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Potential Estimates and a Priori Estimates for Elliptic
Equations of Cordes Type

F. Mamedov, S. Monsurrò∗, M. Transirico

Abstract. We prove some a priori estimates for the solutions of some classes of Dirichlet problems
associated to certain non divergence structure elliptic equations. This is done by means of a
potential type estimate obtained for the solutions of the same kind of problems, but with more
regular data.
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1. Introduction

Let Ω be a sufficiently regular bounded open subset of Rn, n > 2. We are interested
in the study of some aspects related to the strong solvability of the Dirichlet problem{

Lu = −f, f ∈ Lp(Ω),

u|∂Ω = 0,
(1)

in the space W 2,p(Ω), p > 1, where L is the second order linear differential operator in
non divergence form

L =

n∑
i,j=1

aij(x)
∂2

∂xi∂xj
.

The coefficients aij are supposed to be bounded measurable functions satisfying the uni-
form ellipticity condition.

As shown by a classical example due to C. Pucci (quoted by Talenti in [1]), for n > 2,
the boundedness and ellipticity of the aij are not enough to derive the strong solvability
of problem (1). Pucci’s example suggests that two directions can be followed in order to
overcome this difficulty. The first one is to impose conditions on the coefficient matrix
stronger than the uniform ellipticity, while the second one is to assume suitable regularity
of the aij (see e.g. [2] for a wider survey on this subject).
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Following the first order of ideas, Talenti considered, in [1], coefficients that do not
scatter too much, i.e. satisfying the so called Cordes condition∑n

i,j=1 a
2
ij(x)(∑n

i=1 aii(x)
)2 ≤ 1

n− 1
− δ, δ > 0. (2)

As proved by Talenti, (2) entails the uniform ellipticity of the operator and gives existence
and uniqueness results for problem (1), for p = 2, together with the estimate

‖u‖W 2,2(Ω) ≤ C‖f‖L2(Ω). (3)

For sake of completeness, in the same framework, we recall the work [3], where also lower
order terms were considered, and [4, 5, 6] where unbounded domains in weighted and
non-weighted cases were treated. Moreover, quasilinear elliptic equations of Cordes type
have been studied, for example, in [7, 8]. Let us also mention that, in [9], S. Campanato
extended (3) to values of p sufficiently close to 2.

Concerning the second order of ideas, it is well known (see, for instance, [10]) that if
Ω has the C1,1-regularity property and the coefficients aij ∈ C0(Ω), i, j = 1, . . . , n, then
one has the unique strong solvability of (1). Moreover, one also has the bound

‖u‖W 2,p(Ω) ≤ C‖f‖Lp(Ω), (4)

where the constant C is independent of u, but depends on the required regularity of the
coefficients. By classical embedding theorems, one gets then

‖u‖
L

np
n−2p (Ω)

≤ C‖f‖Lp(Ω), (5)

for p < n
2 .

In this direction, we remind the very relevant contribution to the theory given in
[11, 12] where the authors obtain (4) assuming that the coefficients aij are in the class
VMO, and also the more recent works on unbounded domains, always in the case of
VMO-coefficients, [13, 14, 15, 16] in non-weighted and weighted contexts. Moreover, in
this framework we also mention [17, 18], where the aij satisfy different hypotheses and Ω
is unbounded.

Here, we assume that Ω has the C1,1-regularity property and that the coefficients
aij ∈ C0(Ω), i, j = 1, . . . , n, are symmetric bounded measurable functions satisfying the
Cordes condition. We also require that the datum f belongs to certain spaces generalizing
the notion of Sobolev spaces to the fractional case. Roughly speaking, we consider as
f restrictions to Ω of functions that are Riesz potentials of kernels in suitable Lebesgue
spaces (see Section 2 for details). Our assumptions allow us to improve both the results
obtained under the Cordes condition and those achieved by means of the continuity of the
coefficients. Indeed, we get two kinds of estimates for the solution of (1). On one hand,

in Theorem 1, we estimate, for n/
√
n− 1 < p < n/2, the L

np
n−2p -norm of the solution u

by means of the Lp-norm of the Riesz derivative of f . On the other hand, in Theorem 2,
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we obtain (5) showing that actually, for the above range of exponent p, the constant C is
independent of the regularity of the coefficients. This seems to open the future perspective
to drop the hypothesis on the continuity of the coefficients.

