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Abstract. In this paper, we obtain Gauss type inequalities for the class of convex functions.
Further, we give an application of new inequalities to obtain Stolarsky type means.
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1. Introduction

In [4], Gauss mentioned the following inequality which is important in statistics.

Theorem 1. If f is a nonnegative and nonincreasing function and k > 0, then

| s < g [ st )

In [2], Alzer gave a lower bound for the Gauss’ inequality (1). In fact, he proved the
following theorem.

Theorem 2. Let g : [a,b] — R be increasing, convex and differentiable, and let f : I — R
be nonincreasing function. Then

g(b) b
/ F(s(2))g (x)da < / , J@e s / f(t())g (2)de, (2)

where
sa) = W=D ) 4 g(a), @
and
t(x) = g'(zo)(x — x0) + g(w0), o € [a,b]. (4)

(I is an interval containing a,b, g(a), g(b),t(a) and t(b).)
If either g is concave or f is nondecreasing, then the reversed inequalities hold.

*Corresponding author.
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Remark 1. If we consider only the left-hand side inequality in (2), interval I should only
contain a,b, g(a) and g(b). When considering the right-hand side inequality in (2), interval
I should also contain t(a) and t(b).

The aim of this paper is to extend Alzer’s result to the class of convex functions.
Moreover, we apply Gauss type inequalities to obtain Stolarsky type means.

First, let us recall some notions: log denotes the natural logarithm function and by I°
we denote the interior of interval I.

2. Main results

In [10], Pecari¢ and Smoljak introduced a new class of functions that extends the class
of convex functions. Let us recall the definition.

Definition 1. Let f : I — R and ¢ € I°. We say that f belongs to the class M{(I) (resp.
MS(I)) if there exists a constant A such that the function F(z) = f(x) — Ax is nonin-
creasing (resp. mondecreasing) on I N (—o0,c|] and nondecreasing (resp. nonincreasing) on
INe,00).

We can describe the property from the previous definition as “convexity (concavity)
at point ¢”.

Remark 2. If f € MS(I) or f € M5(I) and f'(c) exists, then f'(c) = A.
Let us show this for f € M{(I). Since F' is nonincreasing on IN(—o00, ¢| and nondecreasing
on IN[e,00), for every distinct points x1,x9 € I N (—00,c] and y1,y2 € I N[c,00) we have

[x1,22; F] = [21,20; f] = A <0 < [y1,92; f] = A = [y1,92; F].
Therefore, since f'(c) and f! (c) exist, letting x1 = y1 = ¢, x2 /¢ and ya \, ¢ we get
flle) < A< fi(o). (5)

In the following theorem we give the connection between the class of functions M (1)
and the class of convex functions proved in [10].

Theorem 3. The function f: I — R is convex (concave) on I if and only if it is convex
(concave) at every c € I°.

In the following theorems we obtain Gauss type inequalities for the class of functions
that are convex at point c.

Theorem 4. Let ¢ € (a,b) and let g : [a,b] — R be increasing, convex and differentiable
such that g(c) = c. Assume

g(b) — g(c)

I @ 0) gL, (6)

s1(x) =

ti(z) = ¢'(zo)(z — x0) + g(x0), 0 € la, (] (7)
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and ,
/ ti(x)g (z)dz +/ s1(z)g (z)dz = — (8)

If f € MS(I), then

/a "t (2))g () + / F(s1(2))g (2)d > /g " . )

If f € MS(I), then the inequality in (9) is reversed.
(I is an interval containing a,b, g(a),g(b),t1(a) and ti(c).)

Proof. From g(c) = ¢ and other conditions of theorem it follows that g(a), t1(a),t1(c) <
cand g(b) > ¢, where g(a) < ¢, t1(a) < cand g(b) > ¢ follow from the fact that the function
g is increasing, and t1(c) < ¢ follows from the convexity of the function g. Since interval
I contains a,b,g(a),g(b),t1(a) and t;(c), these conditions imply g(a), g(c),t1(a),t1(c) €
I'N(—o0,c] and g(c),g(b) € I N e, 00).

