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On Some Properties of Convolution in Morrey Type
Spaces

F.A. Guliyeva, S.R. Sadigova*

Abstract. Morrey space MP“ and its subspace M CP*® where the continuous functions
are dense are considered. Basic properties of convolution are extended to these spaces.
It is proved that the convolution in M CP® can be approximated by finite linear combi-
nations of shifts. Approximate identity in M CP® is also considered.
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1. Introduction

The concept of Morrey space was introduced by C.Morrey in 1938 in the study
of the smooth properties of solutions of elliptic equations with VMO (Vanishing
Mean Oscillation) coefficients. Since then, various problems related to this space
have been intensively studied. Playing an important role in the qualitative theory
of elliptic differential equations (see, for example, [1, 2]), this space also provides
a large class of examples of mild solutions to the Navier-Stokes system [3]. In the
context of fluid dynamics, Morrey spaces have been used to model fluid flow when
vorticity is a singular measure supported on certain sets in R" [4]. There appeared
lately a large number of research works which considered fundamental problems
of the theory of differential equations, potential theory, maximal and singular
operator theory, approximation theory, etc in these spaces (see, for example, [5]
and the references above). More details about Morrey spaces can be found in
[6, 7, 18, 19].

In view of the aforesaid, there has recently been a growing interest in the
study of various problems in Morrey-type spaces. For example, some problems of
harmonic analysis and approximation theory have been considered in [6, 7, 8, 9,
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10, 11, 12, 13]. In [13, 15], the basicity of the classical exponential system, as well
as its perturbations in subspaces of Morrey space of functions defined on [, 7] was
investigated with the method of boundary value problem for analytic functions on
complex domain. Note that some questions arising in boundary value problems
of analytic function theory have been considered and studied in [17, 18, 19]. In
[16], an analogue of the classical Young inequality for the convolution of periodic
functions belonging to global Morrey type spaces on R™ is obtained.

In the present paper Morrey space MP® and its subspace M CP*®* where the
continuous functions are dense are considered. Basic properties of convolution
are extended to these spaces. It is proved that the convolution in MCP*® can
be approximated by finite linear combinations of shifts. Approximate identity
in MCP® is also considered. The validity of the classical facts concerning the
approximate identities is proved in Morrey type spaces.

2. Needful information

We will need some facts about the theory of Morrey-type spaces. Let I' be
some rectifiable Jordan curve on the complex plane C. By |M| we denote the
linear Lebesgue measure of the set M C I'.

By the Morrey-Lebesgue space MP*(T'), 0 < a < 1, p > 1, we mean a
normed space of all functionsf (§) measurable on I" equipped with a finite norm

| lagmery:

o1 1/p
uanp,a(F):sgp(\Bﬂr\F / mlf(&)lpldﬂ) < +o0.

MP< (T') is a Banach space and MP1 (') = L, (I'), MP? (') = Ly (T'). The em-
bedding MP1 (T') € MP*2 (T') is valid for 0 < oy < ag < 1. Thus, MP*(I") C
L (T), Ya € [0,1], ¥p > 1. The case of I' = [—m,n| will be denoted by
MP* (—m,m) = MP“.

Denote by MP® the linear subspace of MP® consisting of functions whose
shifts are continuous in MP*, ie. |[f(- + 0) — f(:)|lype — 0 as é — 0. The
closure of MP® in MP“ will be denoted by MCP®. Tt is easy to prove the
following

Theorem 1 ([13]). Infinitely differentiable functions on [0, 27| are dense in the
space MCP“,

Note that, in general, the set of all continuous functions is not dense in MP .
Corresponding examples can be found in many works (see, e.g., [7]). We give the
example below.
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Example 1. Consider the function
fo(x) =1zl 7,2 € [-m, 7].

From the results of Samko N. [22] it immediately follows that fo € LP*. Let us
show that 369 > 0

| fo =gl = 0 >0,Vg € C[—m,7].
It is clear that

1 h
o=l s s [ h® -9 P
he(0,h1) 0

where hy € (0, 7) is an arbitrary number. Assume

M = sup |g(t)".
[t|<h1

/Ih |mh>2p/|mww /’w OF dt >

h 2—Pp
> 2—7’/ t=dt — Mh = 1—h1_°‘ — Mh =
0

We have

-p -p
= h10‘< 2 Mh0‘> > h10‘< 2T Mh‘f‘).
l-a l-a

Let us take sufficiently small hy > 0 so that

-p -p
I T P
l1-«a 2(1—a)

18 true.
Thus, for an arbitrary function g € C[—m, 7| we have

2
— >0
||f0 gH a—2(1 )> )
1.€.
inf — >0
ge(}fl_m]”fo 9llpq

Thus, the following statement is true.
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Proposition 1. The space of continuous functions C [—m,w| is not dense in the
Morrey space LP for ¥p € [1, +00), Yo € (0, 1).

