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On the Noetherness of the Riemann Problem in Gener-
alized Weighted Hardy Classes
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Abstract. The Riemann boundary value problem of the theory of analytic functions in generalized
weighted Hardy classes is considered. In the case where the coefficient of this problem is a piecewise
continuous, the Noetherness of this problem is studied. The general solution for homogeneous and
non-homogeneous problem in these classes is constructed.
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1. Introduction

When solving many equations of mixed type and elliptic equations by Fourier method
(see e.g., [1-4]), there appear trigonometric systems with a linear or piecewise-linear phase
of the following form

{ ez’(nt+a(t)si9nn)} (1)

nez ’

{Sin (nt + 8 (t))}neN ’ {COS (nt + 5 (t))}neZ+ > (2)

where N is a set of all positive integers, Z, = {0} UN, Z = (—Z4)|UN. Justification
of this method requires the study frame properties (completeness, minimality, basicity,
an atomic decomposition and etc.) of these systems in different functional spaces. These
problems with respect to the systems of the form (1), (2) have been well studied in Lebesgue
and Sobolev spaces [see 5-16].

Recently, in connection with the application there arose a great interest in studying
various problems in Lebesgue and Sobolev spaces with a variable summability exponent.
More details with respect to the related issues can be found in [17]. It should be noted that
one of the methods (in most cases the only possible) for studying the basis properties of
systems (1), (2) is a method of the boundary value problems of the theory of analytic func-
tions. This method dates back to A.V.Bitzadze [18]. To usage of this method in the study
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of basis properties of systems (1), (2) in generalized weighted Lebesgue spaces requires the
study of Noetherness of corresponding Riemann problem in generalized weighted Hardy
classes. It should be noted that similar questions were earlier considered in [19-22].

In the present paper, the homogeneous and non-homogeneous Riemann boundary value
problems in the generalized weighted Hardy classes H i' are considered. Under certain
conditions on the coefficients of the problem and the Weig;ht function, the general solution
of these problems is constructed. Note that in the case of p (x) = const, these problems
have been well studied. ”Weightless” case has been treated in [23]. In the case of variable
p(x) these problems have been studied by Kokilashvili and Samko [24] in a different
setting.

2. Needful information

We will use the usual notations. C' will denote the field of complex numbers; (*) will
be the complex conjugate; w = {z € C : |z| < 1}.

Let p : [-m, 7] — [1,+00) be some Lebesgue-measurable function. By %, we denote
the class of all functions measurable on [—m, 7| with respect to Lebesgue measure. Denote

L0 | I 0P dr.
Let
L={feL:I,(f) <+oo}.

With respect to the usual linear operations of addition and multiplication by a number
% is a linear space as p* = sup [’Umi p(t) < +o00. With respect to the norm

e L
[fllpy = mf{)\ >0:1, (X) < 1} ’
< is a Banach space, and we denote it by L,). Let

d
WL = {p:p(—m) =p(r);3C >0, Vi, ts € [—mm]:|t1 —to| < 5=
= Ip(t) = p ()] < S|

Throughout this paper, ¢ (¢) will denote the conjugate of a function p (¢): ﬁ + ﬁ = 1.
Denote p~ = inf [’Umi] p (t). The following generalized Holder inequality is true
—T, T

[ 1@ s ld < e i) 171, ol
where c(p~;pt) =1+ p% — p%. Directly from the definition we get the property, which
will be used in the sequel.
Property A. If |f (t)] < g (1) a.c. on (~m.x), then |[f], < lgll, -

We will need the following easy-to-prove statement.
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Statement 1. Let p € WL, p(t) > 0,Vt € [-m,7]; {a;}; C R. The weighted function
m
p(t) =t [T 1t =7l
i=1

belongs to the space Ly.y, if
1

p(7)

o > — Vi =0,m;

where — T =17 < T < ..<Tym=m, 19 =0.

The following facts play an important role in obtaining our main results.
Property B [17]. Ifp(t): 1 <p~ <p' < +o0, then the class C§° (—m, ) (class of finite
and indefinitely differentiable functions) is everywhere dense in Ly.).