Let f € MS(I). Let A be the constant from Definition 1 and let us consider the
function F' : I — R, F(z) = f(x) — Az. Since F is nonincreasing on I N (—oo,c| and
g(a),g(c),t1(a),ti(c) € I N(—o0,c|, we can apply the right-hand side of inequality (2) to
the function F, so

glc C
“ Playde < | Pty @yis.

g(a)

Hence, we obtain

5@ o PO-F@)
/ftl f )dz — A (/a tl(l’)g(l’)dl’—f)

Further, since F' is nondecreasing on I N [¢,00) and g(c), g(b) € I N [c,00), the left-hand
side of inequality (2) applied to the function F' is reversed. So we have

g(b)
/ F(si(x dm>/ F(z)dx.
9(c)

Hence, we obtain

b ®)
0< / Flsy()g ()dz — / ™ P(w)ds =
c g(c) (11)

b (b) b 20p) — o2(c
= [ seang e [ e - a ([ s @yt - TEZID)

g(c)
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Now combining (10) and (11) we obtain

g(b)

c b
/Jmmwmm+/fmmwmm—/ f(x)ds >

g(a)

zA(Ltﬂ@d@ﬂx+[ﬂumdqu—f@¥;ﬂﬂ).

Hence, from (8) we conclude that (9) holds.
Proof for f € M$(I) is similar, so we omit the details. <

Remark 3. An example of a function g : [a,b] — R satisfying conditions of Theorem 4 is
the function

where 0 < a < ¢ < b.

Theorem 5. Let ¢ € (a,b) and let g : [a,b] — R be increasing, convexr and differentiable
such that g(c) = c. Assume

ofa) = L0229 (o) 4 gfa), (12)
ta(z) = g'(z0)(z — 20) + g(x0), 0 € [, D], (13)

and
c b 2 . 2CL
/sﬂ@d@ﬂx+/tx@JWMx=€ﬁigiil (14)

If f € MS(I), then

c b g(b)
| feng @ [ seng @< [ s (15)
a c gla
If f € M§(I), then the inequality in (15) is reversed.
(I is an interval containing a,b, g(a), g(b),ta(c) and ta2(b).)

Proof. Similar to the proof of Theorem 4, it follows that g(a) < c and g(b), t2(c), t2(b)
c. Since interval I contains a, b, g(a), g(b), t2(c) and t2(b), these conditions imply g(a), g(c)
I'N(—o0,c] and g(c), g(b),t2(c),t2(b) € I N e, 00).

Let f € MS(I). Let A be the constant from Definition 1 and let us consider the
function F' : I — R, F(z) = f(x) — Az. Since F' is nonincreasing on I N (—oo,c| and
g(a),g(c) € I N(—o0,c|, we can apply the left-hand side of inequality (2) to the function
F. So we obtain

>
€

9 ‘ : P =g [,
o< [* s [ g e - 4 (HOGHD - [y a0

g(a
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Further, since F' is nondecreasing on I N [c,00) and g(c), g(b), t2(c),t2(b) € I N[c,00), the
right-hand side of inequality (2) applied to the function F' is reversed. So we have

g(b) - b ) - M_ b R
0< » f(z)dz /cf(tz(a:))g (z)dx A< 5 /Ctg( )d (z)d ) (17)

Now combining (16) and (17) we obtain

g(bf dx—/fSQ da:—/ftg x)dx >

g(a)
>A<M—/a32<> <>dw—/cbt2<> <>dw>-

Hence, from (14) we conclude that (15) holds.
Proof for f € M$(I) is similar, so we omit the details.«

As a consequence of Theorems 4 and 5, we obtain Gauss type inequalities that involve
convex functions.

Corollary 1. Let ¢ € (a,b) and let g : [a,b] — R be increasing, convexr and differentiable
such that g(c) = c. Assume (6), (7) and (8) hold and I is an interval as in Theorem 4.
If f: I — R is convex, then (9) holds. If f : I — R is concave, then the inequality in (9)
1$ reversed.

Proof. Since the function f is convex, from Theorem 3 we have f € M{(I) for every
¢ € (a,b) C I°. Hence, we can apply Theorem 4.«

Corollary 2. Let ¢ € (a,b) and let g : [a,b] — R be increasing, convex and differentiable
such that g(c) = c. Assume (12), (13) and (14) hold and I is an interval as in Theorem 5.
If f - I — R is convex, then (15) holds. If f : I — R is concave, then the inequality in
(15) is reversed.

