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Abstract. In this paper we study existence of global solution for semilinear systems of hyperbolic
equations with damping. Note that one component of the solution can be arbitrarily large, while
another component is sufficiently small.
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1. Introduction

We consider the Cauchy problem for the following system of semilinear hyperbolic
equations

u1tt + u1t + (−1)l1 ∆l1u1 = f1(u1, u2)

u2tt + u2t + (−1)l2 ∆l2u2 = f2(u1, u2)

}
, (1)

with initial data

u1 (0, x) = ϕ1 (x) , u1t (0, x) = ψ1 (x) ,
u2 (0, x) = εϕ2 (x) , u2t (0, x) = εψ2 (x)

}
, x ∈ RN , (2)

where ε ∈ R,
fi(u1, u2) ∼ u

ρi1
1 u

ρi2
2 . (3)

The problem of the existence of global solutions of the Cauchy problem for semilinear
hyperbolic equations with the condition (3) is the subject of numerous studies [1-9]. In
these works, as well as in [10], initial data are quite small.

We assume that f1(u1, u2) and f2(u1, u2) are continuous differentiable functions, and

|fi (u, v)| ≤ b |u|ρi1 |v|ρi2 , b > 0, (4)

where
ρik ≥ 0 , i, k = 1, 2 , (5)

∗Corresponding author.

http://www.azjm.org 86 c© 2010 AZJM All rights reserved.



On The Partially Large Solutions 87

ρi1 + ρi2 >
2

mi
, i = 1, 2, (6)

ρi1

l1m1
+

ρi2

l2m2
>

2

N
+

ri

mi
; i = 1, 2 ; (7)

ri = max {r (l1, l2, ρi1, ρi2,mi) , r (l2, l1, ρi2, ρi1,mi)} ,

r(a, b, α, β,m) =





1

a
, α ≥

2

m
, β ≥ 0,

mα

2a
+

2−mα

2b
, 0 ≤ α <

2

m
, β > 0;

i = 1, 2.

We also assume that

2min(l1, l2) ≥ N. (8)

In [9] it is proved that under conditions (4)–(8) the problem (1), (2) has a global solution for
”sufficiently small” initial data (ϕi, ψi) ∈ (H li(RN )∩L1(R

N ))× (L2(R
N )∩L1(R

N )), i =
1, 2.

In this article we will investigate the global solvability of (1),(2) for arbitrary initial
data (ϕi, ψi) ∈ (H li(RN ) ∩ Lmi

(RN )) × (L2(R
N ) ∩ Lmi

(RN )), 1 ≤ mi ≤ 2, i = 1, 2 and
rather small ε ∈ R under the assumptions (4)-(8) and

ρ12 > 0, ρ22 > 1. (9)

In other words, the initial data are arbitrary with respect to one variable and “suffi-
ciently small” with respect to the other.

2. Preliminaries and statement of the results

In the sequel, by ‖·‖q, we denote the usual Lq(R
N )-norm. For simplicity we write ‖·‖

instead of ‖·‖2.

We denote by C
(
[0, T ];H l

(
RN
))

the space of all continuous functions u : [0, T ] →
H l
(
RN
)
with

‖u‖C([0,T ];Hl(RN )) = max‖u (t, ·) ‖Hl(RN ), l = 0, 1, ...,

and by C1
(
[0, T ];L2

(
RN
))

the space of all differentiable functions u : [0, T ] → L2

(
RN
)

with

‖u‖C1([0,T ];L2(RN )) = ‖u‖C([0,T ];L2(RN )) + ‖u′‖C([0,T ];L2(RN )).