The following Holder’s inequality is also valid.

Lemma 1. Let f € LP*(I) Ag € L (I),3 + ¢ = 1, p € [1, +00). Then the
following Holder’s inequality holds:

Ifalln, < 11 f gl < H M o 9]0 -
3. Main results

Consider the Morrey-Lebesgue space MP% 1 <p < 400, 0<a<1.
Let % —l—% = 1. Take f € MP*;g e M%*. Consider the convolution

(Fr9)@ = [ F@-)g)dyeel-m.

As MP® C L., the existence of the convolution follows from the classical facts.
Applying Hélder’s inequality with respect to Morrey space, we obtain

((Fx9) (@) <callf (2= )lpalldllga (1)

where ¢, = (27)' 7. We have

1/p
||f($—-)||p,azsgp< ! /Iﬁlf(w—y)lpdy> ,

’lel_a

where I, = I ([—m, 7|, I C R is an arbitrary interval. Put I; (x) =z — I.. It is
clear that |I (x)| = |I|, Vo € [—7,w]. Making a change of variables, we obtain

_ 1/p
I &=, = sup (—1 / Iﬂlf(:v+y)lpdy> _

I ‘_lel—oz

1 1/p
= sup 7_04/ If(t)lpdt> <1 £l
Ix (!Lr(w)!l In(x) P

Considering this relation in (1), we have

1 * 9l < Callfllpallgllga-

Let T5 be a shift operator, i.e. (T5f)(z) = f(x+46). If f € MCP®, then it is
clear that
HTéf - pr,a - 07 d — 0.
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We have
ITs5 (f*9) = [+l = ITsfx9—f*gllc =

Thus, the following theorem is true.

Theorem 2. Let 1 <p < 400, 0<a<landi+i=1Iff € MP*\geM?®,
then the convolution f % g is defined everywhere on [—m, | and the following
inequality is true:

1 * 9lloe < callfllpallglga-

Moreover, if f € MCP® or g € MC%®, then the convolution f * g is continuous
on [—m, 7.

Note that this theorem in more general form was proved in [16]. We gave an
independent and simple proof in order to keep the style of the work.

Let f:[—m, 7] = R be a simple function, i.e. let | J;_, Ey = [—m, 7] be some
partition of an interval [—7, 7] and f (x) = ¢, Vo € Ey, k=1,r. We have

(Fe0)@= [ fe-nowd=[ fwe@-ydy=

~Ya [ ge-ydy, Vo -nr .
k=1 7 Ek

Let us take an arbitrary interval I C [—m,7]. Consider

(/I|<f*g><x>|pdx>’ljskﬁ;m(/l [ ata=ay

r 1

1 P

SZ\ckHEk\q(// rg<m—y>\pdydm) |
k=1 I JE)

On the other hand

/I/Ek ’g(x_y)‘pdydx:/Ek/llg(x—y)!pdwdy,

and, as a result, we have

1 1
1a// |g(m—y)|pdydx:/ ﬁ/|g($—y)|pd:cdy:
1] 1JE, By 1| I

N
dx>§
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1
[ i [ oo dudy,
Ey 1] Iy

where I, = I —y. It is obvious that |I| = |[I,|. Then the following inequality is

tfrue: .
- p < p
|1Pal[;‘g(0’ dt <|gll}.a

Taking into account this inequality, we obtain

1

1 P

- fxg)( pd$> < Ck Ek“ /—_a/ glPdtdz | <
(s 1o @pae)” < Sieaiett ([ g [

T

T
1 1
< D lenl 1Bl 1Bkl llgllyo = D lerl 1Bkl gl = £z, I9ll0 -
k=1 k=1

Hence
1f*gll, o <Ifllp, Nlgll,, o> V€ S[-m, 7], (2)

where S [—m, 7] is the set of all simple functions on [—m,7].

Now, let f € Ly (—m, ) be an arbitrary function. Take ¥V {f,}, .y C S [, 7] :
| fo = fllp, = 0, n — oo. Since S[—m, 7] is dense in Ly (—m, ), the choice of
such a sequence is always possible. Then it follows directly from the inequality
(2) that the sequence {fy * g}, cy is fundamental in MP“. Assume

f+xg= lim f,x*g.
n—oo
By virtue of inequality (2), the definition of f * g does not depend on the choice
of the sequence V {f,},cn- So, the following theorem is true.

Theorem 3. Let f € L1 AN g € MP?Y 1 < p < 400, 0 < a < 1. Then
f*g € MPY and, moreover, the following inequality is true:

1 % 9llp,a < 1Fllz, N9l o

Remark 1. Denote by # the space of measures on I = [—m, 7|, i.e. M
contains a distribution F' € D satisfying the inequality

|F ()] < cllullyg, Vue C,

where || - ||, is a sup-norm, C* are infinitely differentiable functions with com-
pact support on (—m,m). Such measures are called Radon measures. It is known
that (Riesz-Markov- Kakutani theorem for the compact space T') each functional
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(distribution) can be represented as an integral with respect to the unique regular
Borel measure m on T :

Flu) = / w () dm ().
T
A is a Banach space with regard to the norm

lually = sup {|pe (w)] : w e Cl=m, 7], [lull, <1}

For more details on these facts we refer the reader to [14].

