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Dirichlet Problem for Elliptic Equations in Weighted Sobolev
Spaces on Unbounded Domains
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Abstract. In this review article we give an overview on some known results recently obtained
within the study of the Dirichlet problem for a class of second-order linear elliptic equations in
weighted Sobolev spaces on unbounded domains.
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1. Introduction

In this review article we are interested in the study, in an unbounded open subset 2
of R™, n > 2, of the Dirichlet problem

ue WH(Q)n whe(Q),
(1.1)
Lu=f, felLi(Q)),

where L is the uniformly elliptic second order linear differential operator with discontinuous
coefficients

L=— ij P )

p>1,s€R, and W2P(Q), I/?/;p(Q) and LE(Q) are certain classes of weighted Sobolev
and Lebesgue spaces, recently introduced in [5].

In particular, we consider a weight p* that is a power of a function p of class C2(Q)
such that p: Q — R, and

up 27202

< 4o, Vlal <2,
€ p(a:)
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. 1 . pz(T) + pra(w)
lim (p(az) + m) =400 and lim ————==0.

|| —+o00 [ —— p(x)

To fix the ideas one can think of the function
plz) = (1+|z[*), teR\{0}.

We assume that the leading coefficients satisfy hypotheses of Miranda’s type, having in
mind the classical paper [4] where the a;; have derivatives in L™(£2). To be more precise, we
suppose that the (a;j),, belong to suitable Morrey type spaces that are a generalization to
unbounded domains of the classical Morrey spaces. This hypothesis is of crucial relevance
in our analysis since it allows to rewrite the operator in variational form in order to exploit
some non-weighted a priori estimates, proved for divergence form problems in [6, 7, 8].
The main result of this work, proved in [10], is the following weighted W?2P-bound, p > 1,

lully2p gy < elLullpr), ¥Yue WIP(Q)N WP(Q), (1.2)

that allows to deduce, via the method of continuity along a parameter, the solvability
of the Dirichlet problem (1.1). We refer the reader also to [5] where, for p = 2, the
corresponding non-weighted and weighted cases have been studied.

2. A Class of Weighted Sobolev Spaces

Let us introduce the class of weighted spaces we are interested in. They have been
recently defined in [5], where detailed descriptions of all the properties below are provided.

To this aim, given an open subset Q of R™, not necessarily bounded, n > 2, and k € Ny,
we consider a weight function p : Q — R such that p € C¥(Q) and

up [2°0(2)

<400, Vel LEk. 2.1
veo  p(@) o @1)

An example is given by
p(x) = (L+[z), teR.

For k € Ny, p € [1,400] and s € R, and given p satisfying (2.1), we define the weighted
Sobolev space wkp (Q) as the space of distributions u on 2 such that

iy = 3 I9°0 ullzogy < +oo. (2:2)
| <k

Furthermore, Vc[)/lgp(Q) denotes the closure of C°(Q) in WF?(Q) and LE(Q) = WP (Q).
Let us state now a useful lemma obtained from the more general result of [5]. We refer
the reader to [1] for the definition of sets having the segment property.
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Lemma 2.1. Let k € Ny, p € [1,+00[ and s € R. If Q has the segment property and
assumption (2.1) is satisfied, then

CH(©) CWhr(@).
We now prove the following fundamental result (see also Lemmas 2.1, 2.2 and 2.5 of

[5]):

Lemma 2.2. Let k € Ny, p € [1,+00[ and s € R. If Q has the segment property and
assumption (2.1) is satisfied, then the map

u— p°u

defines a topological isomorphism from WEP(Q) to W*P(Q) and from I/;/'];p(Q) to I/;/k’p(Q).
Proof. Let us start by observing that, due to assumption (2.1), one has

sup P L s eR, Vi <k (2.3)
€ ps(x)

This can be proved by induction. Indeed, (2.1) implies

(0%)as| = 139" puil S c1pp™ 't =e1p®, i=1,...,m,

with ¢; = ¢;(s) positive constant. Therefore (2.3) is true for | o] = 1.«
Assume now that (2.3) holds for any § such that |8| < |a| and any s € R, and fix a
B such that |3| = |a| — 1. Then, using (2.1) and by the induction hypothesis written for
s — 1, we have
1090°] = 10°(p°)as] = 107 (sp™ " p,)| <
€2 Z ‘aﬂ_’yp:& a’yps—1| < c3pps_1 = 0308’ for i = 17 RN
v<B

with ca = ca(s) and c3 = ¢3(s) positive constants. That is, (2.3) is true also for .
In view of (2.3) we have that