In addition, we denote C
(
[0,∞);H l

(
RN
))

= ∪
T>0

C
(
[0, T ];H l

(
RN
))
, and

C1
(
[0,∞);L2

(
RN
))

= ∪
T>0

C1
(
[0, T ];L2

(
RN
))
. The purpose of this work is to prove

the following result.
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Theorem (Main results). Suppose that the assumptions (4)–(9) are satisfied, and

(ϕi, ψi) ∈ (H li(RN ) ∩ Lmi
(RN ))× (L2(R

N ) ∩ Lmi
(RN )), i = 1, 2 (10)

where mi ∈ [1, 2]. Then there exists ε0 > 0 such that, if 0 < ε ≤ ε0 then the problem (1),
(2) has a unique solution

u = (u1, u2) ∈ C
(
[0,∞) ;H l1

(
RN
)
×H l2(RN )

)
∩ C1

(
[0,∞) ;L2

(
RN
)
× L2(R

N )
)
.

Note that for every M1 > M10 = b1E1(ϕ1, ψ1) and M2 > M20 = b1E2(ϕ2, ψ2), the
number ε0 > 0 is selected so that the following estimates are valid

∑

|α|=k

‖Dαui (t, ·)‖ ≤Mi(ε0) (1 + t)
−

N( 1
mi

−
1
2)+k

2li , k = 0, 1, ..., l ; (11)

‖uit (t, ·)‖ ≤Mi(ε0) (1 + t)−γi . (12)

Here

M1(ε) =M1, M2(ε) = εM2,

Ei(ϕi, ψi) =
∥∥∥∇liϕi

∥∥∥ + ‖ψi‖+ ‖ϕi‖+ ‖ϕi‖mi
+ ‖ψi‖mi

,

γi = min

{
1 +

N( 1
mi

− 1
2)

2li
,
N

2

2∑

k=1

ρik

mklk
−

ri

mi

}
, i = 1, 2.

The theorem will be proved by the method of successive approximations. First, let’s
state some facts about the asymptotics of solutions of the corresponding linear problem.

Let Ẑik(t, ξ), i, k = 1, 2 be solutions of the following Cauchy problem

LiẐi1(t, ξ) = 0, Ẑi1(0, ξ) = 1, –̂Zi1t(t, ξ) = 0, i = 1, 2,

LiẐi2(t, ξ) = 0, Ẑi2(0, ξ) = 0, Ẑi2t(t, ξ) = 1, i = 1, 2
,

where
LiẐ(t, ξ) = Ẑtt + Ẑt + |ξ|2li Ẑ.

We denote Zik(t, x) = F−1(Ẑik)(t, x), i, k = 1, 2, where F is the Fourier transform of
the functions Ẑik(t, ξ), i, k = 1, 2.

Lemma 1 (see [10]). Let N ≥ 1, ϕi ∈ H l(RN ) ∩ Lmi
(RN ) and ψi ∈ L2(R

N ) ∩
Lmi

(RN ), with 1 ≤ mi ≤ 2. Then the following estimates hold:

‖Zi1(t, x) ∗ ϕi(x‖ ≤ bi (1 + t)
− N

2li
( 1

mi
− 1

2
)
(‖ϕi‖+ ‖ϕi‖mi

), (13)

∑

|α|=li

‖DαZi1(t, x) ∗ ϕi(x‖ ≤ bi (1 + t)
− N

2li
( 1

mi
− 1

2
)− 1

2 (
∥∥∥∇liϕi

∥∥∥+ ‖ϕi‖mi
), (14)

‖Dt(Zi1(t, x) ∗ ϕi(x))‖ ≤ bi (1 + t)
− N

2li
( 1

mi
− 1

2
)−1

(
∥∥∥∇liϕi

∥∥∥+ ‖ϕi‖mi
) (15)
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‖Zi2(t, x) ∗ ψi(x‖ ≤ bi (1 + t)
− N

2li
( 1

mi
− 1

2
)
(‖ψi‖+ ‖ψi‖mi

), (16)

∑

|α|=li

‖DαZi2(t, x) ∗ ψi(x)‖ ≤ bi (1 + t)
− N

2li
( 1

mi
− 1

2
)− 1

2 (‖ψi‖+ ‖ψi‖mi
), (17)

‖Dt(Zi1(t, x) ∗ ψi(x))‖ ≤ bi (1 + t)
− N

2li
( 1

mi
− 1

2
)−1

(‖ψi‖+ ‖ψi‖mi
), (18)

where bi = const > 0, i = 1, 2.

