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Orthogonal Polynomials with Respect to the Form u =
= Av7 '+ 8+ ((u)1 — ) &
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Abstract. In this paper, we study properties of the form (linear functional) u = Az ~1v+ g+ (A —
(u)l)dé), where v is a regular form. We give a necessary and sufficient condition for the regularity
of the form u. The coefficients of the three-term recurrence relation, satisfied by the corresponding
sequence of orthogonal polynomials, are given explicitly. A study of the semi-classical character of
the founded families is done. We conclude with some illustrative examples.

Key Words and Phrases: orthogonal polynomials; integral representations; semi-classical forms
2010 Mathematics Subject Classifications: 42C05; 33C45

1. Introduction

The semi-classical forms are a natural generalization of the classical forms (Hermite,
Laguerre, Jacobi, and Bessel). Since the system corresponding to the problem of deter-
mining all the semi-classical forms of class s > 1 becomes non-linear, the problem was only
solved when s = 1 and for some particular cases [2,4,9]. Thus, several authors use different
processes in order to obtain semi-classical forms of class s > 1. For instance, let v be a
regular form and let us define a new form u by the relation D(x)u = A(x)v, where A(x)
and D(x) are non-zero polynomials. When D(x) = 1, v is positive-definite and A(x) is a
positive polynomial, Christoffel [7] has proved that w is still a positive-definite form. This
result has been generalized in [8]. The cases A(z) = A # 0 and D(x) = x — ¢, 22,23, 2%
were treated in [13,14,16,18], where it was shown that under certain regularity conditions
the form w is still regular. Moreover, if v is semi-classical, then u is also semi-classical; see
also [1,3,5,19]. When A(z) = D(x), u is obtained from v by adding finitely many mass
points and their derivates [11,12] and when A(z) and D(x) have no non-trivial common
factor, it was found a necessary and sufficient condition for u to be regular in [10]. When
A(x) and D(z) are of degree equal to one, an extensive study of the form w has been
carried out in [20].

In this paper, we study the form  u = Az~ v+ dg + (A — (u)1)dy, (u)1 # A which
is equivalent to the above problem with D(x) = 2% and A(x) = Ax. For (u); # A, this
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situation has never been studied before.

The second section is devoted to the preliminary results and notations used in the sequel.
In the third section, an explicit necessary and sufficient condition for the regularity of
the new form is given. We obtain the coefficients of the three-term recurrence relation
satisfied by the new family of orthogonal polynomials. In the fourth section, the stability
of the semi-classical families is proved. Finally, in the last section, we give detailed study
of some examples.

2. Preliminary results

Let P be the vector space of polynomials with coefficients in C and let P’ be its
dual. We denote by (v, f) the action of v € P’ on f € P. In particular, we denote by

(v)n = (v,2"),n > 0, the moments of v. For any form v and any polynomial h, we
let v', hv, 5o and 2~ 'v be the forms defined by: (v/, f) := — (v, f), (hv, f) := (v, hf)
f(z) — f(c)

. (00, f) := f(0) and <m*1v,f> := (v,00f) where, in general, (Hcf)(m) ==
feP,ceC.
Then, it is straightforward to prove that for f,g € P and for v € P’ we have

Y av) = v — (v)odo, 1

z(z7 ) = v, 2

(1)
(2)
16 = =6, (3)
(fo) = flo+ fo, (4)
(00(f9))(x) = g(x) (0o f)(2) + f(0)(bog)(x). (5)
A form v is called regular if there exists a sequence of polynomials {Sy}n>0 (deg Sy, < n)
such that (v, Sp,Sm) = rmépm , 7™ #0, n>0.
Then deg S, = n,n > 0 and we can always suppose each S, is monic. In such a case, the
sequence {Sy, }»>0 is unique. It is said to be the sequence of monic orthogonal polynomials
with respect to u. In the sequel, it will be denoted as MOPS. It is a very well known

fact that the sequence {S,},>0 satisfies the recurrence relation (see, for instance, the
monograph by Chihara [6])

Sny2(7) = ( = §ny1)Snr1(®) — prg1Su(z), n >0, (6)
Si(z) =z -, So(z) =1

with (§n,pn+1) e CxC—-{0}, n>0. By convention, we set pp = (v)y = 1.

