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Systems of Powers of Conformal Mappings and
Conjugate Systems of Functions

M.A. Sukhorolskyi, I.V. Andrusyak*, L.I. Kolyasa

Abstract. Applying the powers of conformal mappings from simply connected domains onto a
disk, we construct biorthogonal systems of functions. Conditions for the expansion of analytic
functions in given domains into series whose terms are the powers of these mappings are investi-
gated.

Examples of the biorthogonal systems whose elements are the compositions of fractional rational
and exponential functions are considered. We also construct solutions to the boundary value
problems for the Helmholtz equation in the case where the boundary functions are defined by
series in terms of biorthogonal systems of functions.
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1. Introduction

The systems of analytic functions that are biorthogonal on closed curves in simply
connected domains of the complex plane form bases for the spaces of functions analytic in
these domains.

The expansion of analytic functions into series whose terms are polynomials (e.g., Faber
polynomials, Bernoulli polynomials, Euler polynomials) is investigated in [1, 2, 3, 4, 5, 6]
by applying contour integration and conformal transformations. In [8, 9], biorthogonal
systems of functions are used for constructing solutions to the boundary value problems
for the Helmholtz equation on the plane and in the space.

In this paper we construct biorthogonal systems of functions by applying conformal
mappings of simply connected domains onto a disk. Conditions for the expansion of
analytic functions in given domains into series whose terms are the above biorthogonal
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systems are investigated. We also find solutions to the boundary value problems for the
Helmholtz equation in the form of series whose terms are constructed using biorthogonal
systems of functions.

2. Biorthogonal systems of functions
Let

w = ¢(2) (1)
be a conformal mapping of a simply connected domain D (assume that 0 belongs to D) in
the extended complex plane onto the disk K := {w : |w| < 1} in the complex plane such
that ¢(0) =0, lim #(2)

z

-0 Zz
The system of functions {w"}2°; and the conjugate system {1/w™*1}2°_, are biorthog-

onal on a closed contour; that is

=1, and let z = h(w) be an inverse mapping.

1 w"

omi | wmtl
Chr

dw = dpm, (2)

where C, = {w : |w] = r, 0 < r < 1}. As shown in [3, p.612], the system {w"}
forms a basis for the space of functions analytic in the disk K := {w : |w| < 1}, while
the system {1/w™*'} forms a basis for the space of functions analytic outside the disk
K={w: |w| <1}

Substituting the transformation w = ¢(z) into the condition of biorthogonality (2), we
obtain the following two relations

1 wey P o1 [d (¢"T(2) 1 B
2772‘/“’(2) i =0 o |\ g ) g @ T S )

T T

where L, C D is an inverse image of the circle C, under mapping (1).
Let us introduce the systems of functions

1 d >

{gn(Z) = 90"(2)}20:0, {g;(z) = 1 go"“(z)}nzo, z € D. (4)

The functions g,(z) and g} (z) are analytic in a neighbourhood of zero because ¢(z) is
analytic in D, so their expansions into the Laurent series do not contain the negative degree
power series. According to (3), define the systems of functions {wy, (2)}2_q, {wi,(2)}oo_0
conjugate to corresponding systems (4) as the principal parts (i.e., the series of terms with
negative degree) of the Laurent series for the functions ¢(z)p~ ("1 (2), =M+ (2),

respectively, in a neighbourhood of zero (see [3]).
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Theorem 1. Let w = ¢(z) be the conformal mapping (1) and |z| <1 (I is a positive real
number) be the largest disk in which the Maclaurin series of this function converges and
which lies in the domain D. Then the systems of functions (4) form bases for the space
E., 0 <r <l of functions analytic in the disk |z| < r.

Proof. Let us consider the function

1
F(&) = —
&= L
which is one-sheeted in the domain |£| > [ and satisfies the conditions
F
F(o0)=00, lim ﬂ—l
{—o0 f

Also let 1(€) be a one-sheeted function in the domain || > [ such that ¢ (co) = 1. Then,
according to Theorem 10 (see [3, p.616]), the system of polynomials {pn(f)}zozo forms a
basis for the space E,, r > [, where p, (&) is the principal part of the Laurent series for the

F"(&)F'
function %)(5) in a neighbourhood of the infinitely remote point. And the system
of functions w,,(§) = F%?(@’ m = 0,1,... is conjugate to these polynomials and also

forms a basis for the space Ep of functions analytic in the domain |£| > p, p > [ and equal
to zero in the infinitely remote point.
The condition of biorthogonality is as follows:

1
21

| 2€Bn(©)d = b,

|E|=r">r

Transform this condition using mapping £ = [/z to obtain
1 l I\ ldz
o ~m - n|\ — | o5 — 5nm 5
omi ) <z>p <z> 22 5)
T+

[, . . .
Here I'" : |z] = — is a circumference oriented counter-clockwise.

z
W (l/z
The system {M forms a basis for the space of functions analytic in the disk
z

Ipn(l/z
|z| < 1, while {M} is the conjugate system of polynomials consisting of negative
z

power functions

Gn(l)2)  w(/)2) . e(2)w(l)2)
2 zFmL(])2) =¢"(2) z ’
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Ipn(l/2)  _[IF™(l/z) F'(1/2)] ' (2) z
B -r R R - ) o
229 (2
where F'(&) = F'(1/z) = %((z))’ and I'[g(z)] is the principal part of the Laurent series

for the function ¢(z) in a neighbourhood of zero.

) z 2¢(2) ) ..
Choosing ¥ (l/z) = —— and ¥(l/z) = , from (5) we obtain the conditions of
1/2) = <5 and 0(1/2) = 2= seom (5)

biorthogonality for the systems of functions (4) and the corresponding conjugate systems

)= P v | | =T )
i) = v B ) = ) "

Thus, if the function f(z) is analytic in the disk |z| < [, then it can be expanded inside
this disk into the series

= Zangn(z)7 |Z| <r<l (8)
n=0
where a, = o [ f(@un@ds, b= [ RO <
fgl=r<r el=r<r

Theorem 2. The systems of functions (4) form bases for the space of functions analytic
in the domain D.

Proof. Let us show that the series (8) converges uniformly in each domain D cDif
the function f(z) is analytic in D. Since (1) maps the domain D onto the unit disk, any
point z € D’ lies on the line L,, the inverse image of the circumference |w| = p < 1. Then
we have the following estimates for the functions (4):

lgn(2)] = lo(2)|" = 0", gn(2)] = le(2)["¢'(2)] < App”, 2 € Ly, (9)
here A, = '(2)]-
where A, Izré::—?:hp (2)]

Let L,, be the inverse image of the circumference |w| = pg, p < po < 1, and F' =
max |f(2)], Ay = |n‘1ax [P/ (w)|. We transform expressions for the Fourier coefficients of
Z€Lp w[=po

the series (8) taking into account that the integral over the contour L,, C D of a function
analytical in D is equal to zero:

wogm | fomoneg [ OSRG-S

1€l1= =Ly, H =Ly, \w| =po
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1 . 1 f f(h
bn = 5 / f(g)wn(g)dé = 5 (’Dn(-l-l / wn—l—l )

271
\ﬂ:LPO \{\:LPO Iw‘ =p0

Then we obtain the following estimates:

/
L[ et (P L OGN )] Py
[w T = g 21 [[n+1 o
lw|=po |w|=po

(10)

By estimates (9), (10), and the inequality p < pg, we see that the series (8) converges
uniformly in each domain D' c D:

3 S " "FA
> laallam(] < FY (L) = T Zrb lgi (2 r<FA¢Z< ) =T
n=0 n=0

po —p

Let us consider examples of systems of functions that are constructed using exponential
functions.

3. Basis in the space of functions analytic in a strip

Consider the domain D to be the strip T <Rez< % Define a conformal mapping

of D onto the unit disk K : |w| < 1 and the corresponding inverse mapping by (see [1])

1 e —1 1. 14w
w=1tgz = - . z==In . 11
& i et 41’ 2 1—iw (11)
Then the points z = 7/4, z = —7/4, z = ico, z = —ioo are mapped to the points
w=1 w = -1, w =i, w = —i, respectively, and the boundary L consisting of two

straight lines z = +7/4 is mapped to the circumference C : |w| = 1.
Let us introduce the system of functions corresponding to the first system in (4):

go(z) =1, {gn(z) = tg”z}zozl, z€D. (12)

The functions g, (z) are analytic in a neighbourhood of zero, while the functions — T =
2

Ctgm+1(z)

