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1. Introduction

A variety of theoretical and application problems require the investigation of the theory
of countable systems of partial differential equations.

For example, application of Lyapunov’s method to the study of the problems of stability
solutions for countable systems of ordinary differential equations leads to countable sys-
tems of first-order partial differential equations [1]. Using asymptotic method or Fourier
method to solve nonlinear problem also leads to corresponding problems for countable
systems of partial differential equations [2, 3].

The study of various problems of the theory of countable systems dates back to the
works by Tikhonov, Persidskiy, Zhautykov and is systematically extended in the papers
of Teplinsky and Samoylenko (see, for example, [4]).

2. Statement of problem

In the rectangle Il = {(z,t) : 0 < x < [,0 < t < T'} we consider a countable hyperbolic
system of first order linear differential equations

Oui
ot

+ )\i(x,t)% = Zaij(x,t)uj(:v,t) + fi(x,t), 1 €N. (1)
j=1
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Let us define sets of indices IT = {2k — 1|k € N}, I~ = N/It. Functions ); in (1) are
ordered as follows:

)\1<1‘,t) > )\3($7t) > > )\Qkfl(xvt) >
)‘2(x7t) < )\4(.%’,t) <..< )\Qk($7t) <

where \; >0 fori e It and \; <0 forie I~.
Together with system (1), we consider the initial and the boundary conditions

ui(z,0) = gi(z), z€l0,l], ieN, (2)
ui(O,t) = Z aij(t)uj(o,t) + hi(t), te [O,T], S I+,
jel—
Ui(l,t) = ]Z ﬂij(t)u]‘(l,t) —i—T’Z‘(t), t e [O,T], 1el™. (3)
jeIt

We consider problem (1)—(3) in the space C°°, that consists of a countable set of
continuous functions. Besides, these functions are bounded by some constant. In space
C®° define the norm by the formula

[ul] = sup max {|u;(z,t)[},
i€N (z,t)ell

where u(z,t) = (u1(x,t), us(x,t),...).

We introduce the notation u = (uy,ug,...), A = (A1, A2, ...), 9 = (91, 92, ...).
We denote F' = sup max {|fi(z,t)|}, G =supmax{|gi(z)|}, H = sup max {|h;(t)|}
iEN (z,t) €Tl ieNz€[0,]] ic1+t€(0,T]
and R=sup max {|r;(t)|}.
ie1—t€[0,T]

Suppose the function X : R? — 91 satisfies the Lipschitz condition with respect to z in
11, if \; € Lip,(II) for all i € N.

3. The reduction of problem (1)—(3) to a system of integro-functional
equations

We denote by ¢;(7;z,t) the solution of the equation

@& _

= Xi(&,T), 1 eN, (4)

satisfying the initial condition
lr=t = . (5)

Let L;(x,t) be an integral curve defined by the equation £ = ¢;(7;x,t), which starts
from the point (x,t) € II, and ¢;(z, t) is an ordinate of the point of intersection of the i-th
characteristic with the line x = 0 or x = [ in the direction of decreasing ¢.
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Integrating (1) along the corresponding characteristics, we obtain the following system
of integro-functional equations:

wi(z,t) = wilu](z,t) + / (Z a;ju; + fz> [(pi(T; 2, t),T)]dT, (6)
max{t; (z,t),0} /=1
where
u; (0, t;(x, 1)), i(ti(z,t);z,t) =0,
wilu](z,t) = < gi(pi(0; 2, 1)), (7)
ui(l,ti(z, 1)), i(ti(z,t);x,t) = 1.

Definition 1. The continuous function u : II — 9 is a generalized solution of problem
(1)-(3) if it satisfies the system of integro-functional equations (6).

