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Approximation with an Arbitrary Order by Szasz, Szasz-
Kantorovich and Baskakov Complex Operators in Com-
pact Disks

S.G. Gal, N.I. Mahmudov*, B.D. Opris

Abstract. By using a sequence A\, > 0, n € N with the property A\, — 0 as fast as we want, in this
paper we obtain the approximation order O()\,,) for some generalized Szész, Szdsz-Kantorovich,
and Baskakov complex operators attached to entire functions or to analytic functions of exponential
growth in compact disks which do not involve the values on [0, +00).
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1. Introduction

In [2], with the notations there for two sequences a,, and b,, n € N, and denoting here
Ap = 2—’;, the authors introduced the generalized complex Szdsz operator by

Sulfi d)(2) = e/ 3 L) Z“ 7M. 1)
7=0

where A\, > 0, A\, — 0.

For this operator, attached to functions f : Dy |J[R, +00) — C of exponential growth
in Dg J[R, +0), analytic in the disk Dg = {z € C;|z| < R}, R > 1 and continuous on
[0,+00), the exact order of approximation O(\,) is obtained in [2]. Also, in the same
paper a Voronovskaja-type result with an upper estimate of order O()\2) is proved.

The first goal of the present paper is to extend, in Section 2, the results in [2] to the case
of entire functions and then to a kind od Szasz operator which does not involve the values
of f on [0,+00). Also, a complex operator of Szdsz-Kantorovich type is introduced, for
which similar results are proved, essentially improving the order of approximation O(1/n)
obtained in [9].

The second goal is to introduce, in Section 3, generalized complex Baskakov operators,
for which results similar to those obtained in Section 2 are proved.
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2. Generalized Szasz and Szasz-Kantorovich Complex Operators

In the case of complex Szdsz operator, we can prove the following result.

Theorem 1. Let A\, >0, n € N be such that A\, — 0 as fast as we want. Let f : Dp — C,
1 <R < +o0, de f(z) = po Ockz for all z € Dr. Suppose that there exist M > 0 and
A € (1/R,1), such that |c;| < M4t K for all k = 0,1, ..., (which implies |f(z)| < MeAll
for all z € Dg). Consider 1 <r < 5

(i) If R = +o0, (1/R=0), i.e. f is an entire function, then Sy, (f;A\n)(2) is an entire
function, for all z € C, n € N we have Sp(f; \n)(2) = D pep ckSnler; An)(2) and for all
|z| < r the following estimates hold

|Sn(fa An)(z) - f(Z)| < C’r,M,A An,s

Ans
(ri—r

[SP(f;0)(2) = fP(2)] <

A

Tf(2)| < Mu(f)() 2 < Colf) A2,

||Sr(zp)(fa An) - f(p)Hr ~ >\m

Sn(fv )‘n)(z) - f(Z) -

the last equivalence holding if f is not a polynomial of degree < p € N and the constants

in the equivalence depend on f, r, p.

3M{:lbove, Crra = 25X (k+1D)rAF <o, peN, 1 <r<r <4 M(f)z) =
Ll 572 0k + D(rAF < oo, Co(f) = MA S (k + 1)(rAF ! and ||f], =

max{|f(z)[;]z| < r}.

(ii) If R < +o00, then the complex approximation operator

Sx(fiAn) chS ex; An)(2), 2 € Dy,

is well-defined and Sj;(f;A\n)(2) satisfies all the estimates in (i), for all1 <r < % < R.

Proof. (i) We have

Sufia@) < e 3o R g <
=0

00 j ‘ A '
< M|e_z/)\n| Z (|Z|§;\”) eAj)\n — | —z/)\n| Z |Z|/)‘ Aj)\n _

— Axnl|zl/An
= M |e /| e < 00,

for all z € C, which shows that S, (f; A) is an entire function.
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We can write
[ee]
— 2/ Z/A
Su(fi Mn)(z) = e/ Z [Z ok (jAn) ]
§=0
If the above two infinite sums would commute, then we would obtain

o0

2) = ch e~#/ An Z (z/ )’ chS ek; An)(2).
k=0 7=0 ‘]

It is a well-known Fubini type result that a sufficient condition for the commutativity of two

infinite sums, i.e for 3522 >22 g ar ;= D720 D 0 ak,j, is that 3720 > 202 o fay ;| < +oo.
Applied to our case, the last condition becomes

e el

—z/)\n| Z Z|/)‘ Z|C ]/\ <M|e—z/)\n| Z |Z|//\ Z A]/\
7=0

k=0

s o (2l/2n) 45 —z eAdn |
for all z € C, which shows
z) = chSn(ek;)\n)(z),z eC.