5 have poles of order m + 1 at the origin.
cos? z
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First, let us expand the functions g, (z) into the Maclaurin series converging in the
disk |z| < 7/2. Using the expansion

on et e(m—n/2)t o

_ N gt
@+ 1" ar(2) ggg‘ﬁ&: )7

where E Z Ck I are the Euler polynomials of order n and degree [, we find

> [ n {2k n n T
cosnt Z )'2E ( ( >(2/<;)" Eékll <§> =0, [t < 2 (13)

=0

1
Note that E,(Cl)(x) = Ej(x) are the Euler polynomials, while Fj = 2kE,(€1) <§> are

Euler numbers. For the first four coefficients in this series we have expressions
g (MY gm(n)y__1.
o \2 2\ 2 4
m(n)_ 1 m(ny__1
E, <2>—16n(3n+2) Ey <2>_ 64n[15(n+1) +1].

We also have formulas for the series expansion of the n-th power of trigonometric
functions

i1, 00 X IG—(2”+1) £21+1 o, ot . ZG_(2n) 2
sin t—;(— NET @+ 10 sin _g(_ ) G (20!’
cos"t = Z(—l) Gy @ (14)
1=0 '

where

+(2n 1 - n—
GE T > EDFCI R, n= 1, 1>
k=1

GEEn ) = oo Z L1)RCPF (2k + 1)P,

Gt =1, G+(2") =1, n>1 G =(-1)"@2n),
G = (12 + 1), G, =0, p <.
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Using corresponding formulas (13)—(15), we find the power series expansion of the
function (12):

2(1+k)
2y _ sin®" 1)HHhg2k —(2n) (2n) t B
gt = cos2”t ZZ 27 Gy " By (n) W =
l=n k=0
— } :2 : _ 1\ko2k—21 ~—(2n) 12(2n) o _
= k:l( DG B () (i

> (2n n
:Z(_l Zzzk 2oy G2l : ék )21( )
£20+k)+1

n+1 om+1
t 2n+1t l+k22kG (2n+1)E(2n+1) _
& cos2n+1 / ; kzo 2+1 ok 2 ) @+ 1)(2k)

S 2n +1 t2k+1
— 1 22k‘ 21 (2n+1)E(2n+1) —
; k_l( ) Corrr Bai— 2 ) (2k —20)!(20 4+ 1)!

Z 1k {2kt Z 02k—21 201 = (2n+1) pnt) (20 + 1
- 2]{:_1_1 2k+1 2l+1 2k—21 2 .

Thus, we obtain the power series for (12), which is convergent in the domain |z| < /2,
in the following form:

2n n 2n+1
= Y REVH, () = YRGS (15)
k=n
where
R _ k=21 ~2k—2l ~—(2n) p(2n)
Ry, = i)l 222 20% Gy ™ By (1),
(2n+1) _ ( 2k —21 2k —2 —(2n+1) p(2n+1) (21 4+ 1
Ry i1 (2k+1 ZQ Corrr G Eopy < 2 :

Now we find the system of functions conjugate to (15). First, let us construct the
power series expansion of the function (zctg z)™ in a neighbourhood of zero. We have (see

[7)

tn xt

ZB(” g
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where B( (x)= Z C’kB(") ~* are the Bernoulli polynomials of order n and degree k,

while B,g )(O)—Bl(") are Bernoulli’s numbers. Consequently, assuming = n/2, we obtain

m o n t2k N n
o Z Yko2k B <§>W B§k>+1<§>:0, It| < . (16)

=0

For the first coefficients in this series, we have the following representation:

2 2 12
m(ny_ L m(ny__1 |1 1
By <2> 240n(5n+2) By <2>— 6471[9(71—%1)(571—1—1)—1—7 .

Taking into account the formulas (3)—(16), we obtain

00 0 £2(1+k)
‘ n_ 1)l+ko2k +() (n) (T —
(tetgt) ;g( T2RG B 3 ) G
— 1 22k 21G+(n)B(n) <n> —
;;( ) -2\ 5 | 2% — 20)1(20))!
0o k
n T
= 1 g ARG (). <,
k=0 1=0

Hence, we find the principal part of the Laurent series for the function ctg™t in a
neighbourhood of zero:

[(n-1)/2]
Z Q2l tn— Tn—20’ (17)
m _ (D" & oot gt g (1 - -
where Q" = 2h)] 32 C G2l By o 5 ) And similarly, we find the principal
Y i=0
-1
part of the Laurent series for the function — %g@‘m(z) = oMt () (2), m > 1,

which defines the system of functions conjugate to (15):