By S we denote the singular integral

_ 1 [f(@)
Sf_% FT—t

dr, teTl,
where I' C €' is some piecewise Holder curve on C'. Define weight class Ly ,(.):

def
Loty = {0 pfeLlyn},

d
furnished with the norm [|f|,.) ) ef [2.f1l,.)- The validity of the following statement is

established in [22].

Statement 2. [22]. Letp e WL, 1 <p~. Then, singular operator S is acting boundedly
Jrom Ly o) to Ly o) of and only if

1
——— <o < ——, k=0,m. 3
) < 1) ¥
Define the generalized weighted Hardy classes.
By H;; we denote the usual Hardy class, where pg € [1,4+00) is some number. Define
H;?)’p ={feH: fteLy.,(0w)}, T are non-tangential boundary values of f on dw.
The following theorem is proved in [25].

Theorem 1. Let p € WL,p~ > 1, and let the inequalities (3) be satisfied. If F € H;E.) o
then 3f € Lp(~),p"

F(z) = = / "KL f (1)t | (4)

:% .

where K,(t) = l—zle*it is the Poisson kernel. Vice versa, if f € Ly ,, then function F,

defined by (4), belongs to the class H;E.) »
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The weighted Hardy class mH ) | of functions analytic in C\w (& = w|J Ow) with the
orders mo < m at infinity is defined similarly to the classical one. Let f (z) be an analytic
function in C\@w of finite order my < m at infinity, i.e.

f(z) = f1(z) + fa(2),

where f1(z) is a polynomial of degree mg < m (f1(z) =0, mg < 0), f2(2) is a regular part
of Laurent series expansion of f(z) in the neighborhood of an infinitely remote point. If

the function p(z2) = f, (%) belongs to the class H;(') » then we will say that the function

f (2) belongs to the class mHy
The validity of the following theorem is proved just like in the classical case.

Theorem 2. Let p € WL,p~ > 1, and let the inequalities (3) be satisfied. If f € H;r(.
then

)sp’

it +( it
| f(ret) = fr (e’ )Hp(-),p -0, r—=1-0,
where f+ are non-tangential boundary values of f on Ow.
We also have

Theorem 3. Letp € WL,p~ > 1, and let the inequalities (3) be satisfied. If f € mef(') 7
then

Hf(reit) — f_(eit)Hp(%p —0, r—1+0,
where f~are non-tangential boundary values of f on Ow from the outside of w.

Let us show the validity of an analogue of the classical Smirnov theorem.

Assume that p € WL,p~ > 1, and let the inequality (1) be fulfilled. Let u € H;" and
ut € Lyy,p» where u™ is a non-tangential boundary value of u on dw. Then it is known
that 3 f € L1(0w) :

u(z) = = /() dr.

2me Jo, T — 2

Consequently, u(re?®) — f(e¥), a.e. on (—m,7) as 7 — 1 — 0. Hence it directly follows
that f € L), Then by Theorem 1 we obtain u € H;r(.) » Thus, the following theorem
is true.

Theorem 4. Letp € WL,p~ > 1, and let the inequalities (3) be satisfied. If u € H;" and

+
ut € Ly, , then u € H
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3. The general solution of the homogeneous problem

Consider the following homogeneous Riemann problem in H;E.) X mo Hp_(.) p classes

P
FT(r)—G(r)F (1) =0, T € dw. (5)
By the solution of problem (5) we mean a pair of analytic functions
(F+(Z)§F_(Z)) € H;r(.)“o X moH;(.),pa

boundary values of which satisfy the relation (5) almost everywhere. Introduce the fol-
lowing functions X; (z),7 = 1,2, which are analytic inside (with the ”+” sign) and outside
(with the ”-” sign) the unit circle, respectively:

X, (z):exp{%/ In|G (e ”)|Z;%jdt},

: m it
Xo (z)Eexp{ﬁ 6(t) < +Zdt},

where 6 (t) = arg G (e'"). Define

_ | Xi(2), 2] <1,
ZZ'(Z):{ X (L e > 1, =12

Sokhotski-Plemelj formulas yield

Assume

We have

ZY (1) - G(1)Z (1) = 0,7 € dw. (6)