0% (P w)| S ea Y 10°77p° Dul < es Y [p*ul, Vlal <&,

<« v<a

with ¢4 = c¢4(s) and ¢5 = c¢5(s) positive constants. Therefore, there exists a positive
constant ¢g = cg(s) such that

lo*ullwaey < collully e, (2.4)
Moreover, there exists also a positive constant ¢; = c7(s) such that

lully @y < erllo™ullweso. (25)



82 S. Monsurro, M. Transirico
In order to prove (2.5), let us show that

0%l < s 1P (oPw), Vel <, (2.6)
<a
with ¢g = cg(s) positive constant. Again, this will be done by induction. From (2.3) one
has
p°us, | = |(p"w)z, — (p°)z,ul < e ((p°w)s + p°|ul),

for i =1,...,n, with cg = c9(s). Hence, (2.6) holds for |a| = 1.

If (2.6) holds for any ¢ such that |§| < ||, then, using again (2.3) and by the induction
hypothesis, we have

0l < 10°(p*u)] + exo 3 1077057 0Pu] <
<o

0%(p*u)| + e11 Y [p°0°ul < 1z > [0 (pPu)],

d<a 0<a
with ¢19 = c10(8), 11 = c11(8) and c12 = ¢12(s) positive constants. Combining (2.4) and
(2.5) we obtain the first part of the claim.
To finish our proof we have to show that u EI/?/’S“’?’ (Q) if and only if pu EI/?/k’p ().

If w EV%/’S“’I’(Q), there exists a sequence (¢ )peny C C2°(Q) converging to u in WEP(Q).
Therefore, fixed ¢ € Ry, by (2.4) there exists hg € N such that

9
1p* (0 = Wllwrr@) < 5 Vh > ho. (2.7)

Fix hy > hg. Clearly p°¢p, Gﬁ/k’p(ﬁ), because of its compact support. Therefore, there
exists a sequence (¥y,),eny C C°(2) converging to p*éy, in WFP(Q). Hence, there exists
ng € N such that

. Vn > ng. (2.8)

N ™

b = 0°0n lwrw ) <
Putting together (2.7) and (2.8) we get

[tbn = P ullwrp ) < 10 — P Onyllwrr ) + 10700, — P ullwrr o) <e,

Vn > ng. Thus pu eﬁ/k’p(Q).

Vice-versa, if we assume that p*u EV?/’”’(Q), we find a sequence (¢p)peny C C°(82)
converging to p*u in W*P(Q). Hence, by (2.5) there exists hg € N such that

_s IS

27

Fix hy > hg. Since p~*¢y, € CX(£2), which is contained in I/Io/lg’p(Q) by Lemma 2.1, there
exists a sequence (¢p),en C C°(€) converging to p~*¢p, in WZEFP(Q). Therefore, there
exists ng € N such that

— 9
||¢n —p S¢h1HWSk’p(Q) < 5, Vn > ng. (2.10)
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From (2.9) and (2.10) we get
||1/)n - UHWSI“’JD(Q) < Hwn - p78¢h1”WS]€7P(Q) + ||pis¢h1 - UHWS’%P(Q) <g,

Vn > ng. So that u GI/?/";’Z’(Q). O

From now on, let us suppose that the weight p satisfies (2.1) with £ = 2 and the
additional assumptions holds:

1 pz(Z) + pua(T)

|$|11>151_OO (p(:z:) + m) =400 and mli}rgoo @) = 0. (2.11)
As an example, we can then consider
p(z) = (1+ |z, teR\{0}.
We associate to p the function o defined by
o=p if p = 400 for |z| = 400,
. (2.12)
a:; ifp—0 for |z| — +o0.
It is easily seen that o verifies (2.1) too, and moreover
|x|lirrima(x) = 400, |x|llrrim W =0. (2.13)

Now, fix a cutoff function f € C=°(R,) such that

0<f<1, f)y=11if te[0,1], f(t)=0 if t€[2,+oo]

and set
gk:er—>f<$>, kEeN
and
Qp={zeQ: o)<k}, kel (2.14)