Now, the first estimate is immediate from Theorem 3, (i) in [2], the second estimate is
immediate from Theorem 3, (ii) in [2], the third estimate is immediate from Theorem 4 in
[2] and the fourth one is immediate from Theorem 7 in [2], by taking in all these results
b
o=\,
Qn

(i) S} (f; An)(2) is well defined for all z € Dy (i.e. for all |z] < r with r < R), n € N,
because

1SR (fi An) |<Z|Ck||5 er; A |<MZ—‘|S er; An)(2)]-

On the other hand, by the inequality (6) in the proof of Theorem 3, (i) in [2] (denoting
there b" = \p), we obtain

(k+1)!

5 rk_l)\n +7“k,

|Sher; An)(2)| < [Snler; An)(2) — ex(2)] + ler(2)] <

which, taken into account above, leads to

1S5 M) |<MZ

rk- 1/\ +MZ—T‘ =
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_ M = k Ar
= ZTAnkZ_O(kJrl)(Ar) + Ml < 0.

Finally, the estimates in this case follow immediately from the same theorems men-
tioned in the proof of (i). «

Define the generalized complex Szasz-Kantorovich operator by the formula

SR G+DAn
Fulfi () = /A S EA L [ g

=0 ) ! An JAn
)\
:e_z/)‘” Z/ / fFt+ )
j= 0
Denote F'(z fo t)dt. Then simple calculations provide the formula (under the hy-

pothesis that the series S, (F'; A\, )(z) is uniformly convergent)

Kn(f3 2n)(2) = Sp(F5 M) (2). (2)
We can prove the following results.

Theorem 2. Let A\, >0, n € N be such that A\, — 0 as fast as we want. Let f:Dgr — C,
1 <R <400, de f(z)=3 10 Ockz for all z € Dg. Suppose that there exist M > 0 and
A € (1/R,1), such that || < M4y k, , for all k = 0,1,..., (which implies |f(z)] < MeAll
for all z € Dg). Also, consider 1 <r < 1/A.

(i) If R = +o0, (1/R =0), i.e. f is an entire function, then, K, (f; n)(z) is an entire
function, for all z € C, n € N we have K, (f; \n)(2) = > peo kB (er; An)(2) and for all
|z| < r the following estimates hold :

An

Kn(fi ) (2) = f(2) = Ff(2) + 2f7(2)]] < CL(f) A

”Kr(zp)(fv )‘n) - f(p)HT ~ )\7h

the last equivalence holding if f is not a polynomial of degree < p and the constants in the
equivalence depend on f, r, p.
Above p € NJ{0}, C.L(f) < oo is a constant independent of n and z and || f|, =

max{|f(z)]; |z < r}.

(ii) If R < +o00, then the complex approximation operator
K} (f; ) chK ex; An)(2), 2 € Dy,

is well-defined and K}(f;\n)(2) satisfies all the estimates in (i), for all1 <r < %4 < R.
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Proof. (i) From (2) we have

KoM - 1) = U + 70 =
= SLP M) — F1(2) = S UF ) 4+ 2 ()| =
Su(FiM) () - Flo) - ()] |.

Let I" be the circle of radius r; and center 0, with % >y >r. Forany |z| <randveTl,
we have |v — z| > 1 —r.

Denoting E,(F)(2) = Sp(F; A\n)(2) — F(z) — 22 2F"(2), from the Cauchy’s formula and
from the above Theorem 1, we get

|E1,(F)(2)] = % [ %

where C/(f) = C.(F) (7,1’1#)2 is a constant independent of n and z.

< - S
dv' < G (F 27 (rp —r)?

On the other hand, from (2) and from the equivalence in the above Theorem 1, (i), we
get
VP (f3 An) = f Pl = 1S3 (F5 An) = FOHD e~ A,

if F'is not a polynomial of degree < p 4 1, i.e. if f is not a polynomial of degree < p.
(ii) Firstly, we show that K (f;\,)(2) is well defined for all z € Dg. Indeed, we have

|K5 (3 An)(2)] < Z|Ck| | Kn(er; An)(2)] < MZ |K er; An)(2)] =
AR 1 ,
:M k' k+1 ’S (€k+1,)\ )(Z)‘

By the Cauchy’s formula, taklng into account the estimate for Sy(egt+1;An)(2) in the
section (ii) of the above Theorem 1, it follows

Sh(enss )] < |5 [ 20020 gy < 0 JEED ey e

Above, I' is a disk of radius 1 with » < r1 < R and center 0.
Now it follows

e k
KA (fi ) (=) < M A* 1 [(k+2)!

k k+1
_ b —
(7"1—7")2 k:‘ E+1 2 T ]

Mrid, = Mrir 4
= =0 k‘ + 2 AT‘ —5 € T < 00.
2(ry —r)? kzo )+ (r1 —r)?