Introduce the piecewise analytic function

T(2), 2l <1,
Z(z) = { Z-(2), |2 > 1.

the canonical solution of the problem (5).
, we obtain

Following the classics, we call function Z (z)
Substituting the expression (6) for G (7) in (5

)
Fr(r) _F (1)
= (T),Teaw.
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+ _ FE(2) . . . .
Let ®* (z) = 7E0) and define the piecewise analytic function

_ [ T (2), |2 <1,
‘1’(2)—{ o (=), |2 > 1.

It is not difficult to see that the function Z (z) has neither poles nor zeros for z ¢ Ow.
Therefore, functions ® (z) and F (z) have the same order at infinity. The results of [23]
imply directly that the function ® (z) belongs to the Hardy class Hai for sufficiently small
values of § > 0. Let us show that ®(z) € H¥ . To do so, it suffices to prove that
®* (1) € Ly (Ow), because the rest will immediately follow from the Smirnov theorem
[23].

We will suppose that the coefficient G(7) satisfies the following conditions:

i) GF € Loo(0w);

ii) 0(t) = arg G(e) is a piecewise Hélder function on [—m, ] .

Let {sg}] : —7 < s1 < ...s, < m— be the points of discontinuity of the function 6(t)
and

{hk}I : hk:9(8k+0)—9(8k—0),k‘:1,7“;

be the corresponding jumps of #(-) at these points. Denote
0(t) =0p(t) +6:1(t), t € [—m, 7],

where 60y(-) is the continuous part , and 6 (-) is the jump function defined by the expression

0(-m)=0,0(t)= > hpte[-mna].

k:0<sp<t
Denote
ho =0 (=) — 0 (7) , h”) = 04 () — O (—7) .
Let
n{”
t—m|) 2 1 (7 t—
ug (t)z{sin 2%‘} exp{—y/ﬂﬁo (1) ctg QTdT}.

Assume

T

w(t)=1] {sin

k=0

t—Sk

P
} , Where sqg = 7.
As is known (see [23]), the boundary values |Z, (7)| are expressed by the formula

_ho
27
b

hi
T2

t—m

| Zy (eit” =uo (t) [u()]" {sin

ie.
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It follows directly from the Sokhotski-Plemelj formula that

supm“ai{ ‘Zf (eitﬂil} < +o00.

(=m,m

Thus, the following representation is true for ‘Z - (eit) |71 :

hy
. t—s |2
S184

27 ()] = |z ()| o 1) ] (7)
k=0

By the definition of solution, we have F~(z) € H_, Vo Consequently, '~ (7) € Ly(.),,(0w).

p().p
Therefore, if |Z~(7)| " € Lg(),p-1(0w), then we obtain directly from the Holder inequality
that @~ (7) € L1(0w).

We will need the following easy-to-prove lemma that follows directly from definition
of the weighted space L

P

p(')vp'
Lemma 1. Let p € C[—m,7] and p(t) > 0, Yt € [—m,w] . Then the function &(t) =

|t —c|“ belongs to Lyy,p if o> —ﬁ, as ¢ # 1, Vk =1,m, and o + ag, > —ﬁ, as
€= Tk-
Represent the product |Z~ p\fl in the following form
1 1 :
27| = 20| Juol T T T N )™
k=0
where
l _
{titio = {7 }iss U {sk}r=0>
and By is defined by the relation
m 1 T .
Be ==Y Xy (1) + o > hixqy (si), k=0, (8)
i=1 i=0
Taking into account Lemma 1, we obtain that if the inequalities
B> —— k=0 (9)
k PR =ur,
q(tk)

are true, then the product \Z*prl belongs to the space L., i.e. |Z*\71 € Ly(y,p-1- So, if
the inequalities (9) are true, then the function ®(z) belongs to classes Hi. Consequently,
according to the results of [23], ®(z) is a polynomial P,,,(z) of order my < m. Thus,
F~(z) = Pp,(2)Z~ (%). Let’s find out under which conditions the function F'~(z) belongs
to the space Hp*(.)’p. We have

l
127 p| = |20 uol T It =t 7.
k=0
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Consequently, if the inequalities

