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Some Properties for Certain Subclass of p-Valent Ana-
lytic Functions Defined Using Convolution

M. K. Aouf*; A. A. Shamandy, A. O. Mostafa, A. K. Wagdy

Abstract. In this paper, we introduce a new subclass of analytic p-valent functions defined using
convolution and investigate many properties of functions of this class using Jack’s lemma.
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1. Introduction

Let A (p) denote the class of functions of the form

f(z) =2+ Z arz® (peN; N={1,2,..}), (1.1)
k=p+1

which are analytic and p-valent in the open unit disc U= {z € C: |z| < 1}.

For two functions f and ¢, analytic in U, we say that the function f(z) is subordinate
to ¢(z) in U, written f(z) < ¢(z), if there exists a Schwarz function w(z), which (by
definition) is analytic in U with w(0) = 0 and |w(z)| < 1, such that f(z) = ¢ (w(z)).
Indeed, it is known that

f(z) = ¢(z) = f(0) = ¢(0) and f(U) C ¢(U ).

Furthermore, if the function ¢ is univalent in U, then we have the following equivalence
(see [1] and [6] ):

f(2) < ¢(2) & f(0) = ¢(0) and f(U) C (U ). (1.2)
Let g,h € A(p) be given by
g(z) =+ Y b2t (1.3)
k=p+1
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and
=2P + Z cr 2k (1.4)
k=p+1

Given two functions f and ¢ in the class A (p), where f(z) is given by (1.1) and g(z) is
given by (1.3), the Hadamard product (or convolution) fx g of f and g is defined (as
usual) by

(f*9)(z) = 2"+ Z arbrz" = (g% f)(2). (1.5)
k=p+1

A function f(z) € A(p) is said to be in the class of p-valently strongly starlike functions
of order 3, denoted by S(5), if

e

A function f(z) € A(p) is said to be in the class of p-valently strongly convex functions
of order 3, denoted by K,(3), if

zf" (Z)> ‘ pr

<§—7T (0<B<p; peN; zel).

F(2) <— (0<B<p;peN; zel).

2p
A function f(z) € A(p) is said to be in the class of p-valently strongly close-to-convex
functions of order §, denoted by CK,(p), if

arg <1 +

p—1

/
ag{f (z )H <§—; (0<B<p; peN; zel).
The classes S5(8), K,(8) and CK,(f) were introduced by Sharma and Srivastava [8].

For f(z) € A(p) of the form (1.1) and g(z) € A (p) of the form (1.3), we have (see Chen
et al. [3])

(fx9)™(2) =6 (p,m) 2" ™+ > 5(k,m)agbez"™ (m e Ng=NU{0}), (L6)
k=p+1

where

d(p,m)=.1 (m=0pp-1).(p—m-1) (m #0).

Definition 1. A function f (z) € A(p) is said to be in the class K (g, h,p,m, A, B) if and
only if for any functions g,h € A(p) of the form (1.3) and (1.4), respectively, we have

2(f % )"V (2) + A2 ) (2)
(L= ) (f * W) (2) + A=(f B (2)

—(p—m)| < B}, (1.8)
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0<A<1L;0<B8<p—m; peN; p>m; meNy; zeU),
or, equivalently,

2(f *9) I (2) + A22(f + 9) " (2) o
e { =N (f* W0 G) 4 he(f = e z) | 7P P 9
0<A<1;0<B8<p—m; peN; p>m; meNy; z€U).
Putting h(z) = g(z) in (1.8), we obtain:
K(gugupumu )‘7ﬁ) =KL (g7p7m7)‘7/6)
_ | A9 () + AP (f x9) ) (2)
) {fe AR TN (e @) sl gy ™ <B}' Y

Remark 1.

Putting A = 0 in (1.8) or (1.9) reduces the class K (g, h,p,m,\,3) to the
class R (p,m, B) introduced and studied by Sharma and Srivastava [8]

We can obtain the following new classes for various choices of g, h, X\, p, m and S :

(Z) KL(IZTPZ7p7m7 )\716) = KL(p7m7 )\716)
<ﬁ}

<ﬁ}
[o¢] n
(i) KL(0 + > [S2D" ok i, B) = KL(n, i, 6:p,m. ), B)
k=p+1

z{fEA@% <5}’

where n € No, p1,€ > 0 and the operator I} (u,f) was defined by Catas [2], which is a
generalization of many other linear operators considered earlier.