Finally, the estimates in this case follow immediately from the same theorems men-
tioned in the proof of (i). «
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Remark 1. It is worth noting that in the case of real vam’able the generalized Szdsz
operators defined by (1) were considered in [5], where, denoting 7 bu .— X, the approzima-
tion order wi(f;v/An) was obtained, with wy denoting the modulus of continuity of f on
[0,+00). The results in the real case in [5] and those in the complex case in Theorems
1 and 2, seem to be of definitive type, in the sense that they exhibit operators which can
approximate the functions with an arbitrary chosen order.

Remark 2. The first estimate in the statement of Theorem 1, (i), was extended (with
a different constant, of course) in [4] to the approximation by generalized Szdsz-Faber
polynomials in compact sets in C.

3. Generalized Complex Baskakov Operators

For x real and > 0, the original formula of the classical now Baskakov operator is given

by (see 1] ) k
Zufa) = oS (") () s,

k=0

Many approximation results for these operators have been published.

According to [8], Theorem 2, under the same hypothesis on f, Z,,(f)(z) is well defined,
and denoting by [0,1/n,...,7/n; f] the divided difference of f on the knots 0, ..., j/n, for
x >0 we can write Z,(f)(z) = W,(f)(z), z > 0, where

(e}

Wa(H)@) =3 (1 + %) (1 + %) 0,1/n, . j/n: flad x>0, (3)

i=0

(here for j =0 and j =1 we take (1+1/n) ... (1 4+ (j —1)/n) =1).
For an arbitrary A, — 0, by formula (1) in the paper [6] (particularizing there
On(An;x) = (1 +2)~ Y2, Z,(f)(z) can be generalized to

Zn(f? /\n)(:p) =

[e.e]

1 1 1 1 i

7=0

where it is assumed that ﬁ (1 + %) (j -1+ %) =1 for j =0.

For this generalization, in [6] the order of approximation wi(f;vAn v/2(1 + x)) was
obtained.
Similarly, W, (f)(z) given by (3), can be generalized to

=D (14 A) e (L4 (G = DAn) [0, Ay ooy Ans fla?, 2 > 0,
7=0

where it is assumed that (1 + A,)...(1+ (j — 1)A\,) =1 for j = 0.
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It is clear that Z,(f; \n)(z) = Wy (f; A\n)(x) for all z > 0, but, as noted in [3], p. 124,
in the special case A, = I, if |z| < 1 is not positive, then W, (f; \n)(z) and Z,(f; An)(2)
do not necessarily coincide and because of this reason they were studied separately in
Section 1.8 of [3], pp. 124-138, under different hypotheses on f and z € C.

The first goal of this section is to study the approximation properties of the com-
plex generalized Baskakov operators W,,(f; A, )(2) attached to analytic functions satisfying
some exponential-type growth condition.

For this aim, we prove the following

Theorem 3. Let 0 < A, < %, n € N be such that A\, — 0 as fast as we want. Let
f:Dr —C,1<R<+00, ie. f(2) =10 e, for all z € Di. Suppose that there
exist M > 0 and A € (1/R,1) such that |ci| < MAk—f, for all k = 0,1, ..., (which implies
|f(2)] < MeAF! for all z € D). Consider 1 <r < 4.

(i) If R =400, (1/R=0), i.e. f is an entire function, then for |z| < r, W, (f; \n)(2)
is analytic, we have Wy (f;A\n)(2) = Y 1o ckWhn(er; An)(2) and the following estimates
hold

WalFs M) — F(2)] < Crnra M
WO (£ An)(z) — f0(2)] < P Cradra o

(ri—r
WalF: M)(2) — £(2) = 522"(2)| < My (1) X2

WP (f; 2) — FPl ~ A,

the last equivalence holding if f is not a polynomial of degree < p € N and the constants
in the equivalence depend on f, r, p.

Above, Crpra = 6M Y 32,k + 1)(k —1)(rd)* < oo, pe N, 1 <r <r < 4,
M, (f) = 16M 377 5(k = 1)(k — 2)(rA)* < oo and || f|l, = max{|f(2)]:]2] < r}.