1
5]6 < =, k= O,’I" 9
p(tr)
are true, then it is clear that F~ (1) € L, ,, and hence F~ € moH 0 So, if the
inequalities
——— << ——, k=0,r, 10
att) < ) 1o

are true, then the general solution of the homogeneous problem
Ff(r)=G(r)Fy (1), 7€ ow,

in classes HJF(') p Xmo Hp,(y , can be represented as Fo (2) = Pp, (2) Z (2), where Py, (%)
is an arbitrary polynomial of order k& < mg. Thus, the following theorem is true.

Theorem 5. Let {f;}] be defined by (8) and the inequality (10) be satisfied. If the
mnequality

1 1
<o < ——, k=1,m,
P () q ()
is fulfilled, then the general solution of the homogeneous Riemann problem (5) in classes

Jr —
Hp(')m Xmo Hp(,)’p can be represented as

F(2) = P, (2) Z (2),

where Z (-) is the canonical solution of homogeneous problem, Py, (-) is a polynomial of
order k < my.

4. Non-homogeneous Riemann problem in generalized weighted Hardy
classes

Consider the following non-homogeneous Riemann boundary value problem in classes

+ - .
Hp(')vp X mOHp(')»P ’

Fr(r)=G(r)F~ (1) =f(7), 7 € dw, (11)

where f € Ly, is some given function, and the weight p (-) is defined by the expression

m
p(t) = H t—7l™, t € [-m ],
i=1

where —m < 11 < ... < T, < wis some number. It is absolutely clear that the general
solution of the problem (11) in classes H;L(.) pXmo Hp_(.) , can be represented in the following
form ’ 7

F(z)=Fy(2)+ F1(2),
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where Fj (2) is a general solution of the homogeneous problem
Ff(r)—G(r)Fy (1) =0, 7 € dw, (12)

in classes H;r(.) XmoH, ), and F (z) is some particular solution of the problem (11) in

)

v p
the same classes. Let Z (z) be the canonical solution of the homogeneous problem (12),

i.e.
Z(z) = Z1(2) Z2(2),
where the functions Zj (z), k = 1,2, are defined by the expressions
Xi(2), [2] <1,
Zy (2) =
Xk 2> 1 k=12

and the functions X, (z) are defined by the following integrals with Schwartz kernel

X (2) = exp {ﬁ /7 In ‘G (e') @dt} ,

eit—z

X (2) = exp {ﬁ ffﬁ 0 (t) E:Zfzdt} )

Consider the following integral with Cauchy kernel K, : K, (t) = ﬁ
Z(z g i —1
) =28 [k 2 ()

Applying the Sokhotski-Plemelj formula to the expression (14), we obtain

™ it\1—1 +
Ff(ﬂ:zim[l/ 27 ()] f(t)dt] _

£t dt. (13)

—T

s et — 2

—Tr

7% (r) [il 2+ ()] (arg ) - [27 ()] 7 (5) <T>] ,

2
where S is the singular operator with Cauchy kernel
i —1
Lz [l @]

s et —r

(Sf)(7)

dt, T € Jw.

—T

Hence it directly follows that

F1+ () Fy (1) -1

- =[z* O . 14
770 Z- ) [ (T)] flargT) , 7 € Ow (14)
Taking into account that Z (z) satisfies the homogeneous boundary condition (12), from

(14) we obtain gfg:g =G(1), ae.T € 0w = F ()= G(1)F, (1) = f(arg7) ,a.e.

7 € Ow. Thus, the boundary values Fi© (1) satisfy the relation (11) a.e. on dw. We have

FF(r) = %f(argT) — ZF (1) (SF) (r), T € dw.
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By definition, from f € L, , it follows that fp € L,.). Restate Statement 2 [22] in an
equivalent form. Consider the singular operator S, :

_e@® [T 9@
(Sp9) (1) = = /ﬂp(t)(eit_T)dt,Te&,u.

