα

∥

∥

∥

∥

∥

∥

≤ M ‖λ‖l2(I) , ∀λ ∈ l2
(

IC
)

. (2)

Take ∀ω ⊂ I : cardω ≤ θ0, so the cardinality of the set ω is at most countable.
Denote

l2 (ω) =

{

{λα}α∈ω :
∑

α∈ω

|λα|2 < +∞
}

.

Obviously, l2 (ω) ⊂ l2
(

IC
)

. Consider the operator Tω : l2 (ω) → H:

Tωλ =
∑

α∈ω

λαxα, ∀λ ∈ l2 (ω) .

It is absolutely clear that if cardω < +∞, then the operator Tω is bounded.
Therefore, without loss of generality, we will assume that cardω = θ0. In this
case we have l2 (ω) = l2 (N) = l2. Thus, the series

Tωλ =
∑

α∈ω

λαxα,

is convergent for ∀λ ∈ l2. Then it is known (see, e.g., O. Christensen [8, 9], B.T.
Bilalov [29]) that the operator Tω is bounded, i.e.

‖Tωλ‖ ≤ ‖Tω‖ ‖λ‖l2 , ∀λ ∈ l2. (3)

The sequence λ = {λα} is called finite if card {α : λα 6= 0} < +∞. The
definition of norm and the inequality (3) imply that for ∀ε ∈ (0, ‖Tω‖) ,∃λ ∈ lΦ:

‖Tωλ‖ > (‖Tω‖ − ε) ‖λ‖l2 ,

where lΦ is a linear manifold of finite sequences.
Now let’s prove the validity of the inequality (2). It means

‖Tω‖ ≤ M ⇒ sup
ω

‖Tω‖ < +∞,
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for ∀ω ∈ I : cardω ≤ θ0. It is absolutely clear that if

sup
ω⊂I: cardω≤θ0

‖Tω‖ < +∞, (4)

then (2) is true. Assume that (4) does not hold, i.e.

sup
ω⊂I: cardω≤θ0

‖Tω‖ = +∞. (5)

Then, for ∀n ∈ N, ∃ωn ⊂ I : cardωn ≤ θ0 such that ‖Tωn‖ > n. Without loss of
generality, we will assume that ‖Tωn‖ <

∥

∥Tωn+1

∥

∥ , ∀n ∈ N . Let’s show that the
sets ωn, n ∈ N , can be chosen in such a way that they do not intersect pairwise,
i.e. ωk

⋂

ωj = ∅, k 6= j. In fact, let ω1 be chosen. Put I2 = I\ω1. In the sequel,
for simplicity we’ll write |ω| = cardω. Let’s show that

sup
ω⊂I2: |ω|≤θ0

‖Tω‖ = +∞. (6)

Assume the contrary, i.e.

M2 = sup
ω⊂I2: |ω|≤θ0

‖Tω‖ < +∞.

Take ∀ω ∈ I : |ω| ≤ θ0. Let ω
⋂

ω1 = ω(1) ∧ ω
⋂

I2 = ω(2). It is clear that

ω = ω(1)
⋃

ω(2) ∧ ω(1)
⋂

ω(2) = ∅.

We have
∣

∣

∣
ω(1)

∣

∣

∣
≤ θ0 ∧

∣

∣

∣
ω(2)

∣

∣

∣
≤ θ0.

Thus

Tωλ =
∑

α∈ω

λαxα =
∑

α∈ω(1)

λαxα +
∑

α∈ω(2)

λαxα = Tω(1)λ(1) + Tω(2)λ(2),

where

λ(1) =
{

λ(1)
α

}

α∈ω
, λ(1)

α =

{

λα, α ∈ ω(1)

0, α ∈ ω(2) ,

λ(2) =
{

λ(2)
α

}

α∈ω
, λ(2)

α =

{

0, α ∈ ω(1)

λα, α ∈ ω(2) .

Consequently, λ = λ(1) + λ(2). So we obtain

‖Tωλ‖ ≤
∥

∥

∥
Tω(1)λ(1)

∥

∥

∥
+
∥

∥

∥
Tω(2)λ(2)

∥

∥

∥
≤
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≤ ‖Tω(1)‖
∥

∥

∥λ(1)
∥

∥

∥

l2(IC)
+M2

∥

∥

∥λ(2)
∥

∥

∥

l2(IC)
≤

≤ M̃2

(

∥

∥

∥
λ(1)

∥

∥

∥

l2(IC)
+
∥

∥

∥
λ(2)

∥

∥

∥

l2(IC)

)

,

where M̃2 = max {‖Tω(1)‖ ;M2} .
It is absolutely clear that

‖λ‖2l2(IC) =
∥

∥

∥λ(1)
∥

∥

∥

2

l2(IC)

+
∥

∥

∥λ(2)
∥

∥

∥

2

l2(IC)

.

From here it directly follows that
∥

∥

∥λ(1)
∥

∥

∥

l2(IC)
+
∥

∥

∥λ(2)
∥

∥

∥

l2(IC)
≤

√
2 ‖λ‖l2(IC) .

As a result, we obtain

‖Tωλ‖ ≤
√
2M̃2 ‖λ‖l2(IC) , ∀λ ∈ l2

(

IC
)

.

But this contradicts our assumption, i.e. the inequality (4) holds. Thus, the
relation (6) is true. It is absolutely clear that |I2| > θ0. From (6) we obtain that
∃ω2 ⊂ I2 : |ω2| ≤ θ0 such that ‖Tω2‖ > 2. Let I3 = I2\ω2. Similar to the previous
case, we can show that

sup
ω⊂I3: |ω|≤θ0

‖Tω‖ = +∞,

and, consequently, ∃ω3 ⊂ I3 : |ω3| ≤ θ0 such that ‖Tω3‖ > 3. Continuing this
procedure, we’ll get what we need.