Our main results can be achieved by means of a potential type estimate previously
obtained for the solutions of the same kind of problems, but with more regular data (see
Section 4).

2. A class of suitable functional spaces

In this section we introduce a new functional space where the datum f will be taken
(see Definition 1). Roughly speaking, denoting by Ω an open subset of Rn, n > 2, we
consider as datum f restrictions to Ω of functions that are Riesz potentials of kernels in
suitable Lebesgue spaces.

To be more precise, let us start recalling some definitions and properties of Riesz
potentials and hypersingular integrals. Note that here we focus just on some specific
aspects of the above mentioned topics, required for our needs. Wider and deeper surveys
can be found, for instance, in [19, 20, 21, 22].

Let 0 < α < n and 1 ≤ ν < +∞. It is known that if g ∈ Lν(Rn), then the integral

(Iαg)(x) =

∫
Rn

g(y)

|x− y|n−α
dy, x ∈ Rn, (6)

converges absolutely for almost every x.
The function Iαg in (6) defines, up to a positive multiplicative constant depending on

α, the Riesz potential of g.
For 0 < α < n and 1 ≤ ν < +∞, it is therefore possible to consider the space

Iα(Lν) = {f : f = Iα(g), g ∈ Lν(Rn)},

that is a Banach space with respect to the norm

‖f‖Iα(Lν) = ‖g‖Lν(Rn).

If, in addition, the condition 1 < ν < n/α is satisfied, then one has

Iα(Lν) ⊆ Lq(Rn), with q =
nν

n− αν
, (7)

where, as showed in [20], the inclusion is strict; moreover, one also has

‖Iαg‖Lq(Rn) ≤ c ‖g‖Lν(Rn). (8)

Now, let 0 < α < n, 1 < ν < n/α and q = nν
n−αν . In view of a characterization lemma

concerning the space of hypersingular integrals in terms of Riesz potentials (see [20]), it is
possible to define the space Lαν,q(Rn) of hypersingular integrals as

Lαν,q(Rn) = {f ∈ Lq(Rn) : f = Iα(g) with g in Lν(Rn)}. (9)
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The function g in (9) is the Riesz derivative of f , and is denoted by Dαf .
The space Lαν,q(Rn) generalizes the notion of Sobolev space to the fractional case and

is a Banach space endowed with the norm

‖f‖Lαν,q(Rn) = ‖f‖Lq(Rn) + ‖Dαf‖Lν(Rn).

It is known that C∞0 (Rn) is dense in Lαν,q(Rn), where, as usual, C∞0 (Rn) stands for
the class of all C∞ functions on Rn with compact support.

Definition 1. Let Ω be an open subset of Rn, n > 2. For 0 < α < n, 1 < ν < n/α and
q = nν

n−αν , we define Lαν,q(Ω) as the set of restrictions to Ω of functions in Lαν,q(Rn). More
precisely, f ∈ Lαν,q(Ω) if there exists a function F ∈ Lαν,q(Rn) such that F = f in Ω.
This is a Banach space endowed with the norm

‖f‖Lαν,q(Ω) = inf{‖F‖Lαν,q(Rn) | F|Ω = f}.

3. Preliminary lemmas

Let Ω be an open subset of Rn, n > 2. We consider in Ω the operator

L =
n∑

i,j=1

aij(x)
∂2

∂xi∂xj
, (10)

where the coefficients aij(x) are symmetric bounded measurable functions satisfying Cordes
condition ∑n

i,j=1 a
2
ij(x)(∑n

i=1 aii(x)
)2 ≤ 1

n− 1
− δ, δ > 0, a.e. in Ω. (11)

Let us explicitly remark that the Cordes condition entails the uniform ellipticity of
the operator L (see, e.g., [1]). This, together with the boundedness of the aij , gives the
existence of a constant µ ∈ (0, 1) such that

µ|ξ|2 ≤
n∑

i,j=1

aij(x)ξiξj ≤ µ−1|ξ|2, (12)

for almost every x ∈ Ω and for any ξ ∈ Rn.

