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Determining the Coefficients in the Right Side of the
System of Elliptic Equations

A.Ya. Akhundov*, B.R. Selimkhanov

Abstract. The goal of this paper is to study the well-posedness of an inverse problem of determin-
ing the unknown coefficients on the right side of the system of elliptic equations of reaction-diffusion
type. The inverse problem is considered in a bounded domain in the case of the Dirichlet bound-
ary condition with additional integral information. The sought-for coefficients don’t depend on
the space variable. The uniqueness theorem for the solution of the considered inverse problem is
proved, and the “conditional” stability estimate is obtained.
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1. Introduction

Let be D C R™ be a convex, bounded domain with rather smooth boundary 8D, D’ C
R" ! be a projection of D on a hyperplane y = x, = 0, x = (21, ...,2,_1) and (z,y) be ar-
bitrary points in the domains D" and D, respectively, D = D’ x (71 (z),72 (z)), 71 (z) and
v (x) be the given rather smooth functions. The functional spaces C!(-), C*He(.), 1 =

0,1,2, 0 < a < 1 and the norms on these spaces were determined, for example, in [1,

; .
p. 29 u = (w,.,um), ull, = 355 lueller = 2255 Zi:OS%ND:Zvuk" Uka; = gixf’
02uy,

Aug =371 Gk, Diuy (x) are all possible derivatives of the function uy, (x) with respect
to ;.

2. Problem statement and main result

We consider an inverse problem of determining a pair of functions

{fk(x), ug (x,y), k= 1,m}
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from the conditions

Auy = fi (z) gk (u), (z,y) € D, (1)
ug (x,y) = ok (x,y), (z,y) € ID, (2)
Y2 () _
/() ug (x,y)dy = hy (z), z€D (3)

by the known functions g (p), ¢k (z,v), hi (x).

Similar inverse problems are ill-posed in Hadamard sense, and for scalar equations they
have been studied in [2, 3, 4, 5].

For the data of the problem (1)-(3) we make the following assumptions:
19. The functions g, (p) = gx (p1, ..., Pm) are defined and continuous for any p € R™; there
exists a constant cg > 0 such that for all p,q € R™

m
9k () — gk (D] < 0> ok — il
=1

20. ¢, (x,y) € C** (OD);
3%, hy (x) € C**(D');
42 71 (2), 2 (z) € CHH (D).

Definition 1. The pair of functions {fk (z), ug (x,y), k= L—m} 18 said to be the solution
of the problem (1)-(3) if

1) fu(2) € C (D),

2) w (2.y) € C2(D)NC (D).

3) the relations (1)-(3) are satisfied for these functions in the usual sense.

The uniqueness theorem and the “conditional” stability estimate for the solution of
inverse problems are most important issues when treating their well-posedness.

Let {f} (), u}, (x,y), k = I,m} be a solution of the problem (1)-(3) corresponding to
the data g}, (ul), o (x,y), hy (x),i=1,2.

Definition 2. We say that the solution of the problem (1)-(3) is stable if for any e > 0
there exists 0 (¢) > 0 such that for

lg" = g*lly <& [le" = &*[l, < 6 [|n" = A?||, <6
the inequality Hu1 - u2H0 + Hfl - f2H0 < e is true.

Theorem 1. Let
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1. the functions g,i (u), 4,02 (z,y), hfC (z), k =T1,m, i = 1,2 satisfy the conditions 1°—3°,
respectively;

2. there exist the solution {f,’f (z), ul (z,y), k=T,m,i=1, 2} of the problem (1)-(3)
in the sense of Definition 1 which belongs to

K, = {(f,u) |f(a;) eCe (D’) . u(z,y) € C*F@ (D) Cf @) <e, e D
c2, 1=0,1,2, (z,y) €D, c1,c2 are some constant numbers};

Then the solution of the problem (1)-(3) for (x,y) € D is unique and the ”conditional”
stability estimate is valid:

DL ju(z,y)| <

17 = Pl + llo* = w*llg < es [llg" = g*llg + [l = [, + [A" = w*[l,] . (@)
where cg > 0 is independent of the data of the problem (1)-(3) and the set K, .