Denote ω0 =
⋃∞

n=1 ωn. Clearly, |ω0| = θ0. Let’s show that the operator Tω0

is unbounded. Assume the contrary. Then, ∃M > 0:

‖Tω0λ‖ ≤ M ‖λ‖l2(IC) , ∀λ ∈ l2
(

IC
)

. (7)

Let n > M be an arbitrary natural number. We have ‖Tωn‖ > n. Then it follows
from previous considerations that ∃λ(n) ∈ lΦ:

∥

∥

∥Tωnλ
(n)
∥

∥

∥ > n
∥

∥

∥λ(n)
∥

∥

∥

l2(IC)
.

We have λ(n) =
{

λ
(n)
α

}

α∈ωn

. Now let’s consider the sequence λ0 =
{

λ0
α

}

α∈ω0
,

where

λ0
α =

{

λ
(n)
α , α ∈ ωn,

0, α ∈ ω0\ωn.
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It is absolutely clear that Tω0λ
0 = Tωnλ

(n), and, consequently

∥

∥Tω0λ
0
∥

∥ > n
∥

∥

∥
λ(n)

∥

∥

∥

l2(IC)
> M

∥

∥

∥
λ(n)

∥

∥

∥

l2(IC)
= M

∥

∥λ0
∥

∥

l2(IC)
,

which contradicts (7). Thus, the following theorem is proved.

Theorem 1. Let {xα}α∈I ⊂ H be some system and the series

∑

α∈I(λ)

λαxα,

be convergent for ∀λ ∈ l2
(

IC
)

. Then there exists an absolute constant M > 0
such that

∥

∥

∥

∥

∥

∥

∑

α∈I(λ)

λαxα

∥

∥

∥

∥

∥

∥

≤ M ‖λ‖l2(IC) , ∀λ ∈ l2
(

IC
)

. (8)

Denote by T : l2
(

IC
)

→ H the operator defined as follows:

Tλ =
∑

α∈I(λ)

λαxα ∀λ ∈ l2
(

IC
)

.

From (8) it follows that the operator T is bounded, i.e. T ∈ L
(

l2
(

IC
)

;H
)

. Let’s
find the operator T ∗ ∈ L

(

H; l2
(

IC
))

conjugate to T .
Let (· ; ·)H be a scalar product in H. Let ∀λ ∈ l2

(

IC
)

and x ∈ H be arbitrary
elements. By the definition of conjugate operator we have

(T ∗x;λ)l2(IC) = (x;Tλ)H .

Consequently

∑

α∈I

µαλ̄α =



x;
∑

α∈I(λ)

λαxα





H

=
∑

α∈I(λ)

(x;xα)H λ̄α, µ = T ∗x. (9)

Let ω ⊂ I : |ω| ≤ θ0 be an arbitrary set. Thus, the relation (9) is true for
∀λ ∈ l2 (ω). Then from (9) it follows that {(x;xα)H}α∈ω ∈ l2 (ω). Consequently,
the series

∑

α∈ω

|(x;xα)H |2 < +∞, (10)

is convergent for ∀ω ⊂ I : |ω| = θ0. Let Ix = {α ∈ I : (x;xα)H 6= 0} and In =
{

α ∈ I : |(x;xα)H | > 1
n

}

, where n ∈ N is an arbitrary number. It is absolutely
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clear that Ix =
⋃∞

n=1 In. From (11) it follows that cardIn < +∞, ∀n ∈ N . In
fact, if cardIn0 = +∞ for some n0, then we can choose the set ω0 ⊂ In0 : |ω0| = θ0.
It is clear that

∑

α∈ω0

|(x;xα)H |2 = +∞,

which contradicts the relation (11). Thus, cardIx ≤ θ0, ∀x ∈ H. Then from (11)
it follows immediately that

µα =

{

0, α /∈ Ix,
(x;xα)H , α ∈ Ix ,

in other words, T ∗x = {(x;xα)H}α∈I . It is absolutely clear that ‖T ∗‖ = ‖T‖.
We have

∑

α∈Ix

|(x;xα)H |2 = ‖T ∗x‖2
l2(I\C) ≤ ‖T ∗‖2 ‖x‖2 =

= ‖T‖2 ‖x‖2 , ∀x ∈ H.

So the following theorem is true.

Theorem 2. Let {xα}α∈I ⊂ H be some system. If the series
∑

α∈I

λαxα,

is convergent in H for ∀λ ∈ l2
(

IC
)

, then {xα}α∈I is a Bessel system in H
for ∀x ∈ H : cardIx ≤ θ0, where Ix = {α ∈ I : (x;xα)H 6= 0}. Moreover, the
inequality

∑

α∈Ix

|(x;xα)H |2 ≤ ‖T‖2 ‖x‖2 , (11)

is true, where T is the operator from Theorem 1.

Accept the following definition.

Definition 2. Let {xα}α∈I ⊂ H be a Bessel system in H. The number inf {M :
satisfying the inequality (1)} is called a Bessel norm (B−norm) of the system
{xα}α∈I . We denote it by B

[

{xα}α∈I
]

.

Let’s prove the following main theorem.

Theorem 3. Let {xα}α∈I ⊂ H be some system. In order for this system to be a
Bessel system in H, it is necessary and sufficient that the operator T defined by

Tλ =
∑

α∈I(λ)

λαxα, (12)

act boundedly from l2
(

IC
)

to H. If so, B
[

{xα}α∈I
]

= ‖T‖2.
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Proof. First, we assume that the operator T defined by (12) belongs to the
space L

(

l2
(

IC
)

;H
)

. Then from Theorem 2 it follows that {xα}α∈I is a Bessel

system in H, and the relation (11) implies B
[

{xα}α∈I
]

≤ ‖T‖2.
Now let’s assume the contrary: let {xα}α∈I be a Bessel system in H. Then

it follows from Theorem 2 that for ∀x ∈ H the relation cardIx ≤ θ0 holds, where
Ix = {α ∈ I : (x;xα)H 6= 0}. Let ω ⊂ I with cardω = θ0 be an arbitrary set, and
λ ∈ l2 (ω) be an arbitrary element. Let’s prove that the series

∑

α∈ω

λαxα,

is convergent in H. First, note that the inequality (1) implies the validity of the
following relation:

∑

α∈I

|(x;xα)|2 ≤ M, ∀x : ‖x‖ = 1,

i.e.

sup
‖x‖=1

∑

α∈I

|(x;xα)|2 ≤ M < +∞.