Let us now prove the following two lemmas that are essential tools in the proofs of our
main results:

Lemma 1. Let L be the operator defined in (10) satisfying (11). If n > 5 and 0 < s <√
n− 1− 2, then for sufficiently small ε > 0 and for any fixed y ∈ Rn one has

L
[(
|x− y|2 + ε2

)− s
2

]
≤

−nµs(s+ 2)
(

1
s+2 −

1√
n−1

) (
|x− y|2 + ε2

)− s+2
2 ≤ 0

for a.e. x ∈ Ω, and therefore the function
(
|x− y|2 + ε2

)− s
2 is L-superharmonic.
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Proof. Fix y ∈ Rn, set Rε(x) =
(
|x− y|2 + ε2

) 1
2 and Gε(x) = Rε(x)−s.

Easy calculations give
Gεxi = −sRε(x)−s−2(xi − yi)

and

Gεxixj = sRε(x)−s−2

[
(s+ 2)γiγj

|x− y|2

Rε(x)2
− δij

]
,

where γ = (x− y)/|x− y| and δij denotes the Kronecker delta.

It follows

LGε = sRε(x)−s−2
[
(s+ 2) |x−y|

2

Rε(x)2
∑n

i,j=1 aij(x)γiγj −
∑n

i=1 aii(x)
]

=

s(s+ 2)Rε(x)−s−2
( n∑
i=1

aii(x)
)[ |x− y|2

Rε(x)2
·
∑n

i,j=1 aij(x)γiγj∑n
i=1 aii(x)

− 1

s+ 2

]
.

(13)

Finally, by Hölder inequality for sums, (11) and (12) we obtain

LGε ≤ s(s+ 2)Rε(x)−s−2
(∑n

i=1 aii(x)
)[
|x−y|2
Rε(x)2

·
(∑n

i,j=1 a
2
ij(x)

)1/2∑n
i=1 aii(x)

− 1
s+2

]
≤ s(s+ 2)Rε(x)−s−2

(∑n
i=1 aii(x)

)(√
1

n−1 − δ −
1

s+ 2

)
≤ −nµs(s+ 2)

(
|x− y|2 + ε2

)− s+2
2

( 1

s+ 2
− 1√

n− 1

)
≤ 0.

J

Lemma 2. Let L be the operator defined in (10) satisfying (11). If n > 5, 0 < s <√
n− 1− 2 and g is a non negative function in Lν(Rn), by some fixed 1 < ν < n/(n− s),

then for sufficiently small ε > 0 the potential

W ε(x) =

∫
Rn

g(y)

(|x− y|2 + ε2)
s
2

dy, x ∈ Ω, (14)

is such that

LW ε(x) ≤ −nµs(s+ 2)
(

1
s+2 −

1√
n−1

) ∫
Rn

g(y)

(|x−y|2+ε2)
s+2
2
dy ≤ 0, (15)

for a.e. x ∈ Ω, and therefore W ε is L-superharmonic.

Proof. It is immediate to verify that 0 < s < n − 2 and that the function W ε has
second weak derivatives. Moreover,

LW ε(x) =

∫
Rn
g(y)L

[(
|x− y|2 + ε2

)− s
2

]
dy, for a.e. x ∈ Ω.

This, together with Lemma 1 and the hypothesis on the sign of the function g, gives (15).J



Potential Estimates and a Priori Estimates 97

4. Main results

In this section we prove our main results. To this aim, some preliminary facts are
needed.

Let Ω be a bounded domain in Rn, n > 5, with the C1,1-regularity property and
0 < s <

√
n− 1− 2.