We consider the rectangle [0, ] x [0, T, where T is chosen so, that L1(0,0) and La(l,0)
disjoint [5], namely, all characteristics that come from the lower corner points will not
intersect in II. So, the rectangle II is divided into an infinite number of subdomains

— oo —
IT I1; (Figure 1).
=0

7

Figure 1. Breaking the rectangle II

Firstly, we consider subdomain Ily. Let (z,t) be an arbitrary point in IIy. From this
point we omit all characteristics L;(x,t) in the direction of decreasing t. They all cross
the lower base II (Figure 2). In the domain Iy we obtain the Cauchy problem equivalent
to the countable system of integro-functional equations

t o
ui(@,t) = gilpi(0s, 1)) + / (" @iy + ) [(wan(rs ), 7)) (8)
o J=l
The sufficient conditions for the existence of a generalized solution of the Cauchy
problem are given in [7].
Now consider one of domains Ilss_1, s € N. In this subdomain, all characteristics with
odd numbers up to the number 2s — 1 omitted from arbitrary point (z,t) will fall to
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Figure 2: Characteristics in domain Il

the left side of the rectangle II. The remaining characteristics with odd numbers and all
characteristics with even numbers will fall to the lower base of the rectangle IT (Figure 3).

Figure 3: Characteristics in domain Il2s_1

Therefore, in this domain we obtain the following system of integro-functional equa-
tions:

o0

u2k(CE t) = ggk(tpgk 0 Z, t + / (Zanju] —i—fgk) [(QOQk(T X t) )]d T, k S N, (9)
0

t

u2k_1(I, t) :u2]€_1(0, tgk_l(SU, t))-f-/ ( Z agk_ljju]' + f2]€_1> [(g&gk_l(T; Z, t), T)]dT, (10)

1
t2k—1(x7t)J

k=1,2,....s,

t
ugk—1(2,t) = gor—1(p2r—1(0; 2, 1)) +/ Za% 1,Uj + for— 1)[(@%—1(7;%75),7)]6177 (11)
0o J=1

k=s+1,s+2,..

Consider (10) and use the boundary conditions on the left boundary of II, i.e.
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uk—1(0, togp—1(z, 1)) :Za2k71,2j(t2k71(5€7 t))u2;i (0, tar—1(z,t)) + hop—1(tok—1(z,t)). (12)
=

Substituting this equality in (10), we obtain

uggp—1(x,t) = Za2k71,2j(t2k71(xat))UZj(Oyt%fl(l';t)) + hog—1(tar—1(z,t)) + (13)
=1

t o
+ (Zagk,l,juj —‘rfgkfl)[((kafl(T;x,t),T)]dT, k=1,2,..,s.
tog—1(w,t) =1
For ug;(0, top—1(x,t)), where k = 1,2, ..., s we have
u2; (0, tog—1(7,1)) = g2j(02;(0;0,t2x-1(z,1))) + (14)

tor—1(z:t)

b [ (S st + for) om0 (@ 0). i, GEN.
o r=l

Taking into account (13) and (14), we get

ush—1(2,1) = hop_1(tar—1(x,1)) + > aop19j(top—1(,1)) [923'(902]'(0; 0,tok-1(,1))) +
=
tok—1(zt) ]
+ / (Zamup + f2j) [(sozj(T;O,tzkfl(%t)),f)]}dr - (15)
0 p=1

t

+ / (Z Aok—1,jU; + ka_1> [(por—1(T;2,t), T)|dT, k=1,2,...,s.

—
top—1(z,t) 7

Thus, in domain Ilss_; the problem (1)-(3) is reduced to the system of integro-
functional equations (9),(11),(15).

4. The main results
Theorem 1. Suppose the following conditions hold:

1) X € C°°(1I) N Lip, (1I);
2) the functions

)
(lij(l‘,t), a; = Z |Clij(l‘,t)|, fl(xat)>
7j=1
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oo
agi-12j(t), a2i1 =Y |gio1,25(t)], haia(t),
i=1
oo
Bai2j-1(t), Boi = Y _ |Baizj—1(t)], 72i(t)
=1

are continuous for all i,j € N;
3) the inequalities

ai(aj,t) S a(z:,t), 0421'71(75) S Oé(t), ﬁgi(t) S B(t),

are satisfied, where a(z,t) € C(II), a(t), B(t) € C[0,T);
4) zero-order compatibility conditions

o0
92i-1(0) = Z a2i—1,2j(0)g2;(0) + hai—1(0), i €N,
=1

92i(1) = Brij-1(0)g2j—1(1) + r2(0), i €N,
i=1

are satisfied. Then there exists a unique generalized solution of problem (1)-(3).