In this case, let {Sr(ll)}nzo be the first order associated sequence for the sequence
{Sn }n>0 satisfying the recurrence relation

S(%2 T .1‘ - £n+2)sw(zl-i)-1( ) - /071+2‘ST(11)($)7 n >0, (7)
Ya)y=z—&, S =1, (5 (=)=0).
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Another important representation of Sr(ll)(x) is (see [6])

W () = . Snt1(@) = Snt1(C)
S0(a) o= (v, Zet = SnenlE)), ®

Also, let {S,(., tt) }n>0 be the co-recursive polynomials for the sequence {5, },,>0 satisfying
[6]

Sp(x, 1) = Sp(x) — pSWY (), n>o0. (9)

The form w is called normalized if (u)o = 1. In this paper, we suppose that the forms are
normalized.

/

3. The study of u= Az"'v+ ) + ((u); — \)

3.1. General case

Let v be a regular form and {S,},>0 be the corresponding MOPS. For A € C — {0},
we can define a new form u € P’ by the relation

/

w= A" v+ 5+ ((u)1 — \) & (10)

Equivalently, from (1), (2) and (10) we have

z2u = Azv. (11)

The form u depends on two arbitrary parameters (u); and .
The case (u); = A was treated in [18] so henceforth, we assume A\ # (u);.

If we suppose that the form v has the following integral representation:
+oo

+oo
(v, f) = / V(z)f(x)dx, fe€P,with (v)g= / V(z)dr =1,

—00 —00
where V is a locally integrable function with rapid decay and continuous at the point
x = 0, then the form u is represented by

ZT T

(u, f) = AP /m V&) ¢ (2) d + {1 AP /M Viz) da:}f(O) ()= NF0), (12)

where

P s ae =i [ Y @ [T 0],

— oo e—0 o I € T
Suppose u is regular, and let {Q, }n>0 be its corresponding MOPS. It satisfies

Qn+2($) = (l’ — ﬁnJrl)QnJrl(l‘) — ’)/nJrlQn(Qj) , n> 0 , (13)
Qi(r) =2z — P, Qo(z)=1.
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It follows from (11) that the sequence {Qy}n>0, When it exists, satisfies the following
finite-type relations [15, p 301, Proposition 2.1.]:

xQnJrZ(x) = Sn+3($) + cn+25n+2(x) + bn+1Sn+1($) + anSn(x) , n=>0
le(az) = Sg(l‘) + 6151(1‘) + by JJQo(x) = Sl(l‘) +co,

with (ay, by, ¢p) € C— {0} x C2.

Moreover, the sequence {@Qp }n>0 is orthogonal with respect to w if and only if

(14)

<u’ Qn—l—l(x» =0, <u? .I‘Qn+2(.1‘)> =0, n=>0, <u? le(x» #0, (15)

since the other orthogonality condition comes from (14).

Substituting x by 0 in (14), we get

Cn+25n+2(0) + bn+1Sn+1(O) + (InSn(O) = —Sn+3(0),n >0, (16)
6151(0) + by = —SQ(O), (17)
Co = 50. (18)

Subtracting (16)-(17) from (14), we obtain after dividing by = (for n > 0)
@nv2(2) = (605n+3)(2) + Cny2(00Sn+2)(@) + bny1(00Snv1)(2) + an(0oSn)(x),  (19)

Ql(l‘) = (9052)($) + 1. (20)
From (14)-(15) and (19)-(20), we have

(0= (u, Qni2(x))
= (U, (005n+3)(2)) + cn2(u, (00Sn+2)(x)) + bpt1(u, (BoSn+1)(x))
+an(u, (00Sn)(z)), n>0, (21)
0= (u, 2Qn+2(7))
L = (U, Sp3(x)) + cngo(u, Snya(x)) + bug1(u, Spy1(2)) + an(u, Sp(z)), n>0,