3. Proof of main results

The weak solutions of problem (1), (2) can be represented in the form

u1(t, x) = Z11(t, x) ∗ ϕ1(x) + Z12(t, x) ∗ ψ1(x)+

+
t∫
0

Z12(t− s, x) ∗ f1(u1(s, x), u2(s, x))ds,

u2(t, x) = εZ21(t, x) ∗ ϕ2(x) + εZ22(t, x) ∗ ψ2(x) +

+
t∫
0

Z22(t− s, x) ∗ f2(u1(s, x), u2(s, x))ds





. (19)

Define a function space U = Ul1(M1) × Ul2(εM2), where Mi > Mi0, i = 1, 2,

Uli(Mi(ε)) =
{
u : ·u ∈ C

(
[0,∞);W li

2

(
RN
))
,

(1 + t)
N
2li

( 1

mi
− 1

2
)
‖u(t, ·)‖ + (1 + t)

N
2li

( 1

mi
− 1

2
)+ 1

2

∥∥∥∇liu(t, ·)
∥∥∥ ≤Mi(ε)

}
, i = 1, 2.

We define the mapping

(v1(t, x), v2(t, x) ) = Ψ(u1(t, x), u2(t, x) )

by the following equalities

v1(t, x) = Z11(t, x) ∗ ϕ1(x) + Z12(t, x) ∗ ψ1(x)+

+

t∫

0

Z12(t− s, x) ∗ f1(u1(s, x), u2(s, x))ds, (20)

v2(t, x) = εZ21(t, x) ∗ ϕ2(x) + εZ22(t, x) ∗ ψ2(x)+

+

t∫

0

Z22(t− s, x) ∗ f2(u1(s, x), u2(s, x))ds. (21)

Lemma 2. Let the conditions (4)–(9) be satisfied. Then we can choose ε0 > 0 such

that the operator Ψ maps U = Ul1(M1) ×Ul2(εM2) into U = Ul1(M1) ×Ul2(εM2), where
0 < ε ≤ ε0.
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Proof. Let

(u1, u2) ∈ U = Ul1(M1) × Ul2(εM2). (22)

Then, from (18), (11) and (12),(21) we have

‖vi (t, ·)‖ ≤ (1 + t)
− N

2li

(

1

mi
− 1

2

)

Mi0(ε)+

+b1
t∫
0

(1 + t− τ)
− N

2li
( 1

mi
− 1

2
)
×

×[‖fi(u1(τ, .), u2(τ, .))‖ + ‖fi(u1(τ, .), u2(τ, .))‖mi
]dτ

(23)

and
∑

|α|=li

‖Dαvi (t, ·)‖ ≤ (1 + t)
− N

2li
( 1

mi
− 1

2
)− 1

2 Mi0(ε)+

+b1
t∫
0

(1 + t− τ)
− N

2li
( 1

mi
− 1

2
)− 1

2 [‖fi(u1(τ, .), u2(τ, .))‖+

+ ‖fi(u1(τ, .), u2(τ, .))‖mi
]dτ,

(24)

where M10(ε) =M10 = b1E1(ϕ1, ψ1), M20(ε) = εM20 = εb2E2(ϕ2, ψ2).

According to (5)-(7) there exist qi > 1, pi > 1 such that
1

pi
+

1

qi
= 1 and qimiρi1 > 2,

pimiρi > 2, i = 1, 2 (see [13], Lemma 3). Then using the Hölder inequality, we obtain

‖fi(u1(t, ·), u2(t, ·))‖m i
≤ b

{ ∫
Rn

|u1(t, ·)|
ρi1mi |u2(t, ·)|

ρi2mi dτ

}1/mi

≤

≤ b ‖u1(t, ·)‖
ρi1
qimiρi1

‖u2(t, ·)‖
ρi2
pimiρi2

.