Zf(erl)(z) + )\ZZf(erZ)(Z) ( )
(1= X 7™(2) + Aeforihi(z) ~ P 7"

={f€A@%

(i1) KL(g,p,m,1,B) = KL(g,p,m, )

2(f x9)" ) (2)

1 — -m
g BT

={f€A@%

AT (10 FEV Y EA2( G O S
(=N (I (1,0 F(2) + a2(Iy (, 0) f(z)) D~

In order to prove our results, we shall make use of the following lemmas.
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Lemma 1. [4] (Jack’s lemma). Let w(z) be analytic in U and such that w(0) = 0. Then
if lw(z)| attains its mazimum value on a circle |z| =r < 1 at a point zo € U, we have

zow' (20) = Cw(20),

where ( > 1 is a real number.

Lemma 2. [5]. Let ¢ (u,v) be a complex valued function:
p:D—C, (DcCCxC;C isa complex plane),

and let u = uy + iug and v = v; + fvg. Suppose that the function ¢ (u,v) satisfies the
following conditions:

(i) ¢ (u,v) is continuous in D;

(7i) (1,0) € D and Re (¢(1,0)) > 0;

(iii) Re (i (iug,v1)) <0 for all (iug,v1) € D and such that v; < — (14 u3) /2.

Let p(2) = 1+ p1z + p2z? + ... be reqular in U such that (p(z),zp’ (2)) € D for all z € U.
If Re (¢ (p(2),2p (2))) >0 (2 € U), then Re(p(z)) >0 (z € U).

Lemma 3. [7]. Let a function p(z) be analytic in U, p(0) =1 and p(z) # 0 (z € U). If
there exists a point zg € U such that

7r
larg p(2)| < 58 for [2] <zl

and

v
larg p(z0)| = 50

with 0 < § <1, then we have

p(20) ’
where
t > 1 when argp(zg) = g&,
and

t < —1 when argp(zp) = —gé.
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2. Main results for the class K(g,h,p,m, A, §)

Theorem 1. Let the functions f(z),g(z),h(z) € A(p) be defined by (1.1),(1.3) and (1.4),
respectively. If

1+

AN ) D DR (D @) @G | B g )
(Frg) "D ()4 Az (f2g) D) (2) =N (R (2) A2 (Frn) D (z) | < p=mAB?

then f(z) e K(g’h?p?m?)\7/3)'
Proof. Let w(z) be defined by

2(f % g) ™D (2) + A2 (f x 9) M (2)
(L= X) (f xh)™(2) + Xz(f * h)mHD(2)

= (p—m) + fuw(z), (2.2)

where w(z) is analytic in U and w(0) = 0. Differentiating (2.2) logarithmically with
respect to z, we obtain

| 4 2N D IA2 (frg) I (e)  (fh) DAL () HIE) L Brw'(z)
(o) FD )N frg) 4 () N (FR) @)= (P D (2) — (p=m)FAulz)

Suppose that there exists a point zy € U such that

max |w(z)| = [w(zo)| =1 (w(z0) # 1).

EINEN
By using Lemma 1 and taking w(z) = € (6 # 0), we have

‘1 + 20(1+A) (f+9) ™) (20) + A2 (f+9) ™ (20)  20(S+h) D (20)+ A28 (fxh) ™) (20)

(F*g) (™D (20)+Az0 (Fxg)(™+2) (20) (1=X)(f*R) (™) (20)+Az0 (fxh)(™mF1) (20)
‘ 208w/ (20) pe
— = 1
[(p m) + 5?11(20)] |:(p o m)2 + 52 + 2/6 (p _ m) cos 6 2
p
> 7 >1

which contradicts the condition (2.1) of Theorem 1. Then we have |w(z)| < 1 for all
20 € U. Consequently, we conclude that f(z) € K (g,h,p,m,\, ), which complete the
proof of Theorem 1.

Theorem 2. Ifp > m, then KL(g,p,m + 1,\,8) C KL(g,p, m, A\, ), where

_(p—m—ﬁ+1)+\/(p—m—ﬂ+1)2+45(p_m)<p—m (2.3)

0<a<
a < 5 <
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Proof. Let f(z) € KL(g,p,m + 1, A, 8). Then we have

2(f % 9) " (2) + A22(f * 9) ™ (2)

N9 + - N G PN B
and let w(z) be defined by
2(f % g)mTD (2 22(f % g)m+2) (4
(9™ 0@ A2 1)) (25

Az(f # g)m D (2) + (1= A) (f * 9)™) (2)