Proof. Let A = max {|a(x,t)[}, A = max {|a(t)|}, B = max {|5(¢)|}. We will

(z,t)€ll €[0,77] t€[0,T

prove the existence and uniqueness of the solution of the integro-functional equations
(9),(11),(15) using the method of successive approximations.

First, we prove the existence of a solution. Zero approximation is constructed as

follows:

usy (@,1) = gon(an (0 2,1)), ken,
ué(,?_l(x, t)=hay_1(tok—1(,1)) + Z aok—1,2j(tar—1(x,1))g2; (025(0; 0, tap—1(x,t))), (16)
=1
] k=1,2,..,s,
uS) (2,8) = gor—1(par—1(0; 2, 1)), k=s+1,5+2,..

Then we obtain the following successive approximations for m = 1,2, ...:

t o
ugt (,1) = gor(par (05 2,1)) + / (Z azg ju™ " + ka) [(par (T3 2,t), 7))dr, k €N,
o J=1

ué’,?ll(x, t) = hog—1(tar—1(x,t)) + Z aop—1,25(tar—1(x,t)) [923'(902;‘(0; 0,tor—1(x,t))) +
=1
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t2k:—l(xvt)
+ / fzj(sozj(T;O,tzk—l(ﬂf,t)),T)dT}+/f21c—1(902k—1(7; x,t), 7)dT +
0 t2k‘—1('777t)
tor—1(z,8)
Zagk 1,25 (tak—1(x, 1)) / Zagjpu (02 (730, tog_1(z, 1)), 7)]dr + (17)
J=1 o p=1
¢
+ / ZGQIC l,ju - [(QOQk—l(T;x)t)vT)]dT’ k= 1727"'75)
tak—1(zt) 77
ug?ll(m,t) = gok—1(p2r—1(0;7,1)) +

+ / (Zagk_lyjug-mfl) + fgk_l) [(pok—1(T52,t), 7)]dT, k =854+ 1,5+2,...
o J=1

As is known from the theory of ordinary differential equations, the function ¢;(7;x,t)
is continuous with respect to the variables (x,t) if \;(x,t) € C(II) N Lip.(II) [6]. If
gi(+) is a continuous function, then g;(¢;(7;x,t)) is a continuous function with respect
to the variables (z,t), as a composition of continuous functions. If the functions w;(x,t)
are continuous with respect to the variables (z,t) for all i € N and satisfy conditions of
Theorem 1, then all the successive approximation (16)—(17) are continuous functions, as
a composition of continuous functions [4].

We show that the sequence of approximations is uniformly convergent in Ilss_1. The
sequence is uniformly convergent if and only if the following functional series is uniformly
convergent:

ugo) (x,t) + Z <ul(m) (x,t) — ugmfl) (x,t)) , teN (18)
m=1

We prove the convergence of the series (18), using Weierstrass convergence theorem.
Fori =2k, keNandi=2k—1,k=s+1,s+2,... first successive approximation will be

ulM (2,1) = gi(pi(052, 1)) +/ {Zai,Qj(‘Pi(ﬂxat):T) - 92j (25 (0504 (7, 2, 1), 7))+
o J=1

+ Y aigia(pi(Tia,t),7) (h2j—1(t2j—1(90z‘(T; ,t),7))+
j=1

3 a1 (9732, 1), 7)) - 9202 (030, b1 (i(T3 2, ),7))) )
p=1
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+ > aigj1(pi(miw, ), 7) - 921 (w251 (03 pi(Ts @, 1), 7)) +fi(60i(7;907t)77)]d7-
j=s+1

For i = 2k — 1, wherek = 1,2, ..., s, we have

ugl)(a},t) = hi(ti(x,t)) + Zai’gj(ti($,t)) |:g2j(902j(0; Oati($vt)))+
j=1
ti(z,t)
/f% (T 0. 1:(z, ) ]+/ [Zam i3, 1),7) 925 (925 0 (s, 1), ) +

ti(x,t)