0= (u, Qi(z)) = (u, (6052)(x)) + c1, (22)
0 # (u, xQ1(x)) = (u, So(x)) + c1(u, S1(x)) + bo.
The determinant of the system defined by (16) and (21) is
Sn+2(0) Sn-l—l(o) Sn(o)
Ay = (u, Spi2) (u, Sp+1) (u, Sp) |, mn>0, (23)

<u? HOSTL+2> <u? HOSTL+1> <u7 HOSH>
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Then the above system is equivalent to
Apanp =—Apy1, n>0 (24)
Sn+2(0) Sn+3(0) Sn(0)
Apbpi1 = —| (u, Sny2)  (u, Snys)  (u, Sn) |, n 20, (25)
(u; GoSn+2) (U, OoSn+3) (U, 6oSn)
Sn+3(0) Sn+1(0) Sn(0)

Apcnia = —| (U, Spys) (u, Spy1) (u, Sp) |, n>0. (26)

(u, 0o Sn+3)  (u, OoSnt1) (u, 0oSy)
Proposition 1. The form u is regular if and only if A, # 0, n > 0.

Proof. Necessity. If {Qn}n>0 is orthogonal, then a,, # 0, n > 0. This implies A,, #
0, n > 0. Assume the contrary, i.e. there exists an ng > 1 such that A,, = 0. Then it
follows from (24) that Ay = 0 = —(u, zQ1(z)) # 0, which is a contradiction.
Sufficiency. Using (11) we get that the condition (u, Q1(x)) = 0 is satisfied for

a =& + & — (wh (27)
Then, from (16)-(17) and (27) we have
co = &o,
bo = p1 = &o((u)1 — &o)- (28)

From (22) and (17) we have

(u, 2Q1()) = (u, (0052)(2))(51(0) — (u, S1(2))) + (u, S2(x)) — 52(0) = Ag # 0.

We had just proved that the initial conditions (17)-(18) and (22) are satisfied. Further, the
system defined by (16) and (21) is a Cramer system whose solution is given by (24)-(26).«

Proposition 2. We may write forn > 0

/Bn = §n+1 + cn — Cpta, (29)
ago Ap41
N=Ro wEAFE aes = e pu, (30)
0 n
Y2 = Pnt3 = Dpy1 — bpga + cng2(§nyo — Ents + Cng3 — Cny2), (31)
Cn1Yn+2 — Cng2Pnt2 = Gp — Gng1 + bpi1(§np1 — ns + Cng3 — Cng2), (32)

brnYnt2 — bnt1Pnt1 = an(fn —&nt3 + Cnys — Cn+2)- (33)
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Proof. After multiplication of (13) for n — n 4+ 1 by z, we substitute Qi1 by
Sktro + ckyr1Sk+1 + bp Sk + ax—1Sk—1 with k =n+2, n+ 1, n and we apply the recurrence
relation (6). Then the comparison of the coefficients of S, 13 and S,—1 ( resp. Spi2, Snt1
and S,, )yields (29)-(30) for n > 1 by taking into account the expression for a,, from (24)(
resp. (31)-(33) by taking into account the expression for 3,12 from (29)).

Multiplying (13) by x with n = 0 and using the same proceeding, we prove (29) for n = 1.