Clearly, w(z) is analytic in U and w(0) = 0. Differentiating (2.5) logarithmically with
respect to z, we obtain

1 4 ZAENED T A2 (fr0) ™ () ()T AP (frg) D) ez (2)
(+9) "D (2) 4 Az (f2g) ™+ (2) =N (F9) ™ (2) Az (fxg) ™D (z) — (p—m)+ow(z)’
that is,
2(140) (F9) 2 (2)4A22 (frg) ") (2) _ 2w (2)
e o Ae(rg) Dy~ (P —m— 1) = aw(z) [1 T w(z)[(p—m>+aw<zn] :

Suppose that there exists a point zy € U such that

max [u(2)] = fuw(zo)] = L(w(z0) #1).

By using Lemma 1 and taking w(zp) = ¥ (8 # 0), we have

20(f%9) ™) (20)+ A2 (fx9) M) (20) B 20w (20)
TN )T (o) e () D gy — (P~ 11— 1)‘ = |aw(z)] ‘1 + S o—m) fau ()]

- < |> ¢ I Gy 908 0= G2y S0
a|t+ [(p—m)+ac]| = “ {1 * (p—m) he 1+(p2_am) cos 60— (pQ_i‘:n) sin 0+ (pffn)z
1 I+ =y cos 0 B 1 1
za {1 + (p—m) [1+ 22 _ o560+ a? =aql+ (p—m) a? 5—1
(p—m) (pf'm)2 24 (p—m)
1+(p_a ycost |
. . -m+a+1
> 1 [ (p—m+a)(p—m) ] } _ |p=m .
=a {1 o 2(p—m+a)(p—m)+a?—(p—m)* “ p—m+a«
From (2.3) we have
2fx ) () F AE(fxg) () (p—m_1)|>p
A2(f x g)tm 2 (2) + (1= A) (f * 9)(mHD(2) —

which contradicts (2.4). Hence, |w(z)| < 1 for all z € U. Consequently, we conclude that
f(z) € KL(g,p,m,\, a). Thus, the proof of Theorem 2 is completed.
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Theorem 3. Let f(z) € A(p). If

2(fxg) D (2)4A22 (fxg) () (2) 2(fxg) MY (2)4A22 (fxg) (™ FD (2)
Re {¢Az(f*h)(m+1)(z)+(1)\)(f*h)(m)(z) (1 - %b) z )\Z(f*h)(erl)(Z)+(1—)\)(f*h)(m) (Z)i| > Y,

(2.6)

for some v < ¢(p—m), 0 < ¢ < 1, z € U, then f(z) € K(g,h,p,m,\, (), where
B = 2[p(p—m)—1] <
e =P

Proof. 1f 1p = 1, the result holds true. Let 0 < 1 < 1 and define the function p(z) by

2(f % g)" ) (2) + A2 (f * )" (2)
X F TFI(E) + (L= X) (F % [ (2)

= (p—m— )+ Bp(2). (2.7)
Then p(z) = 1+ p12 + paz? + ... is regular in U. Differentiating (2.7) logarithmically with
respect to z, we have

1+ 2N (f+9) "D (2) A2 () " () 2(f+h) D ()4 X2 (fxh) M) () Bzp'(2)
(Fxg)(mFD (2)+22(fx9) (™ +2) (2) =N (Fxh) ™) (2)+A2(fxh)mHD (2) — [(p—m—B)+Bp(2)]’

that is,

[)\Z(f*h)(m+l)(Z)-l—(l—)\)(f*h)(m)(z)] { (f*g)(m+l)(Z)+)\Z(f*g)(m+2)(z) }/ . ﬂzp’(z)—[(p—m—ﬁ)-l—ﬂp(z)}
[(£x9) " HD) (2)+X2(Fxg) (M2 (2)] Az (fxh) A (2)+(1=N)(fxh) (™) (2) f [((p—m—B)+Bp(2)] ’

or, equivalently,

(F+ )™ (=) + Ae(f ) ™D (z) |
’ { Az(f % B)HD(2) 4+ (1= X) (f * 7)™ (2) } = Bzp' (2) = [(p —m = B) + Bp(2)]

Therefore, we have

2(f9) ™D (2) 422 (f9) ™+ (2) 2(f9) "D (2) 4222 (fx9) ™+ (2) 1
Re {{w/\Z(f*h)(m+1)(Z)+(1—/\)(f*h)(m)(2) -9 | S } - ’V}