Proof. Similar to the proof of Corollary 1.«

Remark 4. Conditions (8) and (14) can be relazed. For f € MS§(I) condition (8) can be
replaced by the weaker condition

A [(uedw | (@) () — 2O S 2y, (18)

and condition (14) can be replaced by the weaker condition

A(COSED - | bt2<x>g'<x>dx) >0, (19)

where A is the constant from Definition 1. Also, for f € M§(I) condition (8) (resp. (14))
can be replaced by condition (18) (resp. (19)) with the reverse inequality.
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Additionaly, conditions (8) and (14) can be further weakened if the function f is mono-
tonic. Since (5) holds, if f € MS(I) is nondecreasing or f € MS(I) is nonincreasing,
from (18) we obtain that (8) can be weakened to

g*(b) — g*(a)

c b
/tl(x)g/(x)dx+/ s1(2)d (z)dz > 5 ) (20)

and that (14) can be weakened to

2 2 a c b
%g() 2/ sz(x)g'(a:)da:—i-/ to(z)g (z)d. (21)

Also, if f € MS(I) is nonincreasing or f € M§(I) is nondecreasing, (8) (resp. (14)) can
be weakened to (20) (resp. (21)) with the reverse inequality.

3. Mean value theorems

In this section we prove mean value theorems related to Gauss type inequalities ob-
tained in previous section. Let us begin by defining the following linear functionals:

c b g(b)
mmz/fmwwwm+/fwmmmm—ﬂ)ﬂmm (22)

and

g9(b) c b

(= [ @i [ i@ [ smedee. e
gla a c

Remark 5. Under assumptions of Theorems 4 and 5 we have that L1(f) > 0 and La(f)

0 for f € MS{(I). Further, under assumptions of Corollaries 1 and 2 we have that Li(f)

0 and La(f) > 0 for any convex function f.

>
>

First, we give the Lagrange type mean value theorems.

Theorem 6. Let ¢ € (a,b) and let g : [a,b] — R be increasing, conver and differentiable
such that g(c) = c. Assume (6), (7) and (8) hold and I is an interval as in Theorem 4.
Then for any f € C*(I) there exists &€ € I such that

" c b 5 iy
Li(f) = fT(g) [/ t1(x)g (x)dz +/ s2(z)g (z)dx — M 7

(24)
where Ly is defined by (22).

Proof. Since f € C?(I), there exist

_ : " _ "
m= I;lelljlf () and M = I?g}(f (x).
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The functions

are convex since W/ (z) > 0, i = 1,2. Hence, by Remark 5 we have L;(¥;) > 0,7 = 1,2

and we get
M

m
1@ < Lu(f) < L), (25)
where ) X )
L) = [ B @i+ [ s @ - LT
Since 22 is convex, by Remark 5 we have Li(x?) > 0.

If L1 (2?) = 0, then (25) implies L1(f) = 0 and (24) holds for every ¢ € I. Otherwise,
dividing (25) by Ly (2?)/2 > 0 we get

méLl( 2) =

so continuinity of f” ensures existence of £ € I satisfying (24).«

Theorem 7. Let ¢ € (a,b) and let g : [a,b] — R be increasing, convex and differentiable
such that g(c) = c. Assume (12), (13) and (14) hold and I is an interval as in Theorem 5,
Then for any f € C*(I) there exists £ € I such that

" 3 _3a c b
mmzf“ﬁgw “)—/ﬁwwwm—/#@wmm] (26)

2 3
where Lo is defined by (23).

Proof. Similar to the proof of Theorem 6.«

We continue with the Cauchy type mean value theorems.
Theorem 8. Let ¢ € (a,b) and let g : [a,b] — R be increasing, convex and differentiable
d

such that g(c) = c. Assume (6), (7) and (8) hold and I is an interval as in Theorem /.
Then for any f,h € C*(I) such that h"(z) # 0 for every x € I, there exists ¢ € I such

that
Li(f) ")
Li(h) — h"(€)

(27)
holds, where Ly is defined by (22).

Proof. Let us define ® € C%(I) by ®(x) = Ly(h)f(x) — Li(f)h(z). Due to the linearity
of L1, we have Li(®) = 0. Now, by Theorem 6 there exist &,&; € I such that

0 = Li(d) = <I>”2(§)Ll(x2)7
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0 # Li(h) = %M(ﬂﬁ)-
Therefore, Ly (2?) # 0 and
0= ®"(&) = L1(h) f"(€) — L1 (£)R" (&),

which gives the claim of the theorem.«
Theorem 9. Let ¢ € (a,b) and let g : [a,b] — R be increasing, convexr and differentiable

such that g(c) = c. Assume (12), (13) and (14) hold and I is an interval as in Theorem 5.
Then for any f,h € C*(I) such that h"(z) # 0 for every x € I, there exists ¢ € I such

that
Lo(f) _ £"(€)
Lo(h)  H'(€)’

(28)

holds, where Lo is defined by (23).