From (14) and (18) we obtain (29) for n = 0.

u, x? u, x>
By (13)7 we have Y1 = (U, xQ1> = AO and Yo = <<'uj,ngQQlQ>> = ( ’ZOQ2>'

Ay

So, using (11), (18) and (24), we get v = _)\F'
0

<
The computation of A,

As was seen above, it is important to have an explicit expression for A,, n > 0.
From (8) and (10) we have

(t, Snt1) = ASS(0) + Spy1(0) + ©S,,,1(0), n >0, (34)
(U, 28n41(2)) = ©8,41(0), n>0, (35)
! / 1 17
(u, B0Sn 1) = A(SE) (0) + 8,41(0) + 508,41 (0), n>0, (36)
with
O = (u); — \. (37)

Using (6) and (23), we obtain
0 Sn—l—l(o) Sn(o)
Ap = (U, ©Sni1(2)) (U, Snya(z)) (u, Sn(x)) |, n=0, (38)

(u, Snia(x))  (u, (BoSni1)(@))  (u, (B0Sn)(x))

that is

(u, 2Spp1(x))  (u, Sn(w))
An = _Sn+1(0)
(u, Sny1(z))  (u, (BoSn)())
(1, 2Sua (@) (y Sy ()
+5,(0) : (39)
(u, Spt1(@))  (u, (BoSn+1)(2))
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Therefore, using (34)-(36) we obtain

Ap = ASps1(0,—N) (SnH(O)S(l)l(O) - sn(O)sS’(O)) +

n—

4o (Sn(O)Xn,nH(O) 1 (0) X (0) — )\S,(ll)(O)Yn,n(O)) >0

with (for n,m > 0)

X (0) = A (Sus1(0)(S5 1) (0) = 1L, (0)S),4,(0))

11

+30 (801 (0)57,(0) = 25,1 (0),(0)) .

/

Ym(0) = Sm(0)S,,11(0) — Snut1(0)S,,,(0).

Moreover, if the form u is regular we have from (25), (26) and (6)

Sn+2(0) 0 Sn(0)

bui1 = praz = | (U, Spi2(2))  (u, @Sps2(2))  (u, Sp(z)) A

(u, (BoSn+2)(x))  (u, Snt2(2))  (u, (00S,)(@))
0 Sn+1(0) Sn(0)

Cnta = &ny2 = (U, 2Sn42(x)) (U, Snya(2)) (u, Sn(z)) | AL

(U, Spta())  (u, (B0Snt1)(z)) (u, (BoSn)(z))
Then, using (34)-(36) and (41)-(42), the last equations become for n > 0
bus1 = pusa + AEI{)\SnH(Oa N (S42(0)S121(0) = S, (001, (0))

+0 (Sn(O)Xn+1,n+2(O) = Sn12(0) Xpy1,4(0) — )\ST(I]:zl(O)Yﬂri’l,n(o)) }

and
Cnvz = Enva + A;l{ASn+2(O, =) (8(0)557(0) = S (0051, (0))

+0O (Sn+1(O)Xn+1,n(0) - Sn(O)XnJrl,nJrl(O) + AST(llle(O)Ynm(O)) }

Remark 1. 1. In fact, using the well known identity (see [6], page 86)

S(0)SD(0) = S41(0)81(0) = [[ o1 =7 #0, n >0,
n=0

31

(43)

(44)

(45)
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and the confluent Christoffel-Darboux formula (see [6], page 23)

noq2
Su(0)551(0) = S110)5,0) =7, 3 24 > g, (18)

T
v=0 v

we can rewrite (40) for n >0 as follows:

n g2
Ap = —A70Sp11(0, —/\)+@{Sn(O)X,mﬂ(O)—Snﬂ(O)Xn,n(O)—)\TnS,(})(0) > S—(O)}
v=0 Tv

(49)

2. Taking (u)1 = X in (49), we can easily obtain the result given in [18]. Indeed, the
form u = Az~ v + g is reqular if and only if Sp.1(0,—X) # 0, n > 0.

3. From (6) and (48) we get

, . "L S2(0)

5(0)8)23(0) — S142(0)5,0) = S11(0)5(0) — wrme S 1Ym0, (50)
v=0 v
and from (8) and (47), we have
Sn12(0)S1(0) = 5,(0)S)1(0) = Twnsn, m > 0. (51)

The interest of the last two results will be shown further on.