—21) 1
Qs m-
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In the case m = 0, ¢~ 1(2)¢'(2) = (coszsinz)~! = 2sin~! 2z, according to (16), we
have wy(z) = 1/z. So, for the the system of functions {w,,(z)}>°_,, we obtain the following

m=0>
formulas:
[((m—1)/2]
1 (m —21I) 21 1
=0

The systems of functions (15) and (18) are biorthogonal on an arbitrary circumference
L: |z| =7 0<r<m7/4,that is
1
9 / gn(2)wm (2)dz = Opm,
|z|=ro<r

and, by Theorem 1, system (15) serves as a basis for the space E,, 0 <r < 7/4.

Example 1. By formulas (15) and (18), we can find explicit expressions for the first few
functions of the systems considered above:

23 2

go(Z) ) gl(’z) Z+ 3 —|—35Z —|—579Z + )
2 17 62 11
g2(2) = 22 +3z4+5'9z6—|—5.7'9z8+...; 93(2)223+Z5+ﬁ27+...;
4 6 9 8
g(z) =22+ 28 )= s =
3 ) 3 9
1 1 1 11 1 21 1
WO(Z)ZE; wl(Z)Z;; w2(2):;; w3(2)=—§;+;a w4(2)__§; 257
(2) 11 1 n 1 (2) 23 1 41 n 1
ws(z2) =-S5 ——+—; wR)=———=-—=+—
> 522 24 26’ 6 5-923 325 27

It is easy to see that the orthogonality conditions are met.
By Theorem 2, system (15) forms a basis for the space of functions analytic in D, while
the system (18) is conjugated to it.

Example 2. The expansions of power functions in terms of the system (12) have the form

o o0
o _ 2p+1 _
2P = § aongon(2), 2P = § aomn+192n+1(2), 2z €D,
where

1 2 D (2
Qon = % /Z pwzn(z)dz = Ean@2p7
L

1 2p+1 2p+1 (2n+1)
% P w2n+1(Z)dZ = o + 1Q2nn 2
Ly

Aoan+1 =
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Using the second relation in (3), we obtain the following systems of functions:

1(2) = ——ga(2) = P {wn(2) = B . z€D. (19
{20 = 20l COSQZ}HZO {unta +1<z>}mzo zeD, (19)

which are biorthogonal on the closed curve L, C D around the origin. By Theorem 2, the
system of functions {g}(z)} is a basis for the space of functions analytic in D.

4. Basis in the space of functions analytic in a domain bounded by
parabola

A conformal mapping of domain D, where D is assumed to be bounded by the parabola

z = pe'¥, pcos? g = 71T_6 onto the unit disk K and the inverse mapping are given by (see
[7])
w=¢(z) = tg?V/z, z= iln % (20)
2 2 2
The points of parabola z = 16’ z = 3 1,2 = ) i, z = —o0, are mapped to the points
of circumference w = 1, w = €, w = e™, w = —1, respectively, where § = 2arctgsh(g).

Let us introduce the system of functions
{gn(z) = tg2"\/2}zo:0, z€D. (21)

Using (15), we find the power series expansions of functions (21):

2

> 2n
=D (D'RyVA, il < g (22)

=0

Let us construct the system of functions conjugate to (21) and (22). First, we find
the power series expansion of the function (y/zctgy/z)?" in a neighborhood of the origin.
Using the first formula in (16), we obtain

<\/%ctg\/i_5> o =t (ctgﬂ) an - i( 1) Q(2n

=0
Further, we find the principal part of the Laurent series for the function in a neigh-
borhood of the origin:

n—1

Fo(t) =Y (-1) @<2"

=0
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—-1d
Similarly, we find the principal part of Laurent series for the function —d—gp_m(z) =
m dz

@Mt (2)¢/(2), m > 1 (here ¢(z) = tg\/z), which gives the corresponding conjugate
system {wpm(2)}pe_y- Thus

1

m—1 _(om
: Q;l )Zm—l—l—l : (23)

im(z) = = F(z) = 3 (1)

In the case m = 0, ¢ 1(2)¢/(2) = (Vzcoszsinz) ' = 2(y/zsin2y/z) ', according to

(16), we have wy(z) = —. By Theorem 1, this system of functions is a basis for the space
z
2

E.,0<r< 71T_6’ and, by Theorem 2, system (21) forms a basis for the space of functions
analytic in D.