Let ω = {α1;α2; ...}. We have

∥

∥

∥

∥

∥

m
∑

k=n

λαk
xαk

∥

∥

∥

∥

∥

= sup
‖x‖=1

∣

∣

∣

∣

∣

(

m
∑

k=n

λαk
xαk

;x

)

H

∣

∣

∣

∣

∣

=

= sup
‖x‖=1

∣

∣

∣

∣

∣

m
∑

k=n

λαk
(xαk

;x)H

∣

∣

∣

∣

∣

≤

≤ sup
‖x‖=1

(

m
∑

k=n

|(x;xαk
)|2
)1/2( m

∑

k=n

|λαk
|2
)1/2

≤

≤ M
1
2

(

m
∑

k=n

|λαk
|2
)1/2

→ 0, as n,m → ∞.

From here it follows that the series
∑

α∈ω λαxα is convergent. The arbitrariness
of ω and Theorem 1 imply T ∈ L

(

l2
(

IC
)

;H
)

. Let ω = {αk}k∈N ⊂ I be an
arbitrary set and take ∀λ ∈ l2 (ω). We have

∥

∥

∥

∥

∥

m
∑

n=1

λαnxαn

∥

∥

∥

∥

∥

= sup
‖x‖=1

∣

∣

∣

∣

∣

(

m
∑

n=1

λαnxαn ;x

)∣

∣

∣

∣

∣

≤
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≤ sup
‖x‖=1

(

m
∑

n=1

|(x;xαn)|2
)1/2( m

∑

n=1

|λαn |2
)1/2

≤

≤
(

B
[

{xα}α∈I
])1/2 ‖λ‖l2(ω) .

Consequently

‖Tλ‖ ≤
(

B
[

{xα}α∈I
])1/2 ‖λ‖l2(ω) .

The arbitrariness of ω and λ ∈ l2 (ω) imply

‖Tλ‖ ≤
(

B
[

{xα}α∈I
])1/2 ‖λ‖l2(IC) ,∀λ ∈ l2

(

IC
)

,

which in turn yields

‖T‖2 ≤ B
[

{xα}α∈I
]

.

Taking into account the previous inequality, we obtain

‖T‖2 = B
[

{xα}α∈I
]

.

◭

The theorem below is an analogue to a result for the case of separable space.

Theorem 4. Let {xα}α∈I ⊂ H be some system and V ⊂ H be a set everywhere
dense in H. If there exists an absolute constant B > 0 such that the inequality

∑

α∈I

|(x;xα)H |2 ≤ B ‖x‖ , (13)

holds for ∀x ∈ V : cardIx ≤ θ0, where Ix = {α ∈ I : (x;xα)H 6= 0}, then
{xα}α∈I ⊂ H is a Bessel system in H.

Proof. Let’s prove that the inequality (13) is true for ∀x ∈ H. Assume the
contrary, i.e. assume ∃x0 ∈ H such that

∞
∑

k=1

∣

∣(x0;xαk
)H
∣

∣

2
> B ‖x0‖ ,

for some index set {αk}k∈N ⊂ I. Clearly, ∃n0 ∈ N :

n0
∑

k=1

∣

∣(x0;xαk
)H
∣

∣

2
> B ‖x0‖ .



Uncountable Frames in Non-Separable Hilbert Spaces and their Characterization 161

The continuity of scalar product and norm, and the density of V in H directly
imply that ∃y ∈ V :

n0
∑

k=1

∣

∣(y;xαk
)H
∣

∣

2
> B ‖y‖ .

Thus, we have

∑

α∈Iy

|(y;xα)H |2 ≥
n0
∑

k=1

∣

∣(y;xαk
)H
∣

∣

2
> B ‖y‖ ,

which contradicts the inequality (13). ◭

3. Uncountable Hilbert Frame

Let H be a non-separable Hilbert space and {xα}α∈I ⊂ H be some system.

Definition 3. A system {xα}α∈I is called an uncountable frame or simply a
frame in H if for ∀x ∈ H : cardIx ≤ θ0, where Ix = {α ∈ I : (x;xα) 6= 0}, there
exist absolute constants A;B > 0 such that

A ‖x‖2 ≤
∑

α∈I

|(x;xα)H |2 ≤ B ‖x‖2 , ∀x ∈ H. (14)

The numbers A and B are called the lower and upper frame bounds. A frame
is called tight if we can take A = B in (14).

A frame {xα}α∈I in H is called exact if for ∀β ∈ I the system {xα}α∈I;α6=β

stops being frame.
A system {xα}α∈I ⊂ H is called a frame family if it forms a frame in

span
[

{xα}α∈I
]

.
Let {xα}α∈I ⊂ H form a frame in H. Then it is clear that {xα}α∈I is a Bessel

system in H. From Theorem 3 it follows that the operator

Tλ =
∑

α∈I

λαxα,∀λ ∈ l2
(

IC
)

,

is bounded, i.e. T ∈ L
(

l2
(

IC
)

;H
)

. This operator is called a pre-frame operator.
As established above, the conjugate operator T ∗ ∈L

(

H; l2
(

IC
))

is defined by
the formula

T ∗x = {(x;xα)H}α∈I , ∀x ∈ H.

The operator T ∗ is called a synthesis operator. Clearly, the operator S = TT ∗ is
self-adjoint and belongs to L (H). We have

(Sx;x)H = (T (T ∗x) ;x)H =
(

T
(

{(x;xα)H}α∈I ;x
))

H
=



162 B.T. Bilalov, M.I. Ismailov, Z.V. Mamedova

=

(

∑

α∈I

(x;xα)H xα;x

)

H

=
∑

α∈I

(x;xα)H (xα;x)H =
∑

α∈I

|(x;xα)H |2 .

From (14) we obtain

A ‖x‖2 ≤ (Sx;x) ≤ B ‖x‖2 ,∀x ∈ H.

Consequently

AI ≤ S ≤ BI ⇔ 0 ≤ I −B−1S ≤ B −A

B
I.