_ 2(fxg) ™D () 4222 (fx9) ) (2) 2 [ 2(fx) ™D (2) 4222 (fx9) ™2 (2) |
= fie {{Az(f*ghﬂmﬂ)(z)mA)(gf*h><m><z> +(1-9)z [Az(f*gh><m+1>(z)+<1fx>iqf*h><m><z>} } a ’Y}

= Re {4y (p—m—B) + Byp(2) + (1 =) Bzp’ (2) — 7} > 0.
If we define a function ¢ (u,v) by
@ (u,v) =¥ (p—m—B) + Bu+ (1 -¢)fv—~ (2.8)

with u = uq 4 fug and v = vy + tvg, then

(i) ¢ (u,v) is continuous in D;

(i4) (1,0) € D and Re ((1,0)) = (p— m) — 7 > 0

(ii) For all (iug,v1) € D and such that vy < — (1 + u3) /2, we have

Re (¢ (iuz,v1)) =¥ (p—m—B)+ (1 — ) fvr —
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<Yp-m—B)—(1—)B(1+u3)/2—v<—(1—1)Bu3/2<0.

Therefore, ¢ (u,v) satisfies the conditions of Lemma 2. This shows that Re (p(z)) > 0
(z € U), that is,

ped A" (@) + AP x9) " ()
Az(f # h)m D (2) + (1= X) (f % b)) (2)

}>p—m—5 (€U,

which proves that f(z) € K(g,h,p,m, A, ). This completes the proof of Theorem 3.

Theorem 4. If

arg{( 1 { 2(f39) "D (24 (£rg) ) (2) [z<f*g><m+l>(z)+Az?(f*g><m+2><Z>J,}}‘

p=m) | Az(f*h)(mHD (2)+(1-N)(Fxh) (™) (2) Az (fxh)(MFD (2)+(1=N) (Fxh) ™) (2
om 1 <5>
< — + tan — z €U, 2.9
N 5) e (2.9)

then

Z(f*g)(m+1)(z)-l—)\zQ(f*g)(m“'Q)(z) (5_7'('
arg{/\Z(f*h)(m“)(z)+(1—/\)(f*h)(m>(z)H < % (z€U).

In particular, if

w2t e m e () cem

then f(z) € S5(B).

Proof. Let

o(z) = 1 { 2(f % )Y (2) + A2(f + g) ™) (2) } |

(p—m) | Az(f*h)mHD(2) + (1= ) (f % h)™(2)
Then ,
e 2 [ A 122 ) )
(p—m) | Az(f «h)HtD(2) + (1 = N) (fxh) M (2) |

Suppose that there exists a point zy € U such that

g 5
larg (2)] < % for 2] < |20, |arge(z0)| = %

By using Lemma 3, we have

are | L J 200 o) AR (Fr) D (z0) [Zo<f*g><m+1>(zo>+xz§<f*g><m+2><zo)]/
E\ =) | Aol T )+ (1= N () (z0) 0 [ Reo( o)D) (z0)+ (1= N (F+h) ™ (20)
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= arg {(20) + 209 (20) } = arg {gp(ZO) [1 + M] }

©(20)
0 (.90
=argp(zo) +arg | 1+ zt}; = arg (p(2p)) + tan t; . (2.10)
When arg ¢(zp) = g—g, we have
ar 1 20(fFx9) ™Y (20) 4225 (fx9) ™+ (20) [Zo(f*g)(m“) (20)+A23 (Fx9) (™ +2) (20)] '
2 (p—m) ) Azo(f*h) (D) (20)+(1=N)(f*h) (™) (20) 0 Az (fxh)™FL (20)4+(1=N) (f*xh) (M) (20)
om 1 <5>
> — 4+ tan - . 2.11
o . (2.11)
Similarly, if arg p(z9) = _%> then we have

are d 1 J AU o) AR (F9) M) [ZO(f*g)(m“)(ZO)HZ(%(f*g)(m“)(ZO)]'
BT | Reo (Fe) 0D (a0) (=N (£ (z0) 0 | Raa(Feh) 7D o)+ (1= X (F+) 0 (20)

(g (9)

We find that (2.11) and (2.12) conradict the condition (2.9). Consequently, we conclude
that

o
larg p(z)] < > (z € U).
p

This completes the proof of Theorem 4.

Remark 2. (i) Putting A = 0 in the above results, we obtain the corresponding results of
Sharma and Srivastava [8, Theorem 3, 4, 5 and 6];

(i) For special choices of g, h, A\, p, m and B, we can obtain corresponding results for
different classes defined in the introduction.
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