(25)

Further, using the multiplicative inequality of the Gagliardo-Nirenberg type (see[11]), we
have

‖u1(t, ·)‖
ρi1
qimiρi1

≤ ‖u1(t, ·)‖
ρi1(1−θi,1,mi

)


∑

|α|=li

‖Dαu1(t, ·)‖




ρi1θi,1,mi

, (26)

‖u2(t, ·)‖
ρi2
pimiρi2

≤ ‖u2(t, ·)‖
ρi1(1−θi,2,mi

)



∑

|α|=li

‖Dαu2(t, ·)‖




ρi1θi,2,mi

, (27)

where

θi,1,mi
=
N

l1

(
1

2
−

1

miqiρi1

)
, i = 1, 2, (28)

θi,2,mi
=
N

l2

(
1

2
−

1

mipiρi2

)
, i = 1, 2. (29)

From our assumption it follows that 0 < θi,1,mi
≤ 1 and 0 < θi,2,mi

≤ 1, i = 1, 2.
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Therefore, from (25)-(27) it follows that

‖fi(u1(t, ·), u2(t, ·))‖m i
≤

≤ b ‖u1 (t, ·) ‖
ρi1(1−θi,1,mi

)

(
∑

|α|=li

‖Dαu1(t, ·) ‖

)ρi1θi,1,mi

×

×‖u2(t, ·) ‖
ρi1(1−θi,2,mi

)

(
∑

|α|=l2

‖Dαu2(t, ·) ‖

)ρi1θi,2,mi

.

(30)

Similarly, we have

‖fi(u1(t, ·), u2(t, ·)) ‖ ≤

≤ b ‖u1(t, ·) ‖
ρi1(1−θi,1,2)

(
∑

|α|=li

‖Dαu1(t, ·) ‖

)ρi1θi,1,2

×

×‖u2(t, ·) ‖
ρi1(1−θi,2,2)

(
∑

|α|=l2

‖Dαu2(t, ·) ‖

)ρi1θi,2,2

,

(31)

where

θi,1,2 =
N

2l1

(
1−

1

qiρi1

)
, i = 1, 2, (32)

θi,2,2 =
N

2l2

(
1−

1

piρi2

)
, i = 1, 2. (33)

Using (22) in (23)-(27) and (30),(31) we obtain that

(1 + t)
N
2li

( 1

mi
− 1

2
)
‖vi (t, ·)‖ ≤

≤Mi0(ε) + b1b (1 + t)
− N

2li
( 1

mi
− 1

2
)

t∫
0

(1 + t− τ)
− N

2li
( 1

mi
− 1

2
)
[(1 + τ)−γmi +

+(1 + τ)−γ′

mi ] (M1)
ρ11 (εM2)

ρ12 dτ

(34)

(1 + t)
N
2li

( 1

mi
− 1

2
)+ 1

2
∑

|α|=li

‖Dαvi (t, ·)‖ ≤Mi0(ε)+

+b1b (1 + t)
− N

2li
( 1

mi
− 1

2
)+ 1

2

t∫
0

(1 + t− τ)
− N

2li
( 1

mi
− 1

2
)− 1

2 [(1 + τ)−γmi +

+(1 + τ)−γ′

mi ] (M1)
ρ11 (εM2)

ρ12 dτ,

(35)

where
γi,mi

= ρi1(1− θi,1,mi
) N
2li

( 1
mi

− 1
2) + ρi1θi,1,m[ N2li (

1
mi

− 1
2) +

1
2 ]+

+ρi2(1− θi,2,m)
N
2li

( 1
mi

− 1
2 ) + ρi2θi,2,m[

N
2li

( 1
mi

− 1
2 ) +

1
2 ],

(36)

γi,2 = ρi1(1− θi,1,2)
N
2li

( 1
mi

− 1
2) + ρi1θi,1,2[

N
2li

( 1
mi

− 1
2) +

1
2 ]+

+ρi2(1− θi,1,2)
N
2li

( 1
mi

− 1
2 ) + ρi2θi,1,2[

N
2li

( 1
mi

− 1
2) +

1
2 ].