Proof. Similar to the proof of Theorem 8.«

Remark 6. Conditions (8) and (14) in Theorems 6-9 can be replaced by weaker conditions
given in Remark 4.

4. Applications to Stolarsky type means

In [3] Bernstein invented exponentially convex functions, a subclass of convex func-
tions on a given open interval. We recall some nice properties of this class of functions
needed in the sequel. For other properties see [1] and [5]. Further, we use the notion of
n—exponentially convex functions which was introduced in [6].

Let us recall definition and some results on exponential convexity.

Definition 2. A function ¢ : J — R is n-exponentially convex in the Jensen sense on J

if
- T+ T
> g0 (252 20
i,j=1
holds for all choices &1, ...,&, € R and all choices z1,...,z, € J.
A function ¢ : J — R is n-exponentially convex on J if it is n-exponentially convex
in the Jensen sense and continuous on J.

Remark 7. It is clear from the definition that 1-exponentially convexr functions in the
Jensen semse are in fact nonnegative functions.

Also, n-exponentially convex functions in the Jensen sense are k-exponentially convex
in the Jensen sense for every k <n, k € N.

Definition 3. A function ¢ : J — R is exponentially convex in the Jensen sense on J if
it is n-exponentially convex in the Jensen sense on J for every n € N.

A function 1 : J — R is exponentially convex on J if it is exponentially convex in the
Jensen sense and continuous on J.
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Remark 8. A function ¥ : J — R is log-convex in the Jensen sense, i.e.

2
o(5Y) vt foratsye (29)

if and only if
a*(z) + 208y <”“’—‘2”/> +8%0(y) 2 0,

holds for every o, 8 € R and x,y € J, i.e., if and only if ¢ is 2-exponentially conver in
the Jensen sense. By induction from (29) we have

¢<2ik:n+ <1—2ik> y> < Y(z)F

Therefore, if 1 is continuous and Y(x) = 0 for some x € J, then from the last inequality
and nonnegativity of 1 (see Remark 7) we get

z~|"‘

V(y) T,

Y(y) = limw<2ika:+<1 1>y>=0 for all y € J.

k—o0 2k

Hence, 2-exponentially conver function is either identically equal to zero or it is strictly
positive and log-convex.

The following lemma is equivalent to the definition of convex functions (see [7]).

Lemma 1. A function ¢ : J — R is convex if and only if the inequality

(z3 — 2)P(21) + (21 — 23)P(22) + (T2 — 21)Y(23) > 0,
holds for all x1,x9,x3 € J such that T1 < 9 < T3.
We also use the following result (see [7]).

Proposition 1. If f is a convex function on J and if x1 < y1, x2 < Y2, T1 F# Ta, Y1 7 Y2,
then the following inequality holds
fy2) — fy)

f(z2) — f(21) < .

T2 — X1 Y2 —

If the function f is concave, the inequality is reversed.

Definition 4. The second order divided difference of a function f : J — R (J is an
interval in R) at mutually different points xg,x1,x2 € J is defined recursively by

[xlaf] = f(:EZ)) = 071727

[Ti, Tiv1; f] = f(@iv1) f($i), 1=0,1,

Tit1l — X4

[z1,22; f] — [20,21; []
To — X0 '

[0, x1,z2; f] = (30)
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Remark 9. The value [xg,x1,xo; f] is independent of the order of the points xg, x1 and
xo. This definition may be extended to include the case in which some or all the points
coincide. Taking the limit x1 — xo in (30), we get

Jm [zo, 21, 22; f] = [0, 20, 22 ] = flas) = f(f;)z:'io()?)(m = $0)7 T3 # To,

provided that f' exists, and furthermore, taking the limits x; — xo, i = 1,2 in (30), we get

: : o o [ (o)
lim  lim [$07$17x2af] - [x())x())xo’f] - 5
To—T1 T1—T0 2

provided that f" exists.

In the following theorem we show n—exponential convexity of functionals L; and Ls.
Similar result was proved in [10], so we omit the proof. In the sequel, J, K denote intervals
in R.

Theorem 10. Let Q = {f,: J = R|p € K} be a family of functions such that for every
mutually different points xg,x1,x2 € J the mapping p — [xo, x1, x2; fp] is n—exponentially
convex in the Jensen sense on K. Let L;, i = 1,2 be linear functionals defined by (22) and
(23). Then the mapping p — L;(fp) is n—exponentially convez in the Jensen sense on K.
If the mapping p — L;(fp) is continuous on K, then it is n—exponentially convex on K.