Proof.
Integrating the equation (1) with respect to y over the interval (v; (), 2 (z)) and
taking into account the conditions 19 — 3%, we get:

Y2 (z)

—1
T () = [Ahy (@) + upy (2, 72 () — gy (2,71 (2))] </ gk (u) dx) : (5)
s

1(z)

Writing out the system (1), (2), (5) for the functions g} (u'), ¢ (z,y), h (x) and
g2 (uz) , ¥2 (z,y), hi(x), respectively, and then subtracting the corresponding relations,
we get that the functions 2z (z,y) = uj, (z,y) —u2 (z,y), M\ (z) = f} () — f2 (@), 615 (v) =

gli (u) — g]% (u), ook (z,y) = goi (z,y) — gpz (z,y), 03k (z) = hl,lC (x) — hz (z) satisfy the condi-
tions of the following system:

Az (z,y) = M (2) gb (ul) + F, (a:,ul,u2) , (z,y) € D, (6)

2k (x,y) = 0ok (z,y), (z,y) € OD, (7)

72(®) 1 1 o ~/
Ak () = [2h2 (2,72 (7)) — 282 (7,71 (2))] </ - g5, (u )d?/> + Hy (z), z€ D', (8)

where

Iy, (x,ul,u2) = f2 () [51k (ul) + g2 (ul) — g7 (Uz)] )
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y2(z)

-1
Hy (x) = Adgy () </ . gi () dy) +
Y1i(x

v2(z)

+ { iy 2172 () — iy G () + 0 @)] [ [k () = gk (u) ~ s (u2)] dy} x
v

1(z)

ORI ORI B
X / gk(u)dy/ g(u)dy .
71 () ()
- Let the functions Pt (x,y) € C*F@ (D), k =1,m, i = 1,2 be such that ® (z,y) =
90%9 (x7y)7 (x7y) S aD? ”(I)”2 < ”90”2 Denote 54/€ (‘Tvy) = (I)Ilc ((L’,y) - (I)i (.’L’,y), k= 17m’

It is easy to show that the function wy, (z,y) = 2 (z,y)— o4k (x, y) satisfies the following
system:

Awy, (z,y) = M (2) g7 (ul) + Fy, (m,ul,uz) — Adyi, (z,y), (z,y) € D, (9)

wg (x,y) =0, (x,y) € dD. (10)

Under the assumptions of the theorem, the right side of the equation (9) is a Holderian
function. In other words, the data of the problem (9), (10) of determining wy, (z,y) satisfy
the conditions of a theorem stated in [1, p. 157]. So, there exists a classical solution of
the problem (9), (10), and it can be represented in the following form [1, p. 151]:

z%@wzéGu%amD@@@U+&@ww%—mgmm%mwwm

where G (z,y;&,n) is the Green function (9), (10). Hence for zj (x,y) we get:

2z (z,y) = Oap (2,y) + /DG(:v,y;E,n) (N (€) gi (uh) + Fi (y,u', u®) — Adgg (€,m)] dédn.
(11)

Estimate the function zj (x,y), k = 1, m. From (11) we get:
)| < Pous @)l + [ 16 )]
D

< [\ (O] gh (uh) ]| + | B (&0, u?) | + [Adax (€,m)]] dédn, (12)
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By definition, the first summand on the right side of (12) is estimated as follows:

|ae (2, y)| = | @} (2,y) — ©F (z,y)| < [|[@" — @7

0 (T,y) € D. (13)

The integrand expression in (12) is estimated with the consideration of theorem conditions
as follows:

e (@)] [gi (u') |+ [ Ey (2wt w?) ]| + | Adg (2, 9)] < g (@) gi (uh) |+ [ £7 (@)] [0k (u') |+