So, the following statement is valid.

Statement 3. Let (p € WL) A (p~ > 1). Then, singular operator S, is acting boundedly
in Ly if and only if

1
——<ap < ——, k=T,m.
p(7) q ()

Following the previous section we have

|z~ (eitﬂ =|Zy (eitﬂ luo ()] H sint — k| 7 ,
k=0
where
ug () = [Sin t-m ] i exp{—%/_wﬂo(T)ctgt;TdT}.
It is clear that
|Z* (eit)|~ |z~ (eitﬂ ,te[—m, 7. (15)
Assume ‘
pit)=2" (") p(t),t € [-m7].

Then for Fit (1) we obtain

R (r) = 51 (angm) — o~ (arg7) (S57) (7). (16)

where 3
F@)=r@)p), te[-mmn].
It is clear that f € Lyy. We have

I AC Y
5ntn =252 [ Flsaes-
— () 2B [T IR ot g (57) (),

ie.



119

Assume that the inequalities

- - k=0.1 18
2@ <P gy B0 (18)

are fulfilled. From the results of the previous section and from the relation (16) it follows
directly that

B @) =27 ()| p(t) ~ |27 (") p(t) ~ |27 ()] luo (¢ IH\t—tk\ %te [-m

Applying Statement 2 [22] to the operator S; we obtain that if the inequality (18) holds,
then the singular operator S; acts boundedly in Ly,.y. Then from expression (17) it follows
that the operator S acts boundedly in L,.) ,. As a result, from (16) we immediately obtain
that F;" belongs to Ly.y,,- We have

/_T; [ () dt < e(emsp™) (B0l ey, (19)

Thus, if the inequalities

ap < , k=1,m, (20)

q(7k)
hold, then, as it follows from (19), the function F;" belongs to L;. We have

Fi(2)=2(2)1(2),

I(z):i/r AUt

21 J_. Z7F (et) et —

where

Applying Hélder’s inequality, we get

[ is@n1zs @) < e i) ol (2707

o Lg(y

According to the results of [23], we have
20 ()l < +oo

where ||-||;_ is a sup-norm in L, (=7, 7). Consequently

|2 () p ()] ~ fuo (¢ 1H|t—tk\ﬁk, 2.t € [~m,7]. (21)
k=0
Let € > 0 be some positive number. Assume ¢, (t) = (qt()t) and let

Pe_l(t)zl_qa_l(t) ,tE[—W,W].
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Applying (generalized) Holder’s inequality to (21), we get

/ 25 (") p ()] " dt < e / [uo ()| [po (£)| V) dt <

-7 -7

ca | o (£))77|

(o0 ()2

i

Lg. ()

Lpe()

where ¢, k = 1,2—are the absolute constants, and the weight function pg (-) is defined

by the expression
!

po(t) =[] 1t =t .

k=0
It is clear that

(o @) < +o0.
Lpe
Now, take € > 0 such that the inequalities
1 _
—W<ﬁk>k:07la (22)

hold. Since liH(l) ¢e (t) = q (t), then choice of such ¢ is always possible. Let
e—

q- = inforai g (t);qF =supvrai ¢ (t).

[—m,m] [—m,m]

We have

1

sy < ([ @)™ tor sl > 1

() — —r

and
1

m ¥
15, < ([ 1 @@ a0) ™ tor sl <1
Let f(z) = (po (2))%® . Then, it is true

| 0 @) o= [y )1 i < 4.

—r —7

The last inequality follows directly from the inequality (22). Then it is obvious that

[ too ()2

< 400,
Lg. ¢y

and as a result

/7r ‘Z* (eit) p (t)rq(t) dt < 400,

—Tr
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1

ie. (Z*p)”" € Lyy. Thus, we established that

/” f(®)

Z7F (i)
Then, by Riesz-Fikhtengolts theorem, Cauchy type integral I (z) belongs to the Hardy
class H 1i According to the results of I.I.Danilyuk [23], it follows from the expression
F} (2) that it belongs to the Hardy class Hf[ for some p > 0. Since F1+ € L1, by Smirnov’s
theorem we have the inclusion F} € H f . Then from the definition it directly follows that

Jr
ReH,,

Similarly we can prove that F; € H; and F] € Lp(.) » It is easy to see that F} (o00) =

dt < +o0.