Given a non negative smooth function g and ε > 0, we set

F ε(x) =

∫
Rn

g(y)

(|x− y|2 + ε2)
s+2
2

dy, x ∈ Rn. (16)

Then, we consider the classical solution uε of the problem{
Luε = −F ε in Ω,

uε = 0 on ∂Ω,
(17)

where L is the operator defined in (10) satisfying (11) with aij ∈ C0(Ω), i, j = 1, . . . , n.

Let us prove the following lemma.

Lemma 3. Let uε be the solution of problem (17). Then there exists a positive constant
C = C(n, µ, s) such that

0 ≤ uε(x) ≤ C
∫
Rn

F (y)

|x− y|n−2
dy in Ω, (18)

where

F (x) =

∫
Rn

g(y)

|x− y|s+2
dy, x ∈ Rn. (19)

Proof. Let Wε(x) be defined in (14). By Lemma 2 we get that there exists a positive
constant C1 such that

LWε ≤ −C1

∫
Rn

g(y)

(|x− y|2 + ε2)
s+2
2

dy = −C1 F ε, (20)

with C1 = C1(n, µ, s). Thus

L
(
uε −

Wε

C1

)
≥ 0 in Ω.

Moreover, it is easy to check that

uε −
Wε

C1
≤ 0 on ∂Ω.

Thus, using the maximum principle in its classical forms (see e.g. [10], Theorems 3.1 and
3.3) we obtain

0 ≤ uε(x) ≤ Wε(x)

C1
≤ 1

C1

∫
Rn

g(y)

|x− y|s
dy in Ω.
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Hence by the composition formula for fractional integrals (see e.g. [19]) we conclude that

uε(x) ≤ C
∫
Rn

1

|x− y|n−2

(∫
Rn

g(z)

|y − z|s+2
dz

)
dy in Ω,

with C = C(n, µ, s). The thesis is then obtained in view of the definition of F . J

We want to exploit the potential type estimate just proved to get some a priori esti-
mates for strong solutions of the following Dirichlet problem

u ∈W 2,p(Ω)∩
◦
W1,p(Ω),

Lu = −f, f ∈ Lp(Ω),

(21)

where the coefficients aij ∈ C0(Ω), i, j = 1, . . . , n, and p > 1.

Theorem 1. Let Ω be a bounded domain in Rn, n > 5, with the C1,1-regularity property

and L be the operator defined in (10) satisfying (11). Let
n√
n− 1

< p <
n

2
, 1 < ν <

n

n−
√
n− 1 + n

p

. If u is a solution of problem (21) with datum f ∈ L
n
ν
−n
p

ν,p (Ω), then there

exists a positive constant C = C(n, µ, p, ν) such that

‖u‖
L

np
n−2p (Ω)

≤ C‖D
n
ν
−n
pF‖Lν(Rn), (22)

with F as in Definition 1.

Proof. We prove Theorem 1 in two steps. In the first one we prove a potential type
estimate for the solutions of some auxiliary problems. In the second one we exploit this
estimate to obtain (22).

Step 1. Observe that since f ∈ L
n
ν
−n
p

ν,p (Ω), by Definition 1 there exists a function
F ∈ Lαν,q(Rn) such that F = f in Ω. Therefore, in view of (9) we can find a g ∈ Lν(Rn)
such that

F (x) =

∫
Rn

g(y)

|x− y|n−
(
n
ν
−n
p

) dy, x ∈ Rn. (23)

Let g+ and g− be the positive and negative parts of the function g, respectively, and
put

F+(x) =

∫
Rn

g+(y)

|x− y|n−
(
n
ν
−n
p

) dy, F−(x) =

∫
Rn

g−(y)

|x− y|n−
(
n
ν
−n
p

) dy, (24)

x ∈ Rn. One clearly has F = F+ − F−.
Classical results give the existence of sequences of smooth and non negative functions

g+
h and g−h such that

g±h → g± in Lν(Rn) as h→ 0. (25)
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Let ε take its values in a sequence of positive reals numbers converging to zero. Set

F±h,ε(x) =

∫
Rn

g±h (y)dy

(|x− y|2 + ε2)
s+2
2

, x ∈ Rn, (26)

with s = n−
(
n
ν −

n
p

)
− 2, and let u+

h,ε and u−h,ε be the classical solutions of the problems{
Lu+

h,ε = −F+
h,ε in Ω,

u+
h,ε = 0 on ∂Ω,

(27)

and {
Lu−h,ε = −F−h,ε in Ω,

u−h,ε = 0 on ∂Ω,
(28)

respectively.