If the assumptions of Theorem 10 hold for all n € N, then we have the following
corollary.

Corollary 3. Let Q = {f, : J = R|p € K} be a family of functions such that for every
mutually different points xo, 1,29 € J the mapping p — [xo,x1,T2; fp] is exponentially
convex in the Jensen sense on K. Let L;, i = 1,2 be linear functionals defined by (22) and
(23). Then the mapping p — L;(fp) is exponentially convex in the Jensen sense on K.

If the mapping p — Li(fp) is continuous on K, then it is exponentially convex on K.

We continue with the result which is useful for the application to Stolarsky type means.
Again, similar result was obtained in [10], so we recall it without the proof.

Corollary 4. Let Q = {f, : J = R|p € K} be a family of functions such that for every
mutually different points xo,x1,x2 € J the mapping p — [xo,x1,x2; fp] is 2-exponentially
convex in the Jensen sense on K. Let L;, i = 1,2 be linear functionals defined by (22)
and (23). Then the following statements hold:

(1) If the mapping p — L;(f,) is continuous on K, then for r,s,t € K, such that
r < s <t, we have

[Li(f)) T < [La(f)) T [La(f)), i=1,2. (31)
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(11) If the mapping p — L;(fp) is strictly positive and differentiable on K, then for every
p,q,u,v € K such that p < u and q < v we have

:up,q(Lh Q) é Mu,U(Lb Q)7 (32)
where
Li(fp) \ P4
Ll(f ) ) p 75 q,
:u;lhq(Li’ Q) = ( qd%lxi(fp) (33)
eXp( Li(fy) ) » P

Remark 10. Results from Theorem 10, Corollaries 8 and 4 still hold when two of the
points xo,x1, T2 € J coincide, say x1 = g, for a family of differentiable functions f, such
that the function p — [xg,x1, z2; fp] is n—exponentially convex in the Jensen sense (expo-
nentially convex in the Jensen sense, log-convexr in the Jensen sense), and furthermore,
they still hold when all three points coincide for a family of twice differentiable functions
with the same property. The proofs are obtained by recalling Remark 9 and suitable char-
acterization of converity.

We continue with some families of functions Y = {f, : J — R|p € R} for which we
use Corollaries 3 and 4 to construct exponentially convex functions and Stolarsky type
means related to Gauss type inequalities. Motivation for this application was importance
and intensive research of Stolarsky means [11] in various branches of mathematics.

Example 1. Let
T ={fp: R = [0,00)[p € R},

be a family of functions defined by

f(@) = {%27 p#0;

T

DR p:O

For every p € R we have that f, is a convex function on R since % fp(z) = eP* > 0.

Furthermore, p — % fp(z) is exponentially convex by definition. Similar to the proof
of Theorem 10, we conclude that p +— [z, 21, 22; fp] is exponentially convex (and so
exponentially convex in the Jensen sense). Using Corollary 3 we obtain that p — L;(fp),
i = 1,2 are exponentially convex in the Jensen sense. It is easy to verify that these
mappings are continuous, so they are exponentially convex. For this family of functions,
from Corollary 4 we have that p, 4(Li, Y1), i = 1,2 are given by

1
Li(f,)\ P-4
(Ligﬁ’g).p i P # G
pp,q(Li, T1) = < exp LZ(;?Z)”) - %) ., p=q#0;
o (145) " p=q=o

Explicitly, for p, 4(L1, 1) we have the following:
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* for p # q, p,q # 0:

1

c pt b pg(b) _epg(a) \ p—q
¢ [, e 1@ g/ (2)dz + [ eP1@) g (z)dx — epe)

2 rc b a9(b) _eag(a)
p* [Ceti(@) g (z)dx + [, et1(®) g/ (x)dx — e

Np,q(Lly Tl) = (

x for p#q,q=0 (or p=0):

