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Int-soft Hyper-MV-deductive Systems in Hyper-M 'V -algebras
G. Muhiuddin

Abstract. The concepts of int-soft hyper-MV-subalgebras, (weak) int-soft hyper-MV-deductive
systems and previously weak int-soft hyper-MV-deductive systems are introduced, and investigate
their relations/properties.
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1. Introduction

MV-algebras introduced by C. C. Chang [1] in 1958 provide an algebraic proof of
completeness theorem of infinite valued Lukasewicz propositional calculus. The hyper
structure theory was introduced by F. Marty [6] at the 8th congress of Scandinavian Math-
ematicians in 1934. Since then, many research articles have been published in these areas.
Recently in [3], Sh. Ghorbani, A. Hasankhni and E. Eslami applied the hyper structure to
MV-algebras and introduced the concept of a hyper-M V-algebra which is a generalization
of an MV-algebra and investigated some related results. Based on [3, 4], L. Torkzadeh
and A. Ahadpanah [8] discussed hyper-M V-ideals in hyper MV-algebras. Present authors
[5] introduced the notions of (weak) hyper-MV-deductive systems and (weak) implicative
hyper-MV-deductive systems, and investigated several properties. They also discussed re-
lations among hyper-M V-deductive systems, weak hyper MV-deductive systems, implica-
tive hyper-M V-deductive systems and weak implicative hyper-MV-deductive systems.

In this paper, we introduce the concepts of int-soft hyper-MV-subalgebras, (weak)
int-soft hyper-MV-deductive systems and previously weak int-soft hyper-MV-deductive
systems, and investigate their relations/properties.

2. Preliminaries

A hyper-MV -algebra (see [2]) is a nonempty set M endowed with a hyper operation

Wy ”

“@”, a unary operation “x” and a constant “0” satisfying the following axioms:

(al) 2@ (yd2) = (z@Y) D 2,
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(a2) t @y =y D,

(a3) (%) =,

(ad) @ @y) dy=(y ©2) B2,

(ab) 0* € x @ 0%,

(a6) 0" € x @ z*,

@l r<y, y<zr = =y,

for all z,y,z € M, where © < y is defined by 0* € z* ® y.
For every subsets A and B of M, we define

A< B & (3ac A)(3be B)(a< ),

A®B= U a®b.
acA,beB

We also define 0* =1 and A* = {a* | a € A}.
Every hyper-MV-algebra M satisfies the following assertions (see [2]):

(bl) (A@B)@C=Aa (BaO),
h2) 0Kz, zK1,

(b3) =z < z,

() z <y = y* <z,

(b5) A< B = B* < A*,
(b6) A< A,

(b7) ACB = ALK B,

M) r<edy, AKADB,
(b9) (A*)" = 4,

(b10) 0@ 0 = {0},

(bll) z€ex @0,

(b12) yezad0 = y <L x,

(b13) y®@0=200 = ==y,
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for all x,y,z € M and subsets A, B and C of M.

A nonempty subset S of a hyper-MV-algebra M is called a hyper-MV -subalgebra (see
[2]) of M if S is a hyper-MV-algebra under the hyper operation “@” and the unary
operation “x” on M.

Definition 1 ([5]). A nonempty subset D of M is called a weak hyper-MV -deductive
system of M if it satisfies:

(d1) 0 € D,
(d2) Vz,ye M) (z*dy)*CD,ye D = xz€D).

Definition 2 ([5]). A nonempty subset D of M is called a hyper-MV -deductive system
of M if it satisfies (d1) and

(d3) (Vz,ye M)((z*®y)*<D,yeD = ze€D).

Note that every hyper-M V-deductive system is a weak hyper-MV-deductive system,
but the converse is not true (see [5, Theorem 3.10 and Example 3.11]).

In what follows, let U be an initial universe set and E be a set of parameters. Let
P(U) denotes the power set of U and A, B,C,--- C E.