(ii) If R < +oo, then the complex approximation operator

WX(f; \n) chW er; An)(2), 2z € Dy,

is well-defined and W;(f; \)(2) satisfies all the estimates in (i), for all1 <7 < & < R.
Proof. (i) Let f(z) = Y 5o ckz®, 2 € C. We (formally) can write

Wa(f52)(2) =Y (14 An) oo (14 (G = DA) [0, Any ooy A0 D cher] 27
§=0 k=0
Since, in general, for a divided difference we have the formula [z, ...,z;_1 : F] = Z;; é f; fc’;
where u,(z) = (x—x9) ... (x—2p_1)(x—2p11) ... (x—x;_1) and since a finite sum commutes
with an infinite sum, we obtain
Wn(fa)‘n)(z) :Z(1+)‘n) (1+ ]_1 ch ns .- 7j)\n§ek]zj

J=0
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Now, if the above two infinite sums would commute, then we would obtain

Wn(fa )\n)(z) =

=D o Y (T4 An) o (L4 G = DA [0, Mmoo iAnier] 27 =Y caWa(er; An)(2).
k=0  j=0 k=0

It is a well-known Fubini type result that a sufficient condition for the commutativity of two
infinite sums, i.e for > 52 222 g ak; = D720 D g ks is that 3720 > 70 fay, ;| < +oo.

For |z| < r, denote ay j := cx(1+ Ap) .. (14 (G — 1)A)[0, Ay ey iAn; €x)27. Then the
last condition becomes

DO el (T4 A0) oo (14 G = DA Any ooy (G = Dns eg]|2 =

k=0 j=0

oo k
=D > el +An) o (L4 (G = DAR[0, Ans oory (= DAnseg] |2l <
k=0 j=0

g

k

Z (14 An) oo (14 (G = DAI0, Ay oo (G — DAnien] <
7=0

oo
M)
k=0

Above we used the inequality in Lemma 3.2 in [7]:

| /\

IN

Ar)* (k+1) =M f:(k +1)(Ar)k
k! 2

k
D AFA) o (T4 G = DA Ay oy (= DAnser] < (B +1)),2 € C.
7=0
Therefore, we obtain
z) = chWn(ek;)\n)(z),z eC,lz| <

This relationship also proves that W, (f; A\,)(2) is analytic in |z| < r, because, as above,
we have

[e.e]

W (f5 An) Z

[e.e]
(k+1)! M2k+1 (Alz])F < 00, |2] < 7.
k=0

Now, let us denote

k
Toi(2) = Waler; An)(2) = D (14 An) oo (L+ (G = DA)[0, Any ooy Ans ]2
j=0
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Using the same reasoning as in the proof of Theorem 1.9.1, page 126 in [3], we obtain the
recurrence formula

Trpt1(2) = 2(1 + 2) )\nTT'hp(z) + 2T, p(2),

and, following the reasoning of the proof of Theorem 1.9.1 (which actually means the
replacing of % by A, in all the formulas there), we easily arrive at the estimate

HTTMD - EPHT S 67"p(p + 1)'(]) - 1) )‘Tw b= 27 37 EES)

which finally leads to the estimate

Walfi A)(2) = f(2)] < [6M Y (k +1)(k = 1((rA)"| A,
k=2

for all |z] <r,n € N.

Denote by « the circle of radius r; > r and center 0. Using the same reasoning as in
[3], section (ii), page 128, we easily arrive at the second estimate in the theorem.

Similarly, replacing % by A, in all the formulas in the statement and proof of Theorem
1.9.3 in [3], pages 130-131, we get the third estimate in the present theorem.

Finally, the forth estimate follows from Corollary 1.9.4, in [3], p. 132, by replacing %
in all the formulas in its proof by A,.

(ii) From the last estimate in the proof of the above section (i), it directly follows that
W (f; An)(z) is well defined for all |z| < r.

Finally, the estimates in this case follow immediately from the same theorems men-
tioned in the proof of (i). «

Remark 3. Due to the results in the real case in [6] and to those in the complexr case
in Theorem 3, we can say that they seem to be of definitive type, in the sense that they
exhibit Baskakov type operators which can approrimate the functions with an arbitrary
chosen order.

Remark 4. The first estimate in the statement of Theorem 3, (i), was extended (with a
different constant, of course) in [7] to the approximation by generalized Baskakov-Faber
polynomials in compact sets in C.
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