(37)
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Combining (28)-(29), (32), (33) and (36),(37), we get

γi,mi
=
N

2

[(
ρi1

l1m1
+

ρi2

l2m2

)
−

(
1

pil1mi
+

1

qil2mi

)]
. (38)

γi,2 =
N

2

[(
ρi1

l1m1
+

ρi2

l2m2

)
−

1

2

(
1

pil1mi
+

1

qil2mi

)]
. (39)

It follows from (7), (8) and (38),(39) that

γi,2 > γi,mi
> 1, i = 1, 2.

It is known that (see [12]) in this case the following inequalities are true

(1 + t)
N
2li

( 1

mi
− 1

2
)

t∫

0

(1 + t− τ)
− N

2li
( 1

mi
− 1

2
)
[(1 + τ)γi,mi + (1 + τ)γi,2 ] dτ ≤ c, (40)

(1+t)
N
2li

( 1

mi
− 1

2
)+ 1

2

t∫

0

(1+t− τ)
− N

2li
( 1

mi
− 1

2
)− 1

2 [(1 + τ)γi,mi +(1+τ)γi,2 ] dτ ≤ c. (41)

By virtue of (34),(35) and (40),(41) we have

(1 + t)
N
2li

( 1

mi
− 1

2
)
‖vi (t, ·)‖ ≤Mi0(ε) + bb1c (M1)

ρ11 (εM2)
ρ12 ,

(1 + t)
N
2li

( 1

mi
− 1

2
)+ 1

2

∑

|α|=li

‖Dαvi (t, ·)‖ ≤Mi0(ε) + bb1c (M1)
ρ11 (εM2)

ρ12 .

Therefore, we deduce

(1 + t)
N
2l1

( 1

m1
− 1

2
)
‖v1 (t, ·)‖ ≤ M10+b1bcM

ρ11
1 (εM2))

ρ12 , (42)

(1 + t)
N
2l2

( 1

m2
− 1

2
)
‖v2 (t, ·)‖ ≤ εM20+bb2cM

ρ21
1 (εM2)

ρ22 , (43)

(1 + t)
N
2l1

( 1

m1
− 1

2
)+ 1

2
∑

|α|=l1

‖Dαv1 (t, ·)‖ ≤M10+b1bcM
ρ11
1 (εM2))

ρ12 , (44)

(1 + t)
N
2l2

( 1

m2
− 1

2
)+ 1

2
∑

|α|=l2

‖Dαv2 (t, ·)‖ ≤ εM20+bb2cM
ρ21
1 (εM2)

ρ22 , (45)

We choose ε0 > 0 as follows

ε0 = min

{
1

M2

(
M1 −M10

bb1cM
ρ11
1

) 1

ρ12

,

(
M2 −M20

bb2cM
ρ21
1 M

ρ22
2

) 1

ρ22−1

}
.

Using (9) in (44), (45), we obtain that

(1 + t)
N
2l1

( 1

m1
− 1

2
)
‖v1 (t, ·)‖ ≤M1, (46)
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(1 + t)
N
2l2

( 1

m2
− 1

2
)
‖v2 (t, ·)‖ ≤ εM2, (47)

(1 + t)
N
2l1

( 1

m1
− 1

2
)+ 1

2

∑

|α|=l1

‖Dαv1 (t, ·)‖ ≤M1, (48)

(1 + t)
N
2l2

( 1

m2
− 1

2
)+ 1

2

∑

|α|=l2

‖Dαv2 (t, ·)‖ ≤ εM2. (49)

Then (40),(41) yield that

(v1, v2) ∈ U = Ul1(M1) × Ul2(εM2),

i.e., Ψ maps U into itself.