It is easy to check that 0 < s <
√
n− 1 − 2 and that all the hypotheses of Lemma 3

are fulfilled. Hence by (18) we get

u+
h,ε(x) ≤ C1

∫
Rn

F+
h (y)

|x− y|n−2
dy in Ω (29)

and

u−h,ε(x) ≤ C1

∫
Rn

F−h (y)

|x− y|n−2
dy in Ω, (30)

with C1 = C1(n, µ, p, ν) and

F±h (x) =

∫
Rn

g±h (y)

|x− y|s+2
dy. (31)

Now, set Fh,ε = F+
h,ε − F

−
h,ε, and let uh,ε be the classical solution of the problem{

Luh,ε = −Fh,ε in Ω,

uh,ε = 0 on ∂Ω.
(32)

In view of the uniqueness of the solutions of problems (27), (28) and (32) (see e.g. [10],
Theorem 9.15), one has uh,ε = u+

h,ε − u
−
h,ε and therefore |uh,ε| ≤ u+

h,ε + u−h,ε, since u+
h,ε and

u−h,ε are positive as a consequence of Lemma 3. Thus (29) and (30) give the potential type
estimate

|uh,ε(x)| ≤ C1

∫
Rn

[F+
h (y) + F−h (y)]

|x− y|n−2
dy in Ω. (33)

We want to pass to the limit as ε→ 0 in (33). To this aim, observe that the smoothness
of the coefficients of problem (32) guaranties that

‖uh,ε − uh,ε′‖W 2,p(Ω) ≤ C‖Fh,ε − Fh,ε′‖Lp(Ω). (34)
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(see e.g. [10], Lemma 9.17).

Concerning the F+
h,ε and F−h,ε, for any fixed h, by (31), (26) and Beppo Levi’s theorem,

we obtain

F±h,ε(x)→ F±h (x) a.e. in Rn as ε→ 0. (35)

Moreover, in view of Lebesgue’s dominated convergence theorem, these last convergences
take place also in Lp(Rn), i.e.

F±h,ε(x)→ F±h (x) in Lp(Rn) as ε→ 0. (36)

Therefore, clearly

Fh,ε(x)→ Fh(x) in Lp(Rn) as ε→ 0. (37)

Combining (34) and (37), we obtain that the sequence uh,ε is a Cauchy sequence in
W 2,p(Ω). Thus there exists uh ∈ W 2,p(Ω) such that uh,ε → uh in W 2,p(Ω) as ε → 0.
Hence, up to a subsequence, still denoted by uh,ε, we have

uh,ε → uh a.e. in Ω as ε→ 0. (38)

Now, in view of (38), we can pass to the limit as ε → 0 in (33), obtaining the claimed
potential type estimate for the uh:

|uh(x)| ≤ C1

∫
Rn

[F+
h (y) + F−h (y)]

|x− y|n−2
dy in Ω. (39)

Step 2. By (39) and (8) we have

‖uh‖
L

np
n−2p (Ω)

≤ C1

(∫
Ω

(∫
Rn

[F+
h (y) + F−h (y)]

|x− y|n−2
dy
) np
n−2p

dx
)n−2p

np

≤ C1‖I2(F+
h +F−h )‖

L
np
n−2p (Rn)

≤ C2‖F+
h + F−h ‖Lp(Rn)

≤ C2(‖F+
h ‖Lp(Rn) + ‖F−h ‖Lp(Rn)),

(40)

with C2 = C2(n, µ, p, ν).
We want to pass to the limit as h→ 0 in (40). Observe that, by uniqueness, uh is the

solution of the problem {
Luh = −Fh in Ω,

uh = 0 on ∂Ω,
(41)

where Fh = F+
h − F

−
h . Moreover, from (25), (31) and (8), it follows that

F±h (x)→ F±(x) in Lp(Rn) as h→ 0, (42)

and therefore

Fh(x)→ F (x) in Lp(Rn) as h→ 0. (43)
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Now, since uh solves (41), we have that

‖uh − uh′‖W 2,p(Ω) ≤ C‖Fh − Fh′‖Lp(Ω), (44)

and so, in view of convergence (43) we obtain

uh → u in W 2,p(Ω), as h→ 0, (45)

where u is the solution of problem (21).