+ £ @)] g% (u) — g7 (u?)| < ea|he ()] + s |2k (2, 9)] + c6 ||lg" — 8> (2, 9) € D, (14)

where ¢4, c5,c6 > 0 depend on the data of the problem (1)-(3) and the set K.
Taking into account the inequalities (13), (14) and the estimate for the Green function
1, p. 153]

|DLG (2,6)| < erla— g7 1=0,1,2 (15)
in (12), we get

|2k (2,9)] < cs [[101]lg + 10ally] + comesD - 0, (x,y) € D, (16)

where cg, cg > 0 depend on the data of the problem (1)-(3) and the set K, 0 = Hul - u2H0+
17 = 72[lo-

By virtue of theorem conditions, differentiating (11) with respect to y we get:
Zky (x7y) = 54ky (‘Tuy) + /D Gy (‘T7y7§7n) X

Taking into account the derivatives of the Green functions (15), inequalities (3), (4),
and proceeding in the same way as in deriving the inequality (16), we get:

|2k (@, y)] < c10[[161llg + [10all5] + cimesD - 0, (x,y) € D, (17)

where ¢19,c11 > 0 depend on the data of the problem (1)-(3) and the set K.
Now estimate A (x). From (8) we have:

M ()] < [l2ry (2,72 (2))] + |2hy (2,71 (2))]]

(@) 10,1
[k ay
v

1(z)
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72(z) L
[k ay
Y

1(z)

-1

+ [Adsy, ()] +

+ {[Juiy (72 (@))] + |ufy (2,7 (2))] + |ARZ (2)]]

72 ()
L [lg (u?) = gi (u')| + |03k (u?)]] dy} X

1(z)

-1
y2(2) L1 y2(x) 5/ o
X / gk(u)dy-/ gk(u)dy .
7 () 7(x)

Taking into account the inequality (17), using theorem conditions and proceeding in
the same way as in deriving the inequality (16), we get:
_ 1
Ak ()| < eaz[lI01llg + 105ll] 4 crsmesD - 0, (x,y) € D, (18)

where ¢12,c13 > 0 depend on the data of the problem (1)-(3) and the set K.
Inequalities (16) and (18) are satisfied for any (z,y) € D. So they should be satisfied
for maximum values of the left-hand sides as well:

12llo < cg [lld1llo + lI0alle] + comesD - 6,

[Allg < ez [ll0nllo + [19ally + [105]l5] + cramesD -6

Inequalities (17), (18) are satisfied for every (x,y) € D. Therefore, they should be
satisfied also for maximum values of the left-hand sides. Thus, we get

0 <cia [“(51”0 + ”(53“2 + H54H2] + c15mesD - 0, (m,y) eD. (19)

If ¢ysmesD < 1, then from inequality (19) we get the estimate (4). If otherwise, we
proceed as follows: divide the domain D into the subspaces D; (z = L—n) with smooth

boundaries in such a way that D; C D, Ufil D; = D and ¢35 121;?5\[ {mesD;} < 1. Define
<i<

the finite functions with supports D; as follows:

1
. _ N ($7y) € DZ B
0; (x,y) - { 0, ($’y) c Rn\D“ i=1,N,

(20)
Using (20), we represent the functions ug (z,y) and A\g (z) in the following form:

S kg (2,y) = wk (2,Y), urg (2,1) = wi (2,9) 0 (2,9)
Zq:l )‘kq ($) = g (l‘) Ak (l‘) = )‘kq ($) %
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Further, multiplying the system (6), (7), (8) by 6; (z,y), i =1, N, and proceeding in
the same way as in deriving the inequality (19), we get:

l2qllg + [ Agllg < c1a [ll01]lg + 103]l5 + |64lly] + c1smesD -6, ¢q=1,N, (x,y) € D.

Combining the last inequalities, we get the estimate (4). The uniqueness of the solution
of (1)-(3) follows from (4) with

gk (W) = i (u), @x (2,y) = @i (2,9), by (2) = hi (2).
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