According to the second relation in (3), we find the systems of functions similar to
(19). By Theorem 2, the system {g;;},° ; forms a basis for the space of functions analytic
in D.

5. Basis in the space of functions analytic in a domain bounded by
catenary

Assume that D is a domain bounded by catenary. A conformal mapping of D onto
the unit disk K and the inverse mapping are given by the functions (see [10])

e —1

eZ

—_

w=p(z) = (24)

—0
The curve L : z =1 ] + i , 0 < 0 < 2x, which is the boundary of D, is

1
N osin(9/2 2
mapped to the circumference C' := {w : |w| = 1}. Setting z = = + iy, we may write an
equation for the curve L in the form y = —In(2 cos x).
Let us consider the system of functions

o= ()Y, e

and construct the conjugate system {wy,(2)}o_ -

First, we find the expansion of functions g,(z) into the Maclaurin series

a() = (1) = DOl (1o =
=0
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S =YYy B

n Ll
1=0 k=0 ' k=0 1=0 w
) _ It
Denoting P, = Z(—l)“’kC,lLH, we obtain
=0 -
[e.e]
gn=> PPz |z <n2. (26)
k=0

m

e

e ()= = 1) . Using the expansions of Bernoulli polynomials, we have
e [e—

Now we find the Laurent series in a neighborhood of the origin for the function
( z

pr (2K)!
1 2 (m2)t & (m) (T 22k 1 o= ml (m) (T 22k+l_
_z_mz 201! D By (5) (2k)!‘7mzz r Do (5) 1(2k)!
1=0 k=0 1=0 k=0
1 o0 X -2k (m) (T p
- z_mkzzog oo B <E> (1 —2k)!(2k)!

l
Defining Gl(m) = %Z (%)l_% Clszézl) (%) , we obtain

Zm—l :

. o (m) 1
() = > G
=0

Hence, we find the principal part of the Laurent series for the function ¢~ (z) in a
neighborhood of zero

L T (27)

—-1d
Similarly, we find the principal part of the Laurent series for the function — — ™

"(2) =
m dz
cp_(m+1)(z)cp/(z), m > 1, which gives the corresponding conjugate system of functions

—-1d e (m—=10) m 1
m dz m Lo ym—l+l”
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Thus, for the system {wp,(2)},._, we obtain the formulas

m—1 1

1 m —1 m
wo(z) = o5 Wm = Z ( - )Gl( )Zm—l—l—l’ m > 1. (28)
=0

Example 3. For the first few functions of the systems considered above, we have the
following expressions:

z z
=1 A B
g0(2) =1; g1(2) =2 5t T T
7 3
92(2)22’2—23+ﬁz4— ; 93(2)223—§z4+ ;
1 1 11 1 11 1 1
@) =2l =g @l =gt el =gatata

By Theorem 1, the system of function (26) forms a basis for the space of functions
analytic in the disk |z| < In2, and, by Theorem 2, the system of function (25) is a basis
for the space of functions analytic in D.

From the second relation in (3), we obtain systems of functions analogous to (19).

6. The construction of a solution to the Dirichlet problem for the
Helmholtz equation

Let w = ¢(z) be the conformal mapping (1). Let us write the Helmholtz equation
using the variables w,w:

o*U

4 owow

+ kU =0, (29)

where k = const and U = U(w, W) is a real-valued function.
The set of solutions to this equation in the disk can be written in the form (see [7, 8])

U=Re > cpu™J(w), (30)
m=0

o0

* j— * (_1)n/{n|w|2n
where J; (ww) = T, (jwf’) = 3 g = E
n=0 o

stants. The functions J¥, (ww), for k£ > 0, can be expressed through the Bessel functions
of order m: Jy, (VE|w|) = (vVElw))™ I, (Jw]?).

and ¢,, are arbitrary complex con-
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Making the change of variables z = h(w), Z = h(w), and using ¢'(z) # 0, z € D, we
derive the following equation:

o0*U

487:83

+ v (2)¢' (2)U = 0. (31)

Solutions of equation (31) can be obtained from (30) using the change of variables
w=p(z), W= p(2):

U(%) = Re Y en™ ()5 (#(2)9(2) ) (2)