Definition 3 ([7]). A soft set (f, A) of E (over U) is defined to be the set of ordered
pairs

(f,A) = {(az,f(a;)) cx € E, f(z) e P(U)},
where f: E — P(U) such that f(x) =0 if z ¢ A.
For a soft set (f, M> of M (over U), the set
ive (Fi7) ={eeMrcf@)},

is called the ~v-inclusive set of (f, M) .
For any soft sets (f, M) and (g, M) of M, we define

(]E,M> C (g, M) if f(x) C g(x) for all z € S.

The soft union of (f, M) and (g, M), denoted by <f, M) U (g, M), is defined to be the
soft set (ng, M) of M (over U) in which fU§ is defined by

(fof]> (x) = f($) U g(z) for all z € M.
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The soft intersection of <f, M) and (g, M), denoted by (f, M> N (g, M), is defined to
be the soft set (fﬁf], M) of M (over U) in which f A § is defined by

(fﬁ §> (z) = f(z) N g(z) for all z € S.

A soft set ( f , M ) of M is said to satisfy the intersection property if for any subset T' of

M there exists xo € T such that f(zo) = (] f(z).
zeT

3. Int-soft hyper-MV-subalgebras and int-soft (weak)
hyper-MV-deductive systems

In what follows let M denote a hyper-MV-algebra unless otherwise specified.

Definition 4. A soft set (f, M) of M s called an int-soft hyper-MV -subalgebra of M if

it satisfies:
(Vz € M) ( ) (1)
(Vx,y € M) ( ﬂ f )2

acxd

flz)n f(y)> : (2)

Example 1. Let M = {0,a,1} be a set with the hyper operation “®” and the unary
operation “«” which are given by Table 1.

Table 1: ®-multiplication and unary operation

@ ‘ 0 a 1 x| x*
0| {0} {a} {1} 0] 1
a| {a} {0,a,1} {0,a,1} al| a
1| {1} {0,a,1} {1} 110

Then (M,®,*,0) is a hyper-MV -algebra (see [2]). Let <f, M) be a soft set of M in

which
= [ a if z€{0,1},
f(x)'_{ﬂ if z=a,

where a 2 in P(U). It is easy to check that (f, M) s an int-soft hyper-MV -subalgebra
of M.
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Proposition 1. Every int-soft hyper-MV -subalgebra (f, M) of M satisfies the following
inclusion:
(va € M) (@) € F(1)) - (3)

Proof. Since 1 = 0* € 2* @ x for all z € M, it follows from (1) and (2) that

fO2 () fl@)2 f@)nflz) 2 f@)nflz) = flo),

for all x € M. This completes the proof. «

We provide a characterization of an int-soft hyper- MV -subalgebra.

Theorem 1. Let (f, M) be a soft set of M. Then the following are equivalent.

(1) (f, M) is an int-soft hyper-MV -subalgebra of M.

(2) (Vye P(U)) (iM (f, ’y) £0 = iy (f, 'y) is a hyper-MV -subalgebra ofM) .
We say that ij7 (ﬂ ’y) is an inclusive hyper-MV -subalgebra of <f, M) in M.
Proof. Assume that ( f,M ) is an int-soft hyper-MV-subalgebra of M. Let v € P(U)
be such that iys (f;'y) # (. Let x,y € iy (f;fy). Then v C f(z) and v C f(y). Using
(1), we have f(z*) D f(z) D v and so z* € iy <f;’y) . Let a € x ®y. Using (2), we get

fl@)2 () F®) 2 f(z)n fy) 2,

bexdy

and so a € iy (f;'y) . Hence sy C iy (f;'y) . Therefore 7y (f;v) is a hyper-MV-
subalgebra of M.
Conversely, let v € P(U) be such that i, (f, ’y) # () and ipg (f, 'y> is a hyper-MV -

subalgebra of M. For any = € M, let f(x) = . Then z € iy, <f7 fy) , and so x* € ipf (f, ’y)
since ips (f, 'y) is a hyper-MV-subalgebra of M. Hence f(z*) D v = f(z). For any z,y €
M, let f(z) N f(y) = ~. Then z,y € iy (f;’y), and thus x &y C iy (f;y) because
3 (ﬁ ’y) is a hyper-M V-subalgebra of M. It follows that a € ips (f, 7) forany a € t Py
and so that f(a) D v = f(z) N f(y) for all a € 2 & y. Therefore