As a result
∥

∥I −B−1S
∥

∥ = sup
‖x‖=1

∣

∣

((

I −B−1S
)

x;x
)

H

∣

∣ ≤

≤ sup
‖x‖=1

∣

∣

∣

∣

(

B −A

B
x;x

)

H

∣

∣

∣

∣

=
B −A

B
< 1.

From here it directly follows that S is boundedly invertible, i.e. S−1 ∈ L (H).
It is clear that

(

S−1
)∗

= S−1. Further, absolutely similar to the case of usual
frame, we can show that the family

{

S−1xα
}

α∈I
also forms a frame in H with

frame bounds B−1 and A−1, i.e.

B−1 ‖x‖2 ≤
∑

α∈I

∣

∣

(

x;S−1xα
)

H

∣

∣

2 ≤ A−1 ‖x‖2 , ∀x ∈ H.

The frame
{

S−1xα
}

α∈I
is called canonically dual to {xα}α∈I .

The following theorem on decomposition of arbitrary element with respect to
frame is true.

Theorem 5. Let the family {xα}α∈I ⊂ H form a frame in H and S be the
corresponding frame operator. Then

x =
∑

α∈I

(

x;S−1xα
)

H
xα, ∀x ∈ H.

Proof. Let y ∈ H be an arbitrary element. We have

Sy = T (T ∗y) = T
(

{(y;xα)H}α∈I
)

=
∑

α∈I

(y;xα)H xα. (15)

Now take ∀x ∈ H and consider y = S−1x. Then from (15) we obtain

x = S
(

S−1x
)

=
∑

α∈I

(

S−1x;xα
)

H
xα =

∑

α∈I

(

x;S−1xα
)

H
xα.

◭

The theorem below is proved in a quite similar way.
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Theorem 6. Let {xα}α∈I ⊂ H be some system and V ⊂ H be a set everywhere
dense in H. Let for ∀x ∈ V : card {α ∈ I : (x, xα)H 6= 0} ≤ θ0 and let there exist
absolute constants A;B > 0 such that

A ‖x‖2 ≤
∑

α∈I

|(x;xα)H |2 ≤ B ‖x‖2 ,∀x ∈ V.

Then {xα}α∈I forms a frame in H.

4. Examples

Let eλ (t) = eiλt, t ∈ R, where λ ∈ R, and consider the linear span V =
span

[

{eλ}λ∈R
]

over the field of complex numbers C. Define the scalar product
in V as follows:

(x; y)V = lim
T→∞

1

2T

∫ T

−T
x (t) y (t) dt. (16)

It is not difficult to verify that (16) is in fact a scalar product and the system
{eλ}λ∈R is orthonormal with respect to this scalar product. Let’s complete V with
respect to the norm generated by this scalar product and denote the resulting
Hilbert space by LΛ

2 (R). It is not difficult to see that LΛ
2 (R) is non-separable.

It is absolutely clear that the system {eλ}λ∈R is complete in LΛ
2 (R) for ∀x ∈

LΛ
2 (R) : card Ik ≤ θ0, where Ix = {λ ∈ R : (x; eλ)V 6= 0}. This assertion follows

from Bessel’s inequality for orthonormal systems. Moreover, Parseval’s equality

‖x‖2V =
∑

λ∈Ix

|(x; eλ)V |2 , ∀x ∈ LΛ
2 (R) ,

is true, where ‖·‖2V = (·; ·)V .
4.1. Let λ0 ∈ R be an arbitrary number and I = R

⋃ {i}. Consider the
system {ϕλ}λ∈I with

ϕλ =

{

eλ, λ ∈ R,
eλ0 , λ = i.

Let’s show that it forms a frame in LΛ
2 (R). Take ∀x ∈LΛ

2 (R). Let Ix =
{λ ∈ R : (x; eλ)V 6= 0}. We have

‖x‖2V =
∑

λ∈Ix

|(x; eλ)V |2 ≤
∑

λ∈Ix
⋃

i

|(x;ϕλ)V |2 ≤
∣

∣(x; eλ0)V
∣

∣

2
+
∑

λ∈Ix

|(x; eλ)V |2 =

=
∣

∣(x; eλ0)V
∣

∣

2
+ ‖x‖2V ≤ 2 ‖x‖V .
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Thus, we obtain

‖x‖2V ≤
∑

λ∈I

|(x;ϕλ)V |2 ≤ 2 ‖x‖2V , ∀x ∈ LΛ
2 (R) .

Consequently, the system {ϕλ}λ∈I forms a frame in LΛ
2 (R) with frame bounds

A = 1, B = 2.
4.2. Let {λn}n∈N = ω ⊂ R be some sequence of different numbers and

I = R
⋃

iω. Consider the system {ϕλ}λ∈I with

ϕλ =

{

eλ, λ ∈ R ,
eλn

, λ = iλn, n ∈ N.

Take ∀x ∈ LΛ
2 (R) and let Ix = {λ ∈ R : (x; eλ)V 6= 0}. We have

‖x‖2V =
∑

λ∈Ix

|(x; eλ)V |2 ≤
∑

λ∈Ix

|(x; eλ)V |2 +
∑

λ∈ω

|(x;ϕλ)V |2 =

=
∑

λ∈I

|(x;ϕλ)V |2 ≤ 2
∑

λ∈Ix

|(x; eλ)V |2 = 2 ‖x‖2V .

Consequently, the system {ϕλ}λ∈I forms a frame in LΛ
2 (R) with frame bounds

A = 1, B = 2.
4.3. Let I = R

⋃

iR and consider the system {ϕλ}λ∈I :

ϕλ =

{

eλ, λ ∈ R,
eµ, λ = iµ, µ ∈ R

.

Take ∀x ∈ LΛ
2 (R) and let Ix = {λ ∈ R : (x; eλ)H 6= 0}. We have

2 ‖x‖2V =
∑

λ∈Ix

|(x; eλ)V |2 +
∑

λi∈Ix

|(x;ϕλ)V |2 =
∑

λ∈I

|(x;ϕλ)V |2 .