+ Z ai2j—1(pi(T;2,1),7) - (th—l(tQj—l(SDi(T§ z,t),7))+
i=1

+ Z a2j—12n(t2j—1(@i(T;2,1), 7)) - gon(w2n(0; 0, taj—1(pi(T; 2, 1), T)))) +

n=1

+ Z aigj-1(pi(T;2,1),7) - 92j—1(902j—1(05Soz‘(TSCC,t):T))+fi(80i(7_5$>t)77)}d7+
Jj=s+1
tz(x,t)oo
=1

+Zaz 2j (ti(x,1)) / Za21,2p 902j 7;0,ti(x,t)), )'92p(902p(03502p(7_707ti($at))77'))+
0 p

+ ) agjop1(9(75 0, ti(w, 1)), 7) - (h2p71(t2p71(802j(7; 0,ti(z,t)), 7))+
p=1

+ 3 sy tanltap-1 (23 (730,830, 1)), ) - 92002005 0,321 (730, il 1)), 7)) ) +

n=1

oo
+ ) a2j,2p*1(902j(7—507ti(xvt))77)'92p71(@2p71(05@2j(750,ti(mat))a7—))]d7—'
p=s+1

We estimate the difference ]ugl)(x,t) — ugo) (x,t)| for all i € N and (z,t) € Igs_;. For
1=2k,keNandi=2k—-1, k=s+ 1,5+ 2,... we obtain

il () —

(X aaiteoitriat).r) - (om0 itr ), 7))+
0o =1

S

+> aigia(pi(ria,t),7) - (th—l(tQj—l(SDi(T§ z,t),7))+
i=1
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+ Y agjo19p(t2j-1(0i(T52,1),7)) - gap(02p(05 0, 251 (i(T3 2, 1), T)))) +
p=1

<

+ Y i1 (w3, 6),7) - 92j-1(p2-1(0 i 3, 1), 7)) + filpu(Ts @, 1), T)} dr
Jj=s+1
e}

Jj=1

aij(pi(T;2,1),7) - g5 (05 (0; i(T, 7, 1), }dr+

O\&

M8

_|_

o —

[
Il

a;2j—1(pi(Tyw,t),7) - (hzj—l(tzj—l(SOz‘(T; r,t),7))+
1

+Za2j71,2p(t2j71(90i(7';l‘,t),T)) 92p(p2p(0; 0, b1 (pi(T; 2, 1), )‘d7-+
p=1
t

+/ | fili(T; 2, t),7)|dT < 0/ (AG+A(H+AG) + F)dr = Mt < (A+1)Mt

where M = AG + A(H + AG) + F.
For i =2k — 1, where k = 1,2, ..., s, we get

ti(x,t)
i (2, t) — u® (2, 1) = Zam /fQJ(sazj(T 0,t:(x, 1)), 7)d7+
0
[Zazzg @i(T;2,1),7) - 925 (25 (05 i(7, 2, 1), 7))+
t(zt) -
+Zai,2j71(¢i(7;w,t)ﬁ) : (h2j71(t2171(%(7;$,t)77))+
j=1
+ Z azj—12n(t2j—1(@i(T;2,1), 7)) - gon(w2n(0; 0, t2j—1(pi(T; 2, ), 7'))))+
n=1

+ Z a;2j—1(i(T;2,t),7) - g2j—1(p2i—1(0; i (152, 1), 7)) + filpi(T; 2, 1), T)}dT‘f'
Jj=s+1
ti(x,t)

+ZOJZ 23 tz x, t /[ZGQJ 2p (pQJ(T 0 tz(x t)) )'g2p(§02p(0;(PQP(T,O,tZ'(.%,t)),T))—i—
0

p=1

+ Z a;,2p-1 (25 (73 0, ti(, 1)), 7) - (th_1(t2p_1(g02j(7; 0, ti(x, 1)), 7))+
p=1
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+ Z a2p—172n(t2p—1(@2j (T; 0, ti(x’ t))’ T)) ) an(@Qn(O; 0, ti(902j (T; 0, ti(x’ t))’ T)))) +

n=1

(oo}
+ Z a2j,2p—1(802j<7-;Ovti(xat))aT)'g?p—l(g)?p—l(o;@Qj(T;Ovti(x7t))7T))}dT <
p=s+1

t

< ]

ti(z,t)