N 7@ 2 @) N Fw),

acx®y

and consequently ( f , M ) is an int-soft hyper- MV -subalgebra of M. «
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Theorem 2. Any hyper-MV -subalgebra of M can be realized as an inclusive hyper-MV -
subalgebra of some int-soft hyper-MV -subalgebra of (f, M) .

Proof. Straightforward. «
Theorem 3. If <f, M) and (g, M) are int-soft hyper-MV -subalgebras of M, then so is
(F.00) (3, 0).

Proof. For any x,y € M, we have

(/A7) @) = F@") N g(a*) 2 f@) ng(a) = (FA) (@),
and
N (7A3) @= N (f@ni@)
acx®y acxdy

Therefore ( f,M ) N (g, M) is an int-soft hyper-MV-subalgebra of M. «

Definition 5. A soft set (f, M) of M is called a weak int-soft hyper-MV -deductive system
of M if it satisfies the following conditions

(vz € M) (f(x) < £(0)).- 4)

(Va,y € M) | f(z) 2 N f@|nfw ). (5)
a€(z*dy)*
Example 2. Consider a hyper-MV -algebra (M = {0,a,1},®, x,0) with the hyper opera-

tion “®” and the unary operation “«” which are given by Table 2.

Let (f, M) be a soft set of M in which

. v if x =0,
f(z): =% 7 if z=aq,
vy if x =1,

where y1 2 v2 2 73 in P(U). Then (f, M) 18 a weak int-soft hyper-MV -deductive system
of M.
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Table 2: ®-multiplication and unary operation

*

® ‘ 0 a 1 T | x
0 {0} {0,a} {0,1} 0] 1
a | {0,a} {0,a,1} {0,a,1} al| a
1| {0,1} {0,a,1}  {0,1} 1l 0

Example 3. Let X = {0,a,1} be a hyper-MV -algebra which is given in Example 1. Let
(f, M) be a soft set of M in which

. v if x =0,
f([IJ) = 2 if ©= a,
vz if =1,

where y1 2 2 2 73 in P(U). Then (f, M) is not a weak int-soft hyper-MV -deductive

system of M since

fA)=v3C 2= ) F®) | nfa)
)

be(1*®a)*

Proposition 2. FEvery weak int-soft hyper-MV -deductive system (f, M) of M satisfies

the following assertion.

Ve,ye M) [ fw) 2| () fl@|nf@)]. (6)

a€(z*dy)*

Proof. Tt follows from (a2), (a3) and (5). «

Theorem 4. If <f, M) and (g, M) are weak int-soft hyper-MV -deductive systems of M,
then so is <f,M) N (g, M).

Proof. For any z,y € M, we have

(FAG)) = f@)na) € F0)ng(0) = (FA5) (0),
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V)

Y)

( ) N 3@ | N

e(z*Dy) a€(z*dy)*

( ) ( ~<a>))m(f<y>mg<y>)
a€(z*dy)*

=| N (fwng@)|n(7ng)w)

ac(x*dy)*

-1 N (fﬁg)(a) m(fﬁﬁ)(y)-

ac(z*Dy)*
Therefore ( f,M ) N (g, M) is a weak int-soft hyper-MV-deductive system of M. «

The following example shows that the soft union ( f,M ) U (g, M) of two weak int-soft

hyper-M V-deductive systems ( fiM ) and (g, M) may not be a weak int-soft hyper-M V-
deductive system.

Example 4. Let M = {0,a,b,1} be a set with the hyper operation “®” and the unary

operation “«” which are given by Table 3.