Therefore, we can construct the sequence
{

(u
(n)
1 , u

(n)
2 )

}
⊂ U as follows

(u
(n+1)
1 , u

(n+1)
2 ) = Ψ(u

(n)
1 , u

(n)
2 ) , n = 0, 1, 2, ..., (50)

where

u
(0)
1 = Z11(t, x) ∗ ϕ1(x) + Z12(t, x) ∗ ψ1(x)

u
(0)
2 = εZ21(t, x) ∗ ϕ2(x) + εZ22(t, x) ∗ ψ2(x)

}
. (51)

Now we state some a priori estimates for the sequence
{

(u
(n)
1 , u

(n)
2 )

}
which follow

directly from the construction of this sequence.

Lemma 3. Let the conditions (4)–(9) be satisfied. Then for any 0 < ε < ε0 and the

sequence
{
(u

(n)
1 , u

(n)
2 )
}

the following estimates hold

∥∥∥u(n)1 (t, ·)
∥∥∥ ≤M1 (1 + t)

− N
2l1

(

1

m1
− 1

2

)

, (52)

∥∥∥u(n)2 (t, ·)
∥∥∥ ≤ εM2 (1 + t)

− N
2l2

(

1

m2
− 1

2

)

, (53)

∑

|α|=l1

∥∥∥Dαu
(n)
1 (t, ·)

∥∥∥ ≤M1 (1 + t)
− N

2l1

(

1

m1
− 1

2

)

− 1

2 , (54)

∑

|α|=l2

∥∥∥Dαu
(n)
2 (t, ·)

∥∥∥ ≤ εM2 (1 + t)
− N

2l2

(

1

m2
− 1

2

)

− 1

2 . (55)

It follows from (20), (21) and (43) that

∥∥∥Dtu
(n)
i (t, ·)

∥∥∥ ≤ (1 + t)
− N

2li

(

1

mi
− 1

2

)

−1
Mi0(ε)+

+b1
t∫
0

(1 + t− τ)
− N

2li

(

1

mi
− 1

2

)

−1
[(1 + τ)−γmi + (1 + τ)−γ′

mi ] (M1)
ρi1 (εM2)

ρi2 dτ.



94 A.B. Aliev, A.A. Kazymov

Finally, by using the well known estimate

(1 + t)
N
2li

(

1

mi
− 1

2

)

+1

t∫

0

(1 + t− τ)
− N

2li

(

1

mi
− 1

2

)

−1
[(1 + τ)γi,mi + (1 + τ)γi,2 ] dτ ≤ c,

we have the following Lemma.
Lemma 4. Let the conditions (4)-(9) be satisfied. Then for any 0 < ε < ε0 the

sequence
{
(u

(n)
1 , u

(n)
2 )
}

satisfies the following estimates

∥∥∥Dtu
(n)
1 (t, ·)

∥∥∥ ≤M1 (1 + t)−γ1 , (56)

∥∥∥Dtu
(n)
2 (t, ·)

∥∥∥ ≤ εM2 (1 + t)−γ2 . (57)

Next, using the embedding theorems, from (52), (57), we obtain the following result.
Lemma 5. Let the conditions (4)–(9) be satisfied. Then for any 0 < ε < ε0 the

sequence
{
(u

(n)
1 , u

(n)
2 )
}

satisfies the following estimates

∣∣∣u(n)1 (t, x)
∣∣∣ ≤ 2c1 bE1(ϕ1, ψ1) = K1 , (t, x) ∈ [0,∞) ×RN (58)

∣∣∣u(n)2 (t, x)
∣∣∣ ≤ 2c2 bεE2(ϕ2, ψ2) = K2 , (t, x) ∈ [0,∞)×RN , (59)

where ci is the norm of the embedding H li(RN ) ⊂ C(RN ).

Now we shall prove that
{
(u

(n)
1 , u

(n)
2 )
}

is a fundamental sequence.