S (i a, ), 1) - gi(05(0; i, @, 8), 7)) + fili(Tia,t), T)+
j=1

+> aigia(pi(ria,t),7) - (th—l(tQj—l(SDi(T§ z,t), 7))+
i=1

+ > agj 1 2n(taj 1 (9i(T52,1),7)) - gan (20 (050, b5 1 (i(T5 2, 1), T)))) dr+

n=1

ti (SE,t)

/

0

Oéi,2j(ti(93,t))’ :

o
+>
j=1

<f2j(§02j(7_5 07 ti(x7 t))? T)+

+ D azjp(2 (70, ta(w, 1)), 7) - G40 (0; 025 (750, ta(, 1)), 7))+
p=1

+ Y azjop-1(p2;(73 0, ti(w, 1)), 7) - (th—l(t2p—1 (25 (730,ti(z, 1)), 7))+
p=1

+ Z azp—1,2n(t2p—1(025 (750, (2, 1)), 7)) - g2n(@2n(0; 0, i (@2, (73 0, ti(x, t)), T)))>>d7'

n=1

<

t ti(z,t)
< /(AG+F+A(H+AG)>CZT+A/ <F+AG+A(H+AG)>dT§
0

ti ((E,t)

<(A+ 1)/MdT — (A+ )Mt
0

Hence, for all (z,t) € IIas_1 and arbitrary i € N, we get the following estimate:

i (2, 1) — u? (2, 1) < (A + 1) ML

[

Let m=2. Fori=2k, ke Nandi=2k—-1,k=s+1,s+ 2,... we obtain

1wl (2,) — ul) (1) =

)

/ (Zam(cpgk(na:,t),r) (P (il ), )~
0o J=t



57

(0) )
—u; (cpi(T,:E,t),T)))dT 51

t
2 2
<(A+ 1)MA/Td7‘ = (A )MAL < MAGK 4175
J .

For ¢ =2k — 1, where £k =1,2,.... s, we get

ti(z,t)

= Zai,Qj(ti(wvt))/ <Za2j,p(<ﬂ2j(79 0,ti(x,1)), 7)x
j=1

o p=1

|u£2)(aﬁ,t) - u(-l)(m t

(3

(uél)(g@j(r 0,t;(x,t)),7) — ’LLZ(;O)(SOQJ'(T; 0, ti(l’,t)),T)))dT—i—
/(E%w%fxt )+ (u (pi(r2,0),7) = 0 (eilri, 1), 7)) ) dr | <
ti(z,t)
ti(z,t) t )
< A/ AN+ 1)Mrdr + / A(A+ 1)Mrdr < MA(A +1)? /TdT = MA(A + 1)25
0

- 2!
0 ti(x,t)

Hence, for all (z,t) € IIas—1 and arbitrary i,m € N we get the estimate

W™ () — ul™ V(1) < M(A+ 1)mAm
m.

Suppose that this inequality holds for some m = n. Let’s prove it for m =n + 1. For
1=2k,keNandi=2k—1, k=s+1,s+ 2,..., we obtain

]uz(»nﬂ)(x, t) — u

/'thmwmwﬂ-wwﬁmamﬂ—
0

7j=1

¢
—ug-n*l)(gpl-(T;L t),T))>dT < AM(A+1)"A" ! / 7——TdT =M(A+1)"A" r <
n! (n+1)!
tn-i-l
< M(A+1)"Ttan e
For i = 2k — 1, where k£ = 1,2, ..., s we have
ti(x,t)

" (1) — u™ ()] =

mxt/<2ﬁmwﬂﬂﬂﬂﬂ))

(Uén)(SOQj(T;Ovti(xvt))vT) —uf"” )(‘PQJ'(T; O’t"(x’t))’T)))dTJr
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~

(e 9]

+ [ (X wsleilmat) ) - @ eiret),m) =" eira,,7) )dr| <
t;(z,t) i=1

ti(I,t) " t N

< A/ AM (A +1)" A" dr 4 / AM(A+ 1) A" dr <
n: n.:
0 ti($7t)
t
< M(A+1)"HtAn / = M(A+ 1)t An !
= T (n+ 1)t

0

Hence, for all (z,t) € TIo5—1 and arbitrary i,m € N we get the following estimate:

™ (@, 1) — ™ (1) < M(A+ 1mAm < a1

¢ m! — m)!