The question of the validity of the following statement arises:

Statement 1. Let 1 <p < +o00 A O<a<l.If pe #Z AN fe MP* then
wx f e MP% and the following inequality holds:

e fllpo < Meally 11l o -

The following theorem is also true.

Theorem 4. Let f € Ly and g € E, where E denotes any one of the spaces
Cl-m m or MCP® | 1 < p < 400, 0 < o < 1. Then the convolution f x g
i E can be approximated by finite linear combinations of shifts g, i.e. Ve > 0,
I{ar}y C [-m, 7] A {\}] C R:

l

Proof. The case of E' = C [—m, 7] is known (see, e.g., [14]). Consider the case
of E = MCP“. Following the classical scheme, as a subset Sy , such that the
finite linear combinations of elements from Sy are dense in L1, we take a set of
functions f, each of which coincides on [—m, 7] with the characteristic function of
some interval M = [a,b], —7 < a < b < 7, and continues further on periodically.

Let € > 0 be arbitrary. Let us divide M into a finite number of subintervals
Ii, of length |I;| < 0. Take Vay, € Ij. Let f(x) = xar (). We have

Frg=> MTag

k=1

<e.
E

(F9) @) - hlgl—a)= [ g-y)dy-

k k L

—Z/Ikg(w—ak)dy:;/lk lg(z—y)—g(@—ar)ldy=> hy(x),

k

where
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Consequently

Hf*g Z|Ik|9 w—ak)

<D Bkl
k

Let I C [—m,w] be an arbitrary interval. We have

il :/hk”dm:/
sl = | 1hx I

/<\Ik\p/q/ lg(z—y (m—ak)]”dy> dz =
- | ([late=n-st-ara)a.

As a result, we obtain

e s <15 [ (i [loe =0 =g —a dr) ay <

<P [ Tg = Tuusl o dy =
Iy

p

l9(x —y) —g(z —a)]dy| dx <

= Al U [ T = Topol Q
By Lemma 1, we have 36 > 0 :
| Tyg — Takng’a <e, Yy € I.
From (3) it follows that
kll? o < TP | T &7 = [T &2 = |l o < [T .
As a result, we have

< ile = |M|e < 2me.
k
p,x

H frg)( Z|Ik|Tak9

Since > & k| Ta, g is a finite linear combination of shifts g, it is clear that f*g €
Vy, where Vj is a closed linear subspace in E, generated by shifts T,g of the
function g.
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If f € Ly is an arbitrary element, then for Ve > 0 there exists a partition
of [—m, 7] into a finite number of intervals M}, and a number Ay such that the
inequality

<e, (4)
Ly

Hf ()= > x4
k

holds. It follows directly from the previous result that fxge V,, where f ()=
> i MeX, (+). Then from (4) we obtain that f+xg e V,. «

Let us consider the approximate identities for convolutions in the space MP¢.
By the approximate identity (for convolution) we mean {K,(L)} v C Ly (—m,m),
ne

satisfying the following conditions:
a) sup || Knll, <+oo;
n

B) liﬁn = [T Ky, (z)dz = 1;
v) nh_)ngo f&g\x\gn | Ky, (x)dx| =0, Vo € (0,7).

The following theorem is true.

Theorem 5. Let {K,}, oy be an approximate identity. Then the following prop-
erties are true:

i) lim |Kpxf—f|lo =0, VfeCl-n,nl;
n—o0
ii) Jim |5 (Ko x f) = fim f |l = 0, ¥ € C[=mm);
iii) lim K, % f— fll, =0, Vf € MCP®, 1<p< 400, 0 <a< 1.
n—oo ’

Proof. The assertions i)-ii) are classic facts (see, e.g., [14]). Let us prove
assertion iii). Take Vf € MCP“. Let ¢ > 0 be an arbitrary number. It is clear
that 3g € C [—m, 7:

||f - ng,a <e&.

Then paying attention to Theorem 3, from the property «) of an approximate
identity we obtain

1K+ f = Kn gl o0 < [ Enllp, If = gll,o < Me,
where M is a constant independent of n. Then from i) it follows that
Ing=mngp(e) € N:[|[Kp*g|, <€, Yn>ng.

Hence, we have
[Kn*g—gll, o < ce,Vn > mng,
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where ¢ > 0 is some constant. As a result, we have
HKTL * f - f”p,a < HKN * f - Kn *ng,a + HKn *g— g”p,a +

+llg = Fllyo < (M +c+1)e,Yn > no.
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