Table 3: @&-multiplication and unary operation

0 a b 1

@ ‘ x ‘ x
0 {0,a,b} (0,6} {0,a,b,1} 0] 1
a {0 a, b} {0,1} {0,a,b,1}  {0,a,b,1} al| b
b {0,b} {0,a,b,1} {b} {0,a,b,1} b| a
1| {0,a,b,1} {0,a,b,1} {0,a,b,1} {0,a,b,1} 1] 0

Then (M, ®,*,0) is a hyper-MV -algebra. For any y1 2 Y2 2 v3 2 V4 in P(U), define
two soft sets (f, M> and (g, M) of M by

oY 4 v3)

~_<0 a b 1)
g Y2 Y2 a4 Ya)

and
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respectively. Then (f, M) and (g, M) are weak int-soft hyper-MV -deductive systems of
M. The soft union (f, M> U (g, M) of (f, M) and (g, M) is represented by

L 0 a b 1
Ug= ,
fug <71 Y2 V4 73)

which is not a weak int-soft hyper-MV -deductive system of M since

(Fop® =n2u=| (1 (F99) ¢ |n(f05)w@.

z€(b*@a)*

We provide a characterization of a weak int-soft hyper-M V-deductive system.
Theorem 5. Let <f, M) be a soft set of M. Then (f, M) is a weak int-soft hyper-MV -
deductive system of M if and only if iy (f, 'y) is a weak hyper-MV -deductive system of
M whenever iy (f, ’y) # 0 forvye P(U).

We say that ips ( f ; 'y) is an inclusive weak hyper-MV -deductive system of ( f , M ) in

‘ Proof. Assume that < f,M ) is a weak int-soft hyper- MV -deductive system of M. Let
v € P(U) be such that ips (f;7> # (). Obviously 0 € iy (f;’y). Let z,y € M be such
that (z* ®y)* C iy (f;’y) and y € iy (f;fy). Then f(y) 2 v and f(a) D ~ for all
ac(z*®y)*. Thus () f(a) D ~, which implies from (5) that

a€(z*®y)*

@2 () Ff@|niw2n.

a€(z*dy)”

Hence x € iy ( f; 'y) and therefore i,s ( f; 7) is a weak hyper-MV-deductive system of M
whenever iy, (f;v) # 0 for v € P(U).

Conversely, suppose that ips ( f; 7) is a weak hyper-MV-deductive system of M for
all v € P(U) with iy <f;7) # (. Clearly, f(0) D f(z) for all z € M. Let v =

N f(a)) N f(y). Then f(y) 2 ~ and for each a € (z* @& y)* we have
a€(z*®y)”

f@2 () fo2| () Ff&)]niw=n,

be(z*@y)” be(z*Dy)”
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and so a € iy (f;*y). Thus (z* ®y)" C iy (f;*y). It follows from (d2) that = €
iy (f;’y) , that is,

f@ov=|{ [ f@]niwy.

a€(z*®y)*

Therefore ( f,M ) is a weak int-soft hyper-MV-deductive system of M. «

Definition 6. A soft set (f, M) of M is called an int-soft hyper-MV -deductive system
of M if it satisfies the condition (5) and

(vayeM) (v<y = f2)2 fw). (7)
Example 5. Consider a MV-algebra M which is given in Example 2. Let (f, M) be a

soft set in M defined by
o2 )’

where y1 2 2 2 3 in P(U). Then (f, M> s an int-soft hyper-MV -deductive system of
M.

Let f be an int-soft hyper-MV-deductive system of M. Since 0 < z for all z € M, it
follows from (7) that f(0) D f(x) for all z € M. Hence every int-soft hyper-MV-deductive
system of M is a weak int-soft hyper- MV -deductive system of M. But the converse is not
valid as seen in the following example.

Example 6. Let M be a hyper-MV -algebra in Example 2. Let (f, M) be a soft set of M

defined by
= 0 a 1
f_<71 3 72)’

where y1 2 2 2 3 in P(U). Then (f, M) is a weak int-soft hyper-MV -deductive system

of M, but not an int-soft hyper-MV -deductive system of M since a < 1 but f(a) =3 C
Y2 = f(1).