If we define the sequence
e w € Q — 2k ((z) + (1 — G(x))o(x), keN,

one has that, for any k € N,
o ~ Tk (2.15)

Furthermore, concerning the derivatives, one can show that, for any k& € N,

(e gy % in 0, (2.16)
Nk oa, 7
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2
() < d, sup L;mm in Q. (2.17)
T 9,
Moreover,
lim  sup 2@+ oe@) (2.18)
k—>+oom 0'(1‘)

3. The Spaces of the Coefficients

Here we recall the definitions and the main properties of Morrey type spaces. These
spaces were first introduced in [11] (see also [2] for further investigations) to extend the
classical notion of Morrey spaces to the case of unbounded domains. Let us consider,
then, an unbounded open subset Q of R", n > 2. By X(f2) we denote the o-algebra of
all Lebesgue measurable subsets of 2. For E € X(Q), xg is its characteristic function,
|E| its Lebesgue measure and E(x,r) = EN B(z,r) (x € R", r € Ry), where B(z,r)
is the open ball centered at z with radius . The class of restrictions to Q of functions
¢ € CX(R") is D(Q). For q € [1,+o0], LfOC(Q) is the class of all functions g : @ — R
such that ¢ g € LY(Q) for any ¢ € D(Q).

For ¢ € [1,+oo[ and )\ € [0,n[, the Morrey type space M%*(Q2) is made up of all the

functions g in L (Q) such that

loc

19l prar ) = sup M4 \g|| La(e.r)) < +00. (3.1)

zEQ

The closures of C2°(€2) and L®(€) in M%*(Q) are denoted by MZ(€2) and M%*(1),
respectively.
One has the inclusion
M2NQ) C MP(9).

Moreover,

MINQ) C MOM(Q)  if g < g and 22— < A1

q0 q
We put M?(Q) = Me0(Q), M9(Q) = M?°(Q) and MZ(Q) = MI°(Q).
Now, let us define the moduli of continuity of functions belonging to M q’)‘(Q) or
Mg”\(Q). For h € R, and g € M%*(Q), we set

Flgl(h) = sup  |lgxgllaer o)
Bex(Q)

sup | E(z,1)| <

e

1
h
Given a function g € M%*(f2), the following characterizations hold:

ge MINQ) < lim Flg|(h) =0,

h—-+oc0
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and
g€ MINQ) < lim (Flgl(h) + [|(1 = ¢u)gllaren()) =0,

h—400

where (;, denotes a function of class C$°(R™) such that

0<¢ <1, Chlgom = 1> supp ¢ C B(0, 2h).

Thus, if g is a function in M%(Q), a modulus of continuity of g in M%*(Q) is a map
09*[g] : Ry — R, such that

Flgl(h) <59 [gl(h),  lim a%*[g](h) = o.

h—400

While, if g belongs to MZ™(Q), a modulus of continuity of g in MZ*(2) is an application
ocdMg] : Ry — R, such that

Flgl(h) + 11 = ¢u) 9llarar () < 08 g)(h),

lim od*[g](h) = 0.

h=+o0
We end this section with some boundedness results for the multiplication operator

u— gu, (3.2)

where the function g belongs to suitable Morrey type spaces (see also [3] for more details).

Theorem 3.1. If g € M9Q), with ¢ > 2 and X\ = 0 for n = 2, and q €]2,n] and

A =n—gq for n > 2, then the operator in (3.2) is bounded from I/%/Lp(Q) to L*(Q).

Moreover, there exists a constant C' € Ry such that

lguliz@) < C llglhrar oy lullwizy  Vu W ?(),
with C = C'(n,q).

Let p > 1 and r, t € [p,+oo]. If Q is an open subset of R" having the cone property
and g € M"™(Q), with r > p for p = n, then the operator in (3.2) is bounded from W1P((2)
to LP(). Moreover, there exists a constant ¢ € Ry such that

lgullzri@) < cllglr@) lullwivg) Yue WHP(Q),

with ¢ = ¢(Q,n,p,r).