Consequently, {ϕλ}λ∈I forms a tight frame in LΛ
2 (R) with frame bounds A =

B = 2.
Similar examples can be given for an arbitrary non-separable Hilbert space

with orthonormal basis {eα}α∈I of the same cardinality.

5. Frame Family

In this section, we will need the concept of pseudo-inverse operator. This con-
cept is based on the following lemma stated in the monograph by O. Christensen
[8, 9].
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Lemma 1 ([8]). Let H1 and H2 be some Hilbert spaces and U ∈ L (H1;H2) with
R (U) = R (U), i.e. the range of the operator U is closed. Then ∃U+ ∈ L (H2;H1)
such that

UU+y = y, ∀y ∈ R (U) .

The operator U+ appearing in Lemma 1 is called a pseudo-inverse of the
operator U . Pseudo-inverse operator has the following properties.

Lemma 2 ([8]). Let U ∈ L (H1;H2) , R (U) = R (U) and U+ be the pseudo-
inverse of U . Then:

(i) UU+ is an orthogonal projection from H2 on R (U);
(ii) U+U is an orthogonal projection from H1 on R (U+);
(iii) (U∗)+ = (U+)

∗
and R (U∗) = R (U∗);

(iv) on R (U), the operator U+ has the representation

U+ = U∗ (UU∗)−1 .

Now we proceed to the frame families. Let H be some non-separable Hilbert
space and {xα}α∈I ⊂ H be some frame family. Let

V = L
[

{xα}α∈I
]

.

By definition, the family {xα}α∈I forms a frame in V . Therefore, the analysis
operator T ∈ L

(

l2
(

IC
)

; V
)

, and, consequently, T ∈ L
(

l2
(

IC
)

; H
)

: R (T ) =

V . As is known, NT ∗ = R (T )⊥. Consequently, NT ∗ = {0} ⇔ ∃ (T ∗)−1 only when
R (T ) = H, i.e. R (T ) is everywhere dense in H.

So the following theorem is true.

Theorem 7. Let {xα}α∈I ⊂ H be a frame family and T be the corresponding
analysis operator. The family {xα}α∈I forms a frame in H only when T ∗ is
injective, i.e. KerT ∗ = {0}.

The theorem below can be proved quite similar to the case of usual frames.

Theorem 8. Let the family {xα}α∈I ⊂ H1 form a frame in H1 and F ∈
L (H1;H2) be some operator with closed range, i.e. RF = RF , where Hk, k = 1, 2;
is a Hilbert space with the scalar product (·; ·)Hk

. Then {Fxα}α∈I is a frame fam-

ily in H2 with frame bounds A ‖F+‖−2
, B ‖F‖2, where A and B are frame bounds

of the family {xα}α∈I in H1.

Proof. In fact, let y ∈ H2 be an arbitrary element. We have

card
{

α ∈ I : (y;Fxα)H2
6= 0
}

= card
{

α ∈ I : (F ∗y;xα)H1
6= 0
}

≤ θ0.
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So

∑

α∈I

∣

∣(y;Fxα)H2

∣

∣

2
=
∑

α∈I

∣

∣(F ∗y;xα)H1

∣

∣

2 ≤ B ‖F ∗y‖2H1
≤ B ‖F‖2 ‖y‖2H2

.

Consequently, the family {Fxα}α∈I is a Bessel family in H2. Let’s show that
the lower estimate also holds. Take ∀y ∈ L

[

{Fxα}α∈I
]

. Consequently, y = Fx,
where x ∈ L

[

{xα}α∈I
]

. According to Lemma 2 of [8], the operator FF+ is an
orthogonal projection from H2 on RF , therefore it is self-adjoint. Taking into
account that FF+y = y, ∀y ∈ RF , we have

y = Fx =
(

FF+
)∗

Fx =
(

F+
)∗

F ∗Fx.

Consequently

‖y‖2 ≤
∥

∥

(

F+
)∗∥
∥

2 ‖F ∗Fx‖2 ≤
∥

∥(F+)
∗∥
∥

2

A

∑

α∈I

∣

∣(F ∗Fx;xα)H1

∣

∣

2
=

=

∥

∥(F+)
∗∥
∥

2

A

∑

α∈I

∣

∣

∣

∣

(

Fx; Fxα

)

H2

∣

∣

∣

∣

2

.

As a result, for ∀y ∈ RF we obtain

A

‖(F+)∗‖2
‖y‖2 ≤

∑

α∈I

∣

∣(y;Fxα)H2

∣

∣

2
.

It is absolutely clear that this inequality is also true for ∀y ∈ RF . ◭

This theorem has the following direct corollary.

Corollary 1. Let the family {xα}α∈I form a frame in H1 and F ∈ L (H1;H2) be
a surjective operator, i.e. RF = H2. Then the family {Fxα}α∈I forms a frame
in H2 with the same frame bounds.

Theorem below can be proved easily.

Theorem 9. Let the family {xα}α∈I ⊂ H form a frame in H and S be the

corresponding frame operator. Then
{

S− 1
2xα

}

α∈I
forms a tight frame in H with

frame bounds A = B = 1 and

x =
∑

α∈I

(

x;S− 1
2xα

)

H
S− 1

2xα, ∀x ∈ H.
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Let the family {xα}α∈I ⊂ H form a frame in H and S be the corresponding
frame operator. Then ∀x ∈ H has a decomposition

x =
∑

α∈I

(

x;S−1xα
)

H
xα.

The family
{(

x;S−1xα
)

H

}

α∈I
are the frame coefficients of the element x. Denote

them by {Fα (x)}α∈I :

Fα (x) =
(

x;S−1xα
)

H
, ∀α ∈ I.

Frame coefficients have the smallest norms among other decomposition coeffi-
cients. In other words, the following theorem is true.

Theorem 10. Let the family {xα}α∈I form a frame in H and x ∈ H have a
decomposition

x =
∑

α∈I

λαxα, for {λα}α∈I ∈ l2
(

IC
)

. (17)

Then
∑

α∈I

|λα|2 =
∑

α∈I

|Fα (x)|2 +
∑

α∈I

|λα − Fα (x)|2 .