1
2 [y g @)de + [ g (@)dn — ST T

,u/ ,0(L17 Tl) = J— ' pl
' P [C82()g (x)dz + [P s2(x)g (x)da — L)
= MO,p(Ll,Tl)
* for p=q #0:
A-—B 2
ppp(L1, Y1) = exp <T _ ]_9> ’
where

c b
A:/ eptl(x)tl(a:)g'(x)dx—l—/ P 1@ g (2)g' () de,

eP9(b) _ cpg(a) )

p

B=_ (g(b)e”g(b) — g(a)eP9@ — 5

eP9(b) _ opg(a)

c b
C:/ eptl(x)g'(x)dx—i-/ P 1 @) o () da — 5

x forp=¢q=0:

lﬁﬁWMMM+ﬁﬁuWMM—i@#@>

po,0(L1, Y1) = exp . '
3 [C8(a)g (x)dx + [ s2(x)g (w)dx — L@

Applying Theorems 8 and 9 on functions f,, f, € T1 and functionals L; and Lo, we
obtain that for ¢ = 1,2
My.q(Li, Y1) = log pp,q(Li, T1),

satisfy min I < M, 4(L;, Y1) < maxI. So M, ,(L;, Y1), i = 1,2 are monotonic means by
(32).
Example 2. Let
Ty ={hyp: (0,00) = R|p e R},
be a family of functions defined by
zP .
ma p 7& 07 17

hp(x) = 4 —logz, p=0; (34)
zlogz, p=1.



Gauss Type Inequalities 67

. . . 2
We have that h, is a convex function on RT, since %ghp(x) = 2P72 > 0 for x > 0.

Furthermore, p — %hp(x) is exponentially convex by definition. Similar to Example 1,
we obtain that p — L;(hy), i = 1,2 are exponentially convex in the Jensen sense. It is easy
to verify that these mappings are continuous, so they are exponentially convex. Hence,
for this family of functions, from Corollary 4 we have that py, 4(L;, Y1), i = 1,2 are given
by

1
Li(hp)\ p—q .
<Li(hz>): q’) P# G
_Lz h ho 2p_1 . )
pp,g(Li, To) = P Li(hz;) B ;D(p—l)) , P=q#0,1;
P,q (3] _Ll(hg)
€XP \ 2L; (ho) 1) , p=gq=0;
P %_1)7 p=q=1

Applying Theorems 8 and 9 on functions hy, hy € T2 and functionals L1, L, we conclude
that there exist &; € I such that

Li(hp)
Li(hq) ’

&= =1,2.

Since the function & — £P~1 is invertible, for p # g we have

Li(hp)
Li(hq)

1
min]§< >pq§maxl,

which together with the fact that j,4(L;, T2), ¢ = 1,2 are continuous, symmetric and
monotonic (by (32)) shows that i, 4(Li, T2), i = 1,2 are means.

Example 3. Let
T3 = {¢p: (0,00) — (0700) ‘p € (0700)}7

be a family of functions defined by

p_° .

Tao2 2 p# 17
¢p(x) = {;}Qg P

5 D= 1.

Since %qﬁp(x) = p~ " is a Laplace transform of a nonnegative function (see [12]), it is

exponentially convex. Similar to Example 1, we conclude that p — L;(¢p), i = 1,2 are
exponentially convex. For this family of functions, from Corollary 4 we have

1
Li 7
(—Ligigg)".q, p# G
Hpa(Li; Ya) = § exp _L;gi(;;,;) - plggp) » P=al
Liid -¢
b (~5ET)

p=q=1.

Applying Theorems 8 and 9 on functions ¢,, ¢, € T3 and functionals Lq, Lo, we obtain
that

Mpvq(Lh T3) - _L(p7 q) log :up7q(Li7 T3)7
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satisfy minI < M, ,(L;,Y3) < max/, where L(p,q) is logarithmic mean defined by
L(p,q) = %. So My 4(L;, Y3), i = 1,2 are means and by (32) they are monotonic.

Example 4. Let
Ty= {¢p: (0700) - (0,00) |p € (0,00)},

be a family of functions defined by
e~ VP

Yp(x) = D

Since di;g¢p(:n) = ¢ PV7 is a Laplace transform of a nonnegative function (see [12]), it is
exponentially convex. Similar to Example 1, we conclude that p — L;(¢)p), i = 1,2 are
exponentially convex. For this family of functions, from Corollary 4 we have

1
Li(wp) p—a .
Lz(’/)q)) ) p 7& q7
(__1 Li(id ) 1

Mp,q(LivT4) = (
b Litlp) 5)7 P=4q

exp

Applying Theorems 8 and 9 on functions 1,1, € T4 and functionals L, Lo, we obtain

Mpvq(Lh Ty) = _(\/13 + \/a) log Np#z(Lia T4),

satisfy min I < M, ,(L;, Y4) < maxI. So M, ,(L;,Y4), i = 1,2 are monotonic means by
(32).

Remark 11. Some other Stolarsky type means related to Alzer’s result given in Theorem 2

were obtained by Pecarié¢ and Smoljak in [8] and [9].
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