If g € MY(Q), with t > p for p = n/2, then the operator in (3.2) is bounded from
W2P(Q) to LP(Q). Moreover, there exists a constant ¢ € Ry such that

lgullze@) < ¢ llgllare lullwes@y Yue WP(Q)

with ¢ = (Q,n,p,t).
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4. Preliminary Results

From now on  will be an unbounded open subset of R", n > 2, satisfying the uniform
Cl:lregularity property (see [1] for details).

Let us start by recalling some known results, recently proved in the works [6, 7, 8, 9],
that play an essential role in the study of our weighted problem.

The first one is an LP-bound, p > 1, obtained within the study of the Dirichlet problem

U EV?/LP(Q) ) (1)
Lu=f, fe W 12(Q), '

where L is a second order linear differential operator in divergence form

"9 ) "9
L=— —(—— d») bi—— 4.2
z]Z: al‘j a]al‘i—i_ J +; Zal‘i—i—c ( )
whose coefficients are such that

(G € L2(Q), i,j=1,...,n,

Qi = Qjj, ,7=1,...,n,

(h1)
dv >0 : ZaijfingV\ﬂQ a.e. in Q,VfERn,
ij=1
bi,d; € M2MNQ), i=1,...,n,
ce M (Q),
) (h2)

witht>1land A=0ifn=2,
with ¢ €]1,n/2] and A =n—2t if n > 2,

n

=S (i) > (hs)

i=1
in the distributional sense on 2, with p positive constant.

Let us associate to L the bilinear form

a(u,v)z/ﬂ(zn:

(@i, + dy ) va, + (Y bitg, + cu)o ) da, (4.3)
i,j=1 i=1

[}
u,v EWHP(Q), and note that, as a consequence of Theorem 3.1, the form a is continuous

on V([)/l’p(Q)x I/?/l’p(Q) and then the operator L :V([)/l’p(Q) — W=L2(Q) is continuous as
well. The above mentioned bound is the assertion of the following theorem:
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Theorem 4.1. Assume that hypotheses (h1) — (h3) are satisfied. If f € L*(Q) N LP(S2),
for some p €]1,+00], then the solution u of problem (4.1) is in LP(Q2) and

lullzr @y < Cllfll e @) (4.4)
where C is a constant depending on n,t,p,v, , ||b; — diHMQt,A(Q), i=1,...,n.

This last bound plays a crucial role in the proof of a non-weighted estimate for the
non variational problem below.

Let
n 82 n o
L=— e i— +a, 4.5
i]z,:lajﬁxﬂijr;a 8l‘i+a ( )

with the following conditions on the coeflicients:
'aij = ajj € LOO(Q)> Za] = 17' N )
n
Jv>0 : Z aij & & > v[Ef? ae in Q, VEE R,
= (1)

(aij)z, € Mg’)‘(Q), i,5,h=1,...,n, with
g>2and A=0 forn=2,
(g €]2,n] and A =n—q forn > 2.

ai€ MI(Q), i=1,...,n, with
r>2ifp<2andr=pifp>2 forn=2 (h%)
r>pandr >n, withr >pifp=n forn > 2,
a € MYQ), with
t=p forn=2,

e i (1)
t>pandt> ,Wltht>plfp:§ for n > 2, 3

0.

Vol 3

ess infa = ag
Q

In view of Theorem 3.1, under the assumptions (h}) - (h}), the operator L : W?P(Q) —
LP(Q) is also bounded.

The existence of the derivatives of the a;; is a crucial hypothesis that allows to rewrite
the operator L in divergence form and exploit (4.4) to obtain the following theorem, whose
proof can be found in Theorem 3.2 of [9].

Theorem 4.2. Let L be defined in (4.5). If hypotheses (h})-(h%) are satisfied, then there

exists a constant ¢ € Ry such that

lullweri@) < el Lullr@) Vue WP(@Q)n WHP(Q), (4.6)

~

with ¢ = ¢(Q,n,v,p,r,t, HarL‘jHLoo(Q), ooq’)‘[(aij):ch], oda;],otal,ap).
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As we will see in the last section, this last preliminary estimate together with the topo-
logical isomorphism in Lemma 2.2 will allow us to show the analogous weighted estimate.

5. Main Theorem

Here we present the main result of this work, proved in Theorems 4.2 and 5.2 of [10].
The proof of this theorem will be performed in two steps: in the first one we show a
weighted a priori bound and in the second we derive the solvability of a weighted Dirichlet
problem associated to the operator L.