0, and as a result, it is clear that F} € _1Hp_(.) p So, the following statement is true.

Statement 4. Let the inequalities (18) be fulfilled with respect to the quantities {ﬁk}é and
the relations (20) hold. Then the Cauchy type integral (13) is a particular solution of the
Riemann boundary value problem (11) in classes H;r(') x _1H where f € Lp(.) p 18

. . P p(-),p’
an arbitrary function.

The general solution of the Riemann problem (11) in the classes H;E.) p X moHp_(.) )
depends on the number my € Z. For mg > —1 it has a representation
F(2) = Z(2) P, (2) + F1(2)
where P, (z) is an arbitrary polynomial of degree k < myg (for mg = —1 we assume

P,, = 0), and F} (z) is a particular solution of the form (13). Z (z) is the canonical
solution of homogeneous problem (12).

For my < —1 the non-homogeneous problem (11) is solvable in classes H;r(%p X mo H}:(.)’p
if and only if the relations of orthogonality [—(mg + 1)] are fulfilled

T f t ; -
/7r e Ee)it)ektdt, k=0,—my—2. (23)

These relations follow directly from the expansion of Cauchy type integral

" K1) [2 ()

—T

1

f(t)dt,

in a Taylor series in powers of z in the neighborhood of an infinitely remote point

K@= [ Koz roa=-1 [ L0 &

2 ) . ZF ()1 — etz 1 -

—T —

[o¢]
_ I kg —k
= kz::l/_ﬁ ZF (eit)e dtz=".

Since |Z~ (oo)|i1‘ < 400, the order of the function F} (z) at the infinitely remote point
coincides with the order of the Cauchy integral K (z). It is clear that in this case we need
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to put P, () = 0. If the orthogonality relations (23) hold, then in this case the problem
(11) is uniquely solvable in the classes H;L(.) p X mo Hp_(.) o As a result, we have the following
main

Theorem 6. Let p(-) € WL, p~ > 1, and the weighted function p () be defined by
p(t) =TTt —ml",
i=1

where —m < 11 < ... < Ty < T are some points. Let the coefficients G (eit) = |G (eit)| e
satisfy the conditions i), ii) and hy = 6 (s +0) — 6 (s —0) , k = 1,7 be the jumps of
function 0 (t) at the points of discontinuity

{si}; C (=m,7) ; ho=0(—7) — O (7).

Assume
{tk}ggzo = {7} U {sk}hzo>
and define

1 — m
ﬁk = % Z h/iX{tk} (Sz) - Z G X {t,,} (Tz) , k= O,l ]
=0 i=1

Let the inequalities

1
<PBp<——, k=01,

p(te)’

<ap,k=1m,

a(t)

q (7k)
hold. Then:
a) for mg > —1 the non-homogeneous Riemann problem (11) has a general solution
of the form
F(2) = Z(2) Pg (2) + F1 (2),

where Z () is a canonical solution of the homogeneous problem (12), Py, (z) is an arbitrary
polynomial of order k < mgy (P-1(z) =0), and Fy (-) is a particular solution of the form

A (2) = ZQ(;) / : Z{ Ei)t)K (1) dt, (24)

where, K, (-) is a Cauchy kernel, and f € Ly , is an arbitrary function;

B) formy < —1 non-homogeneous problem (11) is solvable in the class H;r(.) pXmoH ),

if and only if the orthogonality conditions (23) are true and F (z) = Fy (z) is a solution
of this problem.

This theorem has the following

Corollary 1. Let all the conditions of Theorem 6 be fulfilled. Then the non-homogeneous

problem (3) has a unique solution of the form (24) in classes H;r(.) p X —1Hp .

The authors would like to express their deepest gratitude to Professor B.T. Bilalov for
his encouragement and valuable guidance throughout this research.
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