6.1. Solution in a disk

In this section, we find a solution of equation (29) in the disk K := {w : |w| < 1},
provided that

U(w,@ﬂczRef(t), teC =0K, (33)

where f(t) is a function expanded into a uniformly convergent series, that is,
o
FO) =D dut™ (34)
m=0

Note that, if the series whose terms are all functions analytic in the closed domain G
converges uniformly on the boundary L = G, then it converges uniformly in G, and the
limit function is continuous on L and analytic in G (see [10, p. 192]). One of the sufficient
conditions for a function to be expanded into a uniformly convergent series whose terms
are analytic functions is a condition of being Hélder continuous (see [10, p. 275]).

Thus, from the uniform convergence of series (34) it follows that this series converges
uniformly in K, and the limit function is analytic in K and continuous on C.

Substituting expression (34) into condition (33) and using relation (30) and the equality
ww =1, w € C, we obtain

e . e .
$ cncm 1) - 3 e
m=0 m=0

Hence, we find coefficients ¢,,, = and write the solution to the problem as follows:

U(w, @) =Re Y ﬁ—mwmjg(ww). (35)
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Thus, the solution to our problem is found in the form of a series in terms of the functions
{w™J}, (ww)} . At the same time, because of the boundedness of J, (|w|?) and the uniform
convergence of series (34) in K, series (35) also converges uniformly in K.

If we have an explicit expression for the boundary function Ref(t) = wu(t), then, using
the Schwartz formula and the expansion of the corresponding analytic function into a

series, we obtain

2me t+wt —
It|=1 m=0
here do = —- o g= 2 4 % > 1. Substituting th jons f
where do = o— u(t)T7 FE g u(t)tkﬁ, > 1. Substituting the expressions for
[t|=1 lt|=1

the coefficients of this series into (35), we obtain a solution to the corresponding boundary
value problem for the Helmholtz equation.

6.2. The construction of a solution to the boundary value problem in an
arbitrary domain

Let us find a solution to equation (31) in a domain D, provided that
U(z,%)|, =Ref(t), telL, (36)

where f(t) is a function expanded into a uniformly convergent series in terms of the first
system in (4), that is,

F#) =" angn(t). (37)
n=0

The uniform convergence of series (37) in D, the analytic property of the function f(z) in
D, as well as the continuity of this function on the boundary L follow from the conditions
on the function f(t).

Substituting the expression for mapping (1) into the expression for the solution (30) to
the problem in the disk, we obtain the set of solutions to equation (31) in D in the form of
series (32). We determine the coefficients of this series from condition (36). Substituting
formulas (32) and (26) into the boundary condition and using the relations g, (z) = ¢"(2),
o)) =1, ¢(t) = e, 0 < 9 < 27, we obtain the following equality:

S e (1) = 3 ane™,
n=0 n=0
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an

Ji()

Hence, finding that ¢, = , we write the solution to our problem as follows:

a

U(%) = Re ) otsn(2); (¢(2)9)) - (38)
n=1 "

Substituting the values z = t € L into series (38), we immediately obtain the boundary
condition (36). The uniform convergence of series (38) in the domain D follows from
the boundedness of J*(¢(2)p(2)) whenever 0 < |@o(z)| < 1, z € D, and the uniform
convergence of series (37).

Example 4. If f(t) = Regn(t) and, respectively, f(z) = gn(z), then the solution of
equation (31) satisfying the condition U(z,Z)|r = Re gn(t) has the form

(2.2 = g Rean(a1 7 (2.

But if f(t) =1, then the solution to this equation is as follows:

U(7) = gy (#1905,

where J§ <<,0(z)<,0(z)> =J; <|<,0(z)|2> is the Bessel function of zero order.

Conclusions. In this article, applying conformal mappings w = ¢(z) of simply con-
nected domains onto a unit disk such that ¢(0) = 0, ¢’(0) = 1, we construct bases for the
spaces of analytic functions and find corresponding solutions to the boundary problems
for the Helmholtz equation. This approach can be extended to the case of mappings sat-
isfying the conditions p(z9) = 0, ¢’'(29) = 1. In this case we must use the expansions of
corresponding functions into the Maclaurin and the Laurent series in a neighborhood of
20-

Similar bases can be used for constructing solutions to the boundary value problems
of the second or the third kind for the Helmholtz equation.
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