3.2. Particular case: v is symmetric

We recall that a form v is called symmetric if (v)2n+1 = 0,n > 0. The conditions
(v)2n+1 = 0,n > 0 are equivalent to the fact that the corresponding MOPS {S,, },>0 sat-
isfies the recurrence relation (6) with &, =0,n > 0 [6].

In the sequel, the form v will be supposed regular and symmetric.

Proposition 3. When the form v is symmetric, the form u (defined by (10)) is regular if
and only if
dy =X+ OA, #0, n>0 (52)

where

n—1 v —1
A”:1+2Hp2k+l , > 0. (Z: > (53)

b
=0 ko P2k+2 V=0

For the proof we use the following lemmas:
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Lemma 1. [14] When {S,}n>0 given by (6) is symmetric we have

SQTH—Q n+1 H P2v+1, SQn-I—l(O) = 07 n > 0)
1 1
Sén)—i—Q = n+1 H P2v+2, Sén)ﬂ(o) =0, n >0,

Sy =0, n>o0.

n

Lemma 2. When {S,}n>0 given by (6) is symmetric we have

Spn(0) =0, 85,41(0) =0, n>0, (54)

Soni1(0) = (=1)"A,, szu, n > 0. (55)

Proof. We have S,(—z) = (—1)"S,(x),n > 0 because u is a symmetric form (see [6]
Theorem 4.3). As a consequence, we easily deduce (54).
We prove (55) by induction. For n = 0, from (6) we obtain S;(0) = 1. Therefore, (55) is
valid for n = 0. Now, suppose (55) for 0 < m < n. Then, taking n — 2n + 2 in (6) with
&, = 0 from Lemma 1 we obtain

n+1
San3(0) = (=1)"*! H pavi1 + (1) A, H P2v-
v=0
Therefore,
n+1 p n+1
Son+3(0) = (=1)™*! (H P2y> {H Z/H + An } (=)™ Apgr [ o2
v=0 2v v=0

Hence we have (55) for n > 0.«

Proof. (of Proposition 3.) Following Lemma 1 and Lemma 2, we have for (41)-(42)
Xon2n1(0) = =S3,41(0) (ASE)(0) 4+ ©85,11(0)) , Xons2041(0) =0, n > 0.

Y21,20(0) = Szn(O)S;nH(O), n > 0.
Then, (49) becomes

Ay, = — S5 (0) (XS (0) + 05, .. (). n>0
2n 2n() 2()+ 2n+1() y =2 U,

n

(56)
Agpt1 = )‘52271-1—2(0)552(0)7 n > 0.
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Using the Lemma 1 and Lemma 2, we obtain

n
Agp = (=1)" oy [ p2v, 20,
Y (57)
Agpy1 = AM=1)"T2n41 H povi1, m > 0.
v=0

Therefore, u is regular if and only if d, 20, n > 0. <«
In such conditions, from (24), (27)-(28), (45)-(46) and (50)-(51) we get

azn = Ap2n410d,, %, ont1 = — (pant2dnir)’ (A2) ", n >0, (58)
bo = p1, co =0, c1 = —(u)1, (59)
bon+1 = panta + OQudy b, bania = panis, n >0, (60)
Con42 = )\Qnd;27 Con+3 = _p2n+2dn+1dn()\Qn)7la n > 0, (61)
Bo = ()1, Bont2 = Cant2 — Cant3, n >0, (62)
A
pr=—(u); — %, B2n+3 = Cony3 — Conyd, 1 >0, (63)
(U)1
N2
7 =—(u)i, Yont+s = — (dns1dnpont2A '), n >0, (64)
pl)\ 2 2
Y2 =— <W> s Yonta = — (AQui1d;31)", n>0, (65)
1

n
with 2, = [] 2, n > 0.
=0 P2

Remark 2. As an immediate consequence of (52), we have: if v is symmetric and positive
definite form and (u); = X+ 1, then u is regular for every A € C—|] — 00, 0].

4. The semi-classical case