Lemma 1. FEvery hyper-MV -deductive system D of M have the following condition:
Ve,ye M)(z <y, ye D = xzeD). (8)

Theorem 6. Let (f, M) be a soft set in M such that ips (f;fy) # (0 for all v € P(U).

If iy (f, 7) is a hyper-MV -deductive system of M for all v € P(U), then (f, M) s an
int-soft hyper-MV -deductive system of M.
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Proof. Let x,y € M be such that x < y. Since y € iy (f,f(y)) and ips (ﬁf(y))
is a hyper-MV-deductive system of M, it follows from (8) that = € iy, (f, f(y)) . Hence
f(z) D f(y). For every z,y € M, let

v=| (] fla]nfw.

a€(z*Dy)*

Then y € ips (f, 'y) , and for each b € (z* @ y)* we have

fm2 () fo2| () fl|nfe=x

a€(z*dy)* a€(z*®y)*
Thus b € iy (f;’y), Le, (z*®@y)* Cin (f;’y) and so (z* @ y)* < iy (f;7> by (b7).
Since ips (f, 7) is a hyper-MV-deductive system of M, we obtain = € i <f, 7) by (d3).
Therefore
f@ay={ (O fl@|nfw.
ae(z*@y)*

This completes the proof. «

Definition 7. A soft set f of M 1is called a previously weak int-soft hyper-MV -deductive
system of M if it satisfies the condition (4) and

(va,y € M) (3a € (@* & y)) (f@) 2 f@) N F)). 9)

Example 7. The weak int-soft hyper-MV -deductive system f of M in Ezample 2 is a
previously weak int-soft hyper-MV -deductive system of M.

Theorem 7. FEvery previously weak int-soft hyper-MV -deductive system is a weak int-soft
hyper-MV -deductive system.

Proof. Let ( fiM ) be a previously weak int-soft hyper-MV-deductive system of M

and let z,y € M. Then there exists a € (z* @ y)* such that f(z) 2 f(a)N f(y). Note that
F@>2 N fb), andso

be(z*dy)*

o2 N o) nfw.
be(z*dy)*

Hence ( M ) is a weak int-soft hyper-MV-deductive system of M. «
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Theorem 8. Let (f, M) be a weak int-soft hyper-MV -deductive system of M. If <f, M)

satisfies the intersection property, then ( f , M > is a previously weak int-soft hyper-MV -
deductive system of M.

Proof. Since ( f , M ) satisfies the intersection property, there exists b € (z* @ y)* such

that f(0)= ()  f(a). It follows from (5) that
a€(z*dy)*

f@yo | ) f@]nfwy=7eniy.

ac(z*dy)*

Hence ( f.M ) is a previously weak int-soft hyper-M V-deductive system of M. «

Corollary 1. Fvery int-soft hyper-MV -deductive system satisfying the intersection pro-
perty is a previously weak int-soft hyper-MV -deductive system.

Theorem 9. If (f, M> is an int-soft hyper-MV -deductive system of M satisfying the

intersection property, then the y-inclusive set iyg (f, 7) is a hyper-MV -deductive system
of M for all v € P(U) with iy <f;’y) # 0.

Proof. Assume that iy, (f;’y) # () for v € P(U). Then there exists a € iy (f;'y)
and so f(a) DO ~. Hence f(O) D) f(a) D, ie, 0€iy (f;'y) . Let x,y € M be such that
(" dy)* < iy (f;v) and y € ipf (f;’y) . Then there exist w € (z*®y)* and z € iy (f;’y)
such that w < z. Note that ( f , M ) is a weak int-soft hyper-MV-deductive system of M

satisfying the intersection property. Thus ( f , M ) is a previously weak int-soft hyper-M V-
deductive system of M by Theorem 8. Using (7) and (9), we have

f(@) 2 f(w)

N
and thus x € iy (f, 7) . Therefore ips (f, 'y> is a hyper-MV-deductive system of M. «

f) 2 f)nfy) 2y
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