Indeed, from (20)–(21) and (50) we have
∥∥∥u(n+1)

i (t, ·) − u
(n)
i (t, ·)

∥∥∥ ≤

≤
t∫
o

∥∥∥Zi2(t− τ, x) ∗ [fi(u
(n)
1 (τ, x), u

(n)
2 (τ, x) − fi(u

(n−1)
1 (τ, x), u

(n−1)
2 (τ, x)

∥∥∥ dτ ≤

≤
t∫
0

1∫
0

∥∥∥f ′iu1
(u

(n−1)
1 (τ, x) + λ(u

(n)
1 (τ, x ) − u

(n−1)
1 (τ, x), u

(n−1)
2 (τ, x) + λ(u

(n)
2 (τ, x)

−u
(n−1)
2 (τ, x) )dλ

(
u
(n)
1 (τ, x) − u

(n−1)
1 (τ, x)

)
‖ dτ+

+
t∫
0

1∫
0

∥∥∥f ′iu2
(u

(n−1)
1 (τ, x) + λ(u

(n)
1 (τ, x ) − u

(n−1)
1 (τ, x),

u
(n−1)
2 (τ, x) + λ(u

(n)
2 (τ, x) − u

(n−1)
2 (τ, x) )dλ

(
u
(n)
2 (τ, x) − u

(n−1)
2 (τ, x)

)
‖ dτ.

Taking into account (58), (59),we get
∥∥∥u(n+1)

i (t, ·)− u
(n)
i (t, ·)

∥∥∥ ≤

≤

t∫

0

Ci

[∥∥∥
(
u
(n)
1 (τ, x) − u

(n−1)
1 (τ, x)

)∥∥∥+
∥∥∥
(
u
(n)
2 (τ, x)− u

(n−1)
2 (τ, x)

)∥∥∥
]
dτ,
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where Ci = max
|ξ|≤2K1,|η|≤2K1

[|f ′iu(ξ, η) | + |f ′iux(ξ, η) |] , i = 1, 2.

Letting

wn(t) = max
0≤τ≤t

2∑

i=1

∥∥∥u(n+1)
i (t, ·)− u

(n)
i (t, ·)

∥∥∥ ,

we obtain that
wn+1(t) ≤ C twn(t),

where C = C1 + C2.
Applying this inequality repeatedly, we have

wn+1(t) ≤
(Ct)n

n !
.

Therefore
{
(u

(n)
1 , u

(n)
2 )
}

is a fundamental sequence in space C
(
[0, T ] ;L2

(
RN
))
, for

every T > 0.

Then, there exist the functions u1, u2 ∈ C
(
[0, T ] ;L2

(
RN
))

such that, u
(n)
i → ui in

C
(
[0, T ] ;L2

(
RN
))
, i = 1, 2, for every T > 0.

In view of the ∗−weak compactness of bounded sets in L∞

(
(0,∞);L2

(
RN
))
, from

(52)-(57) it follows that from the sequence {(un1 , u
n
2 )} we can choose a subsequence

{
(u

(nk)
1 ,

u
(nk)
2 )

}
with the following properties

u
(nk)
i → ui ∗ −weakly in L∞

(
(0,∞);H li

(
RN
))
, i = 1, 2, (60)

Dtu
(nk)
i → Dtui ∗ −weakly in L∞

(
(0,∞);L2

(
RN
))

i = 1, 2. (61)

From (52) –(57) and (60), (61) it follows that

‖ui (t, ·)‖ ≤ cMi(ε) (1 + t)
− N

2li
( 1

mi
− 1

2
)
, i = 1, 2, , (62)

∑

|α|=li

‖Dαui (t, ·)‖ ≤ cMi(ε) (1 + t)
− N

2li
( 1

mi
− 1

2
)− 1

2 , i = 1, 2. (63)

‖Dtui (t, ·)‖ ≤ cMi(ε) (1 + t)−γi , i = 1, 2, (64)

where γi = min

{
1 +

N( 1
mi

− 1
2)

2li
,
N

2

2∑
k=1

ρik

mklk
−

ri

mi

}
.