Theorem 5.1. Let L be defined in (4.5). If hypotheses (h})-(h%) are satisfied, then there
exists a constant ¢ € Ry such that

lullyzoq) < cllLullp@) Yue WEP(Q)N WP (Q), (5.1)

with ¢ = c(Q,n, s5,v,p,7,t,||aij|| Lo @), llail [ pr @) o dM(aij)ay ), o [ail, gt[a], ag).
Moreover, the problem
we WIP(Q)N Wir(©),
(5.2)
Lu=f, feLi9),

s uniquely solvable.

Proof. Step 1. Fix u € W2P(Q)N V([)/i’p(fl). If p — +o0 for |z| — 400, then o = p.
Thus, in view of the isomorphism of Lemma 2.2, one has that o*u € W2P(Q)N I/Io/l’p(Q).
Now if we write n, = 7 for a fixed k € N, since n and o are equivalent, one also has that
n*u € W2P(Q) N WP(Q). Hence, the estimate in Theorem 4.2 implies that there exists
cp € Ry, such that

[1n* wllw2r ) < col IL(n°w)l|Lr (e, (5.3)
with Co = CO(Q7 n,v,p,r, t? Halj ‘ |L°°(Q)7 O-Oq)\[(aij)xh]v O-OT [a”i]7 gt[a]ﬂ CL(]).
Easy calculations provide that

n

L(n°u) = n’Lu—s Z Qi ((5 - 1)7787277961-7796]'“ + nsjlnxixju +
ij=1
n
+ 2778177ziuzj>+ Szams*lnziu. (5.4)
i=1

By (5.3) and (5.4) we get

n
[1n° ullwzr) < Cl<\|778 Lullpoy + Y (1072 0ee,ull o) +
ig=1
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s—1 s—1
+ 0" g, ull o) + 107 N2yt || o)) +

T Xnmﬁ*%mmmg, (5.5)
=1

where ¢; € Ry depends on the same parameters as ¢y and on s.
Moreover, from Lemma 3.1 and (2.16) we obtain

_ g,
llain® e, ull o) < c2 sup = |laql|arr o) lInullwre ), (5.6)
mox

with co = c2(Q,n,p, 7).
Combining (2.16), (2.17), (5.5) and (5.6), we have

2
oL +o00
[17° ullwzr) < C3[H778LUHLP(Q)+<SUP = - (5.7)
o\ g

ag
i wpiﬁummme}
o, 7

where c3 depends on the same parameters as c¢; and on [|a;|| y(q)-
Furthermore, by (2.18) it follows that there exists k, € N such that

2
1
< sup LZUM + sup &>< —. (5.8)
OIXOP o oo 2c3
Therefore, if we denote by n the function 7, , putting together (5.7) and (5.8) we
obtain
|1n° ullwzp) < 2¢s]|n° Lul|pr(q)- (5.9)
This last estimate, (2.15) with for k = k, and the topological isomorphism in Lemma 2.2
give
> 00Ul ooy < callo® Lul| o), (5.10)
|| <2
with ¢4 depending on the same parameters as c3 and on k.
If p — 0 for |z| = +o0, then 0 = p~ L.

o~ Su € W2P(Q)N V?/l’p(Q) . Therefore, arguing as to get (5.10), one obtains

Thus, again by Lemma 2.2, one has that

> o™ *0%ul| o) < esllo™* Lul|r(g).- (5.11)
la[<2

This concludes the proof of (5.1).
Step 2. For each 7 € [0, 1] we put

Le=1(L)+ (1 —7)(~A+b),
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with b given by

n n
b=1+‘—qs+n§22%+g§jigﬁ (5.12)
=1 =1
if p = 400 for |z| = 400, or
n 2
b= 14—‘—-5(5-1)252‘23 —s ) T (5.13)
=1 =1

if p — 0 for |z| — +o0.
By (5.1) one gets
lullyze ) < ellLrull Lz (o),
Yu € Wf’p(Q)ﬂ I/;/;,P(Q) ) VT € [07 1] .

Therefore, using the result of Lemma 5.1 of [10] and the method of continuity along a
parameter we obtain the solvability of problem (5.2). «
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