Proof. In fact, let the decomposition (17) hold. We have

{λα}α∈I = {λα − Fα (x)}α∈I + {Fα (x)}α∈I .

Obviously, {λα − Fα (x)}α∈I ∈ l2
(

IC
)

. Let T ∈ L
(

l2
(

IC
)

;H
)

be an analysis
operator corresponding to the frame {xα}α∈I . We have

T
(

{λα − Fα (x)}α∈I
)

=
∑

α∈I

(λα − Fα (x)) xα =

=
∑

α∈

λαxα −
∑

α∈I

Fα (x)xα = x− x = 0.

Consequently, {λα − Fα (x)}α∈I ∈ KerT . On the other hand

Fα (x) =
(

x;S−1xα
)

H
=
(

S−1x;xα
)

H
, ∀α ∈ I.

Hence, {Fα (x)}α∈I ∈ RT ∗ . As KerT⊥RT ∗, it is clear that {λα − Fα (x)}α∈I ⊥
{Fα (x)}α∈I in l2

(

IC
)

. The assertion of the theorem follows directly. ◭

Theorem below can be proved in a quite similar way to the case of usual
frames.
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Theorem 11. Let the family {xα}α∈I form a frame in a non-separable Hilbert
space H, T be the corresponding analysis operator, S be a frame operator and
T+ be a pseudo-inverse of the operator T . Then the optimal (i.e. the best) frame
bounds A and B are defined by

A =
∥

∥S−1
∥

∥

−1
=
∥

∥T+
∥

∥

−2
; B = ‖S‖ = ‖T‖2 .

6. Minimality and Biorthogonality in Non-Separable Case

Similar to the classical case, we accept the following definition.

Definition 4. Let H be a non-separable H-space with the scalar product (·; ·).
The families {xα; yα}α∈I ⊂ H are called biorthogonal if

(xα; yβ) =

{

0, α 6= β,
6= 0, α = β.

For (xα; yβ) = δαβ (δαβ is the Kronecker symbol), they are called biorthonormal.

Also accept the following definition.

Definition 5. A family {xα}α∈I ⊂ H in a non-separable H-space H is called

minimal if xβ /∈ L
[

{xα}α6=β

]

for ∀β ∈ I, where L [M ] is the closure of the linear

span of the set M ⊂ H in H.

It is not difficult to see that if the family {xα}α∈I has a biorthonormal fam-

ily {yα}α∈I , then it is minimal. In fact, let Lβ0 = L
[

{xα}α6=β0

]

for ∀β0 ∈ I.

Clearly, (x; yβ0) = 0, ∀x ∈ Lβ0 . Let xβ0 ∈ Lβ0 for some β0 ∈ I. Consequently,
∃ {un}n∈N ⊂ Lβ0 : xβ0 = lim

n→∞
un. We have

1 = (xβ0 ; yβ0) =
(

lim
n→∞

un; yβ0

)

= lim
n→∞

(un; yβ0) = 0.

The obtained contradiction proves that xβ0 /∈ Lβ0 . Thus, the biorthogonality
implies the minimality.

Now suppose that the family {xα}α∈I is minimal in H. Take ∀β ∈ I. Then,

ρ
(

xβ;Lβ

)

= inf
x∈Lβ

‖xβ − x‖ = d > 0, where ‖·‖ =
√

(·; ·) is the norm in H. Let

Mβ = L
[

xβ ;Lβ

]

. Every element x ∈ Mβ has a unique representation of the form

x = λxβ + x̃, x̃ ∈ Lβ, λ ∈ C.
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Consider the functional ϑβ : Mβ → C:ϑβ (x) = λ, ∀x ∈ Mβ . It is not difficult
to see that the functional ϑβ (·) is linear, and, moreover, ϑβ (xβ) = 1, ϑβ (x) =
0, ∀x ∈ Lβ. We have (for λ 6= 0)

‖x‖ = ‖λxβ + x̃‖ = |λ|
∥

∥

∥

∥

xβ −
(

− x̃

λ

)∥

∥

∥

∥

≥ |λ| d = d |ϑβ (x)| ⇒ |ϑβ (x)| ≤
1

d
‖x‖ .

For λ = 0 this inequality is obvious. Therefore, the functional ϑβ is bounded in
Mβ. According to Hahn-Banach theorem, ϑβ can be continued to the whole H
with norm-preserving. We denote the resulting functional also by ϑβ. It is clear
that the families {xα;ϑα}α∈I are biorthonormal. So the following statement is
true.

Statement 1. A family {xα}α∈I ⊂ H in a non-separable H-space H is minimal
only when it has a biorthonormal family.

Consider the following example which is of particular interest.

Example 1. Let H be a non-separable H-space which has an orthonormal basis
{eα}α∈I . Take ω ⊂ I : cardω = θ0. Let ω = {αn}n∈N . Consequently, the

system {eαn}n∈N forms an orthonormal basis for Hω = L
[

{eαn}n∈N
]

. We have
H = Hω+̇H⊥

ω , where H⊥
ω is an orthogonal complement of Hω in H. Let

ϑαn = eαn + eαn+1 ,∀n ∈ N,

and define the family {xα}α∈I :

xα =

{

eα, α ∈ I\ω,
ϑα, α ∈ ω.

Let’s show that {xα}α∈I is a Bessel family. It is not difficult to see that
card {α ∈ I : (x;xα) 6= 0} ≤ θ0 for ∀x ∈ H. We have

∑

α∈I

|(x;xα)|2 =
∑

α∈I\ω

|(x; eα)|2 +
∞
∑

n=1

∣

∣

(

x; eαn + eαn+1

)∣

∣

2 ≤

≤ 2
∑

α∈I

|(x; eα)|2 + 2
∞
∑

n=1

∣

∣

(

x; eαn+1

)∣

∣

2 ≤ 4 ‖x‖2 , ∀x ∈ H.

So, {xα}α∈I is a Bessel family. Let

fαk
=
∑k

n=1 (−1)n+1 eαn , if k is odd;

fαk
=
∑k

n=1 (−1)n eαn , if k is even,
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and define

gα =

{

eα, α ∈ I\ω,
fα, α ∈ ω.