Now we prove that the couple of functions (u1, u2) is a solution of problem (1), (2).
From (52)–(57) and (62)–(64) it follows that

∥∥∥fi(u(n)1 , u
(n)
2 ) − fi(u1, u2)

∥∥∥ ≤

≤
2∑

k=1

∥∥∥∥
1∫
0

fiuk
(u1 + λ(u

(n)
1 − u1), u2 + λ(u

(n)
2 − u2))

(
u
(n)
k (λ, x) − uk(λ, x)

)
dλ

∥∥∥∥ ≤

≤ K
2∑

k=1

∥∥∥u(n)k − uk

∥∥∥

.
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Therefore, for every T > 0

fi(u
(n)
1 , u

(n)
2 ) → fi(u1, u2) in C

(
[0, T ] ;L2

(
RN
))
.

Passing to the limit in (50) we see that the pair of functions (u1, u2) satisfies the
equation

(u1, u2) = Ψ (u1, u2) . (65)

By (60), (61) and (65), we have

(u1, u2) ∈ C
(
[0,∞) ;H l1

(
RN
)
×H l2(RN )

)
∩ C1

(
[0,∞) ;L2

(
RN
)
× L2(R

N )
)
.

4. Analysis of conditions (4)–(9). Examples.

As stated above, the conditions (4)–(8) provide existence of global solutions with
small initial data. The assertion of Theorem becomes invalid without condition ρ12 >

0. Indeed, if ρ12 = 0, then the function f1(u1, u2) = |u1|
ρ11−1 u1, where 1 < ρ11 ≤

min
{

2l1m1

N + 1, 2
m1

}
, satisfies the conditions ((4) –(8). In that case the Cauchy problem

u1tt + u1t + (−1)l1 ∆l1u1 = |u1|
ρ11−1 u1

u1(0, x) = ϕ1(x), u1t(0, x) = ψ1(x)



 (66)

has a global solution only for ”small” E1(ϕ1, ψ1) (see, for example [2]), and in general,
for ”large” E1(ϕ1, ψ1) the problem (66) has no global solution (see, for example [4, 5, 13,
14]).

We give some examples satisfying the conditions (4)–(9).

a) Consider the Cauchy problem

u1tt + u1t + (−1)l ∆lu1 = um1 u
r
2

u2tt + u2t + (−1)l ∆lu2 = uk1u
s
2



 , (67)

u1 (0, x) = ϕ1 (x) , u1t (0, x) = ψ1 (x) ,

u2 (0, x) = ǫϕ2 (x) , u2t (0, x) = ǫψ2 (x)



 , x ∈ RN (68)

where m,k ∈ {0, 1, ...} , l, r ∈ {1, 2, ...} , s ∈ {2, 3...}, m+ r > 2l
N + 1, k + s > 2l

N + 1.

The assertion of Theorem is true for problem (67)-(68), where m1 = m2 = 1.

b) Consider the function

fi(u1, u2) = ϕi1(u1)ϕi2(u2), u1, u2 ∈ R,
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where

ϕij(η) =





|η|pij−1 η, |η| ≤ 1

(
pij
qij

)qij ∣∣∣η − pij−qij
pij

∣∣∣
qij−1 (

η −
pij−qij

pij

)
, |η| > 1

pij ≥ 1orpij = 0 qij ≥ 0, i, j = 1, 2.

It is obvious that,

|fi (u, v)| ≤ b |u|ρi1 |u|ρi2 , b > 0, where ρij = min {pij, qij} .

Under conditions (4) –(9) the assertion of Theorem is true.
For example, if

l1 = l2 = 1, m1 = m2 = 1, p11 = q11 = 0, p12 = q12 = p >
2

N
+ 1,

p21 = q21 = 0, p22 = q22 >
2

N
+ 1,

then the assertion of Theorem is valid.
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