Hence, for norm ||u|| = sup max {|u;(z,t)|} we get
i (x,t)e

Tm
™ (2, ¢) — u™ D (2, 1)]| < M(A + 1)mAm—17"
m!
Therefore, series (18) is uniformly convergent on Ilas_1, which means that the sequence
of approximations is uniformly convergent on Ilas_1, namely,

ul™ (x,t) = ui(z,t), VieN.

7

In order to show that the limit functions w;(x,t) provide a continuous solution of the
system (9),(11),(15), we have to pass to the limit in (17) as m — oo. Since all the functions
included in the system are continuous, such transition is possible.

Now we prove the uniqueness of the solution. Suppose there are two different solutions
u and w. Consider the difference u(z,t) = u(x,t) — u(z,t). Denote by U(t) the function
U(t) = sup {|ui(x,7)|}. Since u and u are the solutions of system (9),(11),(15), for u(z, t)

1,2, 7<t
we get:

1)fori=2k,keNandi=2k—1,k=s+1,s+2,...

ui(CL‘,t):/(iaiyj(gpi(T;ZE,t),T)Uj((pi(T;$,t),T))dT; (19)
0

J=1

2) for i =2k — 1, where k = 1,2, ..., s

o ti(x,t)oo
ui(x,t) :Zai,gj(ti(:v,t))/ Zagj’p(gpgj(ﬂO,ti(x,t)),T)up(cpgj(T;O,ti(:p,t)),T)dT—l—
j=1 o p=1

(20)
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/Za” oi(T52,t), T)uj(@s(T; 2,t), T)dT.

a,t) I =1

Taking into account the inequalities (19),(20), we obtain an estimate for the function

U(t)
< [(A+1)AU(7)dr.
[

If we apply Gronwall-Bellman lemma to the function U(t), we obtain the inequality

Ut) <0, Vtelo,T],

which means that U(t) = 0. Thus, the solution is unique.

Similarly, we can prove the existence and uniqueness of the solution in arbitrary domain
II5,, where s € N.

Thus, we have proved the existence and uniqueness of the continuous solution in all
subdomains of the rectangle II. Thus, solution in the rectangle II can have discontinuities
only on characteristics.

Consider one of characteristics Las—1(0,0), s € N. We obtain the Cauchy problem
for the function ugs—1(z,t) in the domain ITos_3. In the domain IIys—1 we use boundary
conditions for the function ugs_1(z,t). Therefore, function ugs_1(x,t) has no gaps if and

only if
li iz t) = i @b,
(x,t)—>]g?71(070) uzs-1(2, ) (x,t)—ﬂg?,l(o’()) us—1(, t)
(ZB,t)EHQS,I (ZE,t)EH2573
It is easy to see that lim tos_1(z,t) = 0, and lim L(0:2.8) = 0.
y (2,8)— Las_1(0,0) 25—1(2,t) (1) oo 1 (0.0) P2s-1( )

Therefore, from (11),(15) we obtain

(x,t)—>L25_1(0,0) =

t
[e.9]
lim uzs—1(z,t) = g25-1(0) + / > age1juy+ fas1 | [(p2s 1 (752, t), 7)dr
(w,t)EHQS,g; 0

1 t) hoe_1(0
(@) Lo 1(0,0) 257 1(z, ZO‘QS 1,2j(0)92;(0) + has—1(0)+
($,t)EH2371
t

+/ Zaasfl,juj + fas—1 | [(p2s—1(T; 2, 1), 7)]dT.

0 \J/=1

Thus, we obtain compatibility conditions at the point (0, 0):
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925-1(0) = ) a2-12j(0)92(0) + has-1(0), s €N,
j=1

Similar compatibility conditions are true at the point (I, 0):

g2s(1) = Bas2j-1(0)g2j-1() +724(0), s €N.
i=1

If the compatibility conditions hold, then there exists a unique generalized solution of
problem (1)—(3).«
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