It is not difficult to verify that the family {xα; gα}α∈I is biorthonormal.

Let’s show that {xα}α∈I is complete in H. Let (x;xα) = 0, ∀α ∈ I, for some
x ∈ H. Clearly, (x; eα) = 0, ∀α ∈ I\ω.

From (x;ϑαn) = 0, ∀n ∈ N , it follows that

|(x; eαn)| =
∣

∣

(

x; eαn+1

)∣

∣ , ∀n ∈ N.

Consequently, |(x; eαn)| = const, ∀n ∈ N. As lim
n→∞

(x; eαn) = 0, it is clear

that (x; eαn) = 0, ∀n ∈ N. Thus, (x; eα) = 0, ∀α ∈ I. It follows that x = 0.
As a result, we obtain that the family {xα}α∈I is complete and minimal in H.
It is not difficult to see that the family {gα}α∈I is also complete and minimal in
H. The family {xα}α∈I has no decomposition property, i.e. an arbitrary element
cannot be decomposed with respect to this family. For example, it is not difficult
to see that the element x = eα1 cannot be decomposed with respect to {xα}α∈I .

Using Theorem 10 on smallest norms of frame coefficients, the theorem below
can be proved in a quite similar way to usual frames.

Theorem 12. Let the family {xα}α∈I ⊂ H form a frame in non-separable H-
space H. Then, for ∀β ∈ I, the family {xα}α6=β either forms a frame in H, or is

not complete in H. In other words: i) for
(

xβ;S
−1xβ

)

6= 1 the family {xα}α6=β

forms a frame in H; ii) for
(

xβ;S
−1xβ

)

= 1 it is not complete in H.

A frame is called exact if after removing its arbitrary element the resulting
family stops being a frame.

Let the family {xα}α∈I form an exact frame in H. Then from Theorem 12
(and its proof) it follows that

(

xα;S
−1xβ

)

= δαβ ,

for ∀β ∈ I. As ∀x ∈ H has a decomposition

x =
∑

α∈I

(

x;S−1xα
)

xα,

the minimality of the family {xα}α∈I implies that such a decomposition is unique.
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7. Riesz Bases in Non-Separable H-Space

Accept the following definition.

Definition 6. A family {xα}α∈I ⊂ H in a non-separable H-space H is called a
Riesz basis for H if it is complete in H and ∃A;B > 0:

A ‖λ‖2l2(IC) ≤
∥

∥

∥

∥

∥

∑

α∈I

λαxα

∥

∥

∥

∥

∥

2

≤ B ‖λ‖2l2(IC) , (18)

∀λ = {λα}α∈I ∈ l2
(

IC
)

.

Consider the family {δα}α∈I , where δα = {δαβ}β∈I and δαβ is the Kronecker
symbol, i.e.

δαβ =

{

1, β = α,
0, β 6= α.

It is absolutely clear that δα ∈ l2
(

IC
)

, ∀α ∈ I. The family {δα}α∈I is called a
canonical family. It is not difficult to see that for ∀λ = {λα}α∈I ∈ l2

(

IC
)

there
is a representation

λ =
∑

α∈I

λαδα. (19)

Moreover, for ∀λ ∈ l2
(

IC
)

the representation of the form (19) is unique, i.e. the
family {δα}α∈I forms a basis for l2

(

IC
)

. Clearly, the series (19) is uncondition-
ally convergent. Let ϑα (·) : l2

(

IC
)

→ C− ϑα (λ) = λα, α ∈ I , be a linear
functional. From

|ϑα (λ)| = |λα| ≤





∑

β∈I

|λβ|2




1/2

= ‖λ‖l2(IC) ,

it follows that ϑα (·) is a continuous functional. We have ϑα (δβ) = δαβ , ∀α, β ∈
I .

Denote by F : l2
(

IC
)

→ H the operator defined by

Fλ =
∑

α∈I

λαxα, λ = {λα}α∈I ∈ l2
(

IC
)

.

The operator F is defined correctly. From (18) it follows that it is bounded and,
moreover, ∃F−1 and F−1 is bounded in RF (RF is the range of F ). If RF = H,
then it is clear that F is an isomorphism in H. It is not difficult to see that

Fδα = xα, ∀α ∈ I. (20)
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Conversely, if there exists an isomorphism F ∈ L (H) such that (20) holds,
then it is not difficult to see that the relation (18) is true and the family {xα}α∈I
is complete inH. Assume that (20) holds, where F ∈ L (H) is some isomorphism.
Let yα =

(

F−1
)∗

δα, ∀α ∈ I . We have

(xα; yβ)H = (Fδα; yβ)H = (δα;F
∗yβ)l2(IC) =

= (δα; δβ)l2(IC) = δαβ , ∀α, β ∈ I.

Consequently, the families {xα; yα}α∈I are biorthonormal in H. Take ∀x ∈ H
and let λ = F−1x. We have

λ =
∑

α∈I

λαδα ⇒ Fλ =
∑

α∈I

λαFδα ⇒ x =
∑

α∈I

λαxα.

Moreover
λα = (λ; δα)l2(IC) =

(

F−1x; δα
)

l2(IC)
=

=
(

x;
(

F−
)∗

δα
)

H
= (x; yα)H , ∀α ∈ I.

It is absolutely clear that the operator
(

F−1
)∗

is also an isomorphism in H. Then
it follows from

yα =
(

F−1
)∗

δα, ∀α ∈ I,

that the relation

C ‖λ‖2l2(IC) ≤
∥

∥

∥

∥

∥

∑

α∈I

λαyα

∥

∥

∥

∥

∥

2

≤ D ‖λ‖2l2(IC) , ∀λ ∈ l2
(

IC
)

,

is true for the family {yα}α∈I , where C;D > 0 are absolute constants.
So the following theorem is true.