Hence, by the embedding W 2,p(Ω) ⊂ L
np
n−2p (Ω), convergences (45) and (43) we can

pass to the limit as h→ 0 in (40), obtaining

‖u‖
L

np
n−2p (Ω)

≤C2(‖F+‖Lp(Rn) + ‖F−‖Lp(Rn)). (46)

Finally, using (8) we conclude our proof to get

‖u‖
L

np
n−2p (Ω)

≤ C3

(
‖g+‖Lν(Rn) + ‖g−‖Lν(Rn)

)
≤ C4‖g‖Lν(Rn) = C4‖Dαf‖Lν(Rn),

(47)

with C3 = C3(n, µ, p, ν) and C4 = C4(n, µ, p, ν), where we have used

‖g‖Lν(Rn) ≈ ‖g+‖Lν(Rn) + ‖g−‖Lν(Rn), (48)

since the functions g+ and g− have disjoint supports. J

Making some additional assumptions it is possible to achieve an estimate in terms of
the Lp-norm of f .

Let Ω, n, p and ν be as in Theorem 1. We suppose that there exists an operator

P : L
n
ν
−n
p

ν,p (Ω)→ L
n
ν
−n
p

ν,p (Rn) such that

‖Pf‖Lp(Rn) ≤ c‖f‖Lp(Ω), f ∈ L
n
ν
−n
p

ν,p (Ω), (49)

with c = c(n, p, ν,Ω) positive constant.

If the datum f in (21) is in L
n
ν
−n
p

ν,p (Ω), then we can find a g ∈ Lν(Rn) such that

Pf(x) =

∫
Rn

g(y)

|x− y|n−
(
n
ν
−n
p

) dy, x ∈ Rn. (50)

We set

Pf+(x) =

∫
Rn

g+(y)

|x− y|n−
(
n
ν
−n
p

) dy, Pf−(x) =

∫
Rn

g−(y)

|x− y|n−
(
n
ν
−n
p

) dy, (51)

x ∈ Rn, where g+ and g− are the positive and negative parts of the function g, respectively.
We explicitly observe that clearly one has Pf = Pf+ − Pf−.
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Theorem 2. Let Ω be a bounded domain in Rn, n > 5, with the C1,1-regularity property

and L be the operator defined in (10) satisfying (11). Let
n√
n− 1

< p <
n

2
, 1 < ν <

n

n−
√
n− 1 + n

p

, and assume that (49) holds. If u is a solution of problem (21) with

datum f ∈ L
n
ν
−n
p

ν,p (Ω) such that

‖Pf‖Lp(Rn) ≈ ‖Pf+‖Lp(Rn) + ‖Pf−‖Lp(Rn), (52)

then there exists a positive constant C = C(n, µ, p, ν) such that

‖u‖
L

np
n−2p (Ω)

≤ C‖f‖Lp(Ω). (53)

Proof. Following along the lines of the proof of (46) of Theorem 1, with corresponding
modifications, we obtain

‖u‖
L

np
n−2p (Ω)

≤ C1(‖Pf+‖Lp(Rn) + ‖Pf−‖Lp(Rn)), (54)

with C1 = C1(n, µ, p, ν) . Therefore by (52) and (49) one gets the thesis

‖u‖
L

np
n−2p (Ω)

≤ C2‖Pf‖Lp(Rn) ≤ C3‖f‖Lp(Ω), (55)

with C2 = C2(n, µ, p, ν) and C3 = C3(n, µ, p, ν,Ω). Let us explicitly remark that the
constant C3 does not depend on the regularity of the coefficients. J
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