Theorem 13. The following properties are equivalent for a family {xα}α∈I ⊂ H
in a non-separable H-space H:

i) {xα}α∈I forms a Riesz basis for H;
ii) there exists an isomorphism F ∈ L

(

l2
(

IC
)

;H
)

: Fδα = xα, ∀α ∈ I;
iii) there exists a family {yα}α∈I biorthogonal to {xα}α∈I which forms a Riesz

basis for H;
iv) the families {xα; yα}α∈I are biorthonormal and there exists an automor-

phism T ∈ L
(

l2
(

IC
)

;H
)

, T δα = yα, ∀α ∈ I.

v) there exists a scalar product (·; ·)′H , topologically equivalent to the scalar
product (·; ·)H , with respect to which the family {xα}α∈I forms an orthonormal

basis for H : (xα;xβ)
′

H = δαβ , ∀α, β ∈ I.
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Recall that the topological equivalence of scalar products means that there exist
absolute constants C1;C2 > 0 such that

C1 ‖x‖H ≤ ‖x‖′

H ≤ C2 ‖x‖H , ∀x ∈ H, (21)

where ‖x‖′

H =
√

(x;x)
′

H .

In fact, the equivalence of properties i)-v) is already established. Let i) be
true and {yα}α∈I be a biorthonormal family corresponding to {xα}α∈I . Let
yα (x) = (x; yα)H , ∀α ∈ I. Introduce the following scalar product:

(x; y)
′

H =
(

{yα (x)}α∈I ; {yα (y)}α∈I
)

l2(IC)
=

=
∑

α∈I

yα (x) yα (y), ∀x; y ∈ H.

We have
(x;x)

′

H =
∑

α∈I

|yα (x)|2 .

Clearly
(xα;xβ)

′

H = δαβ , ∀α, β ∈ I.

Consequently





∥

∥

∥

∥

∥

∑

α∈I

yα (x)xα − x

∥

∥

∥

∥

∥

′

H





2

=

(

∑

α∈I

yα (x)xα − x;
∑

α∈I

yα (x) xα − x

)′

H

=

=
(

‖x‖′

H

)2
−
∑

α∈I

|yα (x)|2 = 0.

Hence, the family {xα}α∈I forms an orthonormal basis for H-space
(

H; (·; ·)′H
)

.

Conversely, let the family {xα}α∈I form an orthonormal basis for
(

H; (·; ·)′H
)

,

where scalar products (·; ·)′H and (·; ·)H are topologically equivalent. For conve-

nience, we denote the space
(

H; (·; ·)′H
)

by H1 with scalar product (·; ·)H1
=

(·; ·)′H . Denote by J : H1 → H the operator which maps the element x ∈ H1 to
the element x ∈ H, considered in the space H. From (21) it follows that J ∈
L (H1;H) is an isomorphism from H1 to H. Hence, the family {Jxα = xα}α∈I
forms a basis for H. On the other hand, for ∀λ ∈ l2

(

IC
)

we have
(

λ = {λα}α∈I
)

‖λ‖2l2(IC) =
∑

α∈I

|λα|2 =
∥

∥

∥

∥

∥

∑

α∈I

λαxα

∥

∥

∥

∥

∥

2

H1

=

∥

∥

∥

∥

∥

∑

α∈I

λαJ
−1xα

∥

∥

∥

∥

∥

2

H1

=
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=

∥

∥

∥

∥

∥

J−1

(

∑

α∈I

λαxα

)∥

∥

∥

∥

∥

2

H1

≤
∥

∥J−1
∥

∥

2

∥

∥

∥

∥

∥

∑

α∈I

λαxα

∥

∥

∥

∥

∥

2

H

.

Similarly we have

∥

∥

∥

∥

∥

∑

α∈I

λαxα

∥

∥

∥

∥

∥

2

H

=

∥

∥

∥

∥

∥

∑

α∈I

λαJxα

∥

∥

∥

∥

∥

2

H

=

∥

∥

∥

∥

∥

J

(

∑

α∈I

λαxα

)∥

∥

∥

∥

∥

2

H

≤

≤ ‖J‖2
∥

∥

∥

∥

∥

∑

α∈I

λαxα

∥

∥

∥

∥

∥

2

H1

≤ ‖J‖2 ‖λ‖2l2(IC) .

Thus

∥

∥J−1
∥

∥

−2 ‖λ‖2l2(IC) ≤
∥

∥

∥

∥

∥

∑

α∈I

λαxα

∥

∥

∥

∥

∥

2

H

≤ ‖J‖2 ‖λ‖2l2(IC) ,∀λ ∈ l2
(

IC
)

.

Theorem is fully proved.

Accept the following definition.

Definition 7. A family {xα}α∈I ⊂ H is called ω-linearly independent in a non-
separable H-space H if

∑

α∈ω λαxα = 0 implies λα = 0, ∀α ∈ ω, for ∀ω ⊂ I :
cardω ≤ θ0.

Now back to the frames. Let the family {xα}α∈I ⊂ H form an exact frame for
H and S be the corresponding frame operator. Then, as already stated above,
(

xα;S
−1xβ

)

= δαβ , ∀α;β ∈ I. Consequently, the family {xα}α∈I forms a basis
for H, and, by the definition of frame, this basis is a Riesz basis. So we get the
validity of the following theorem.

Theorem 14. Let the family {xα}α∈I form a frame for a non-separable H-space
H. Then the following properties are equivalent:

i) {xα}α∈I forms a Riesz basis for H;

ii) {xα}α∈I is an exact frame in H;

iii) {xα}α∈I is minimal in H;

iv) {xα}α∈I has a biorthonormal family;

v) the family {xα}α∈I is ω-linearly independent in H;

vi) λ ∈ l2
(

IC
)

:
∑

α∈I λαxα = 0 implies λ = 0;

vii) {xα}α∈I forms a basis for H.
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In fact, implications i) ⇒ ii) ⇒ iii) ⇒ iv); i) ⇒ vi) ⇒ i) ⇒ vii) ⇒ i) are
obvious. It is clear that vii) implies v). Let v) be true. As {xα}α∈I forms a frame
in H, it is clear that the arbitrary element can be decomposed with respect to this
family. From v) it follows that this decomposition is unique, and, consequently,
the family {xα}α∈I forms a basis for H. Hence, v) ⇒ vii) is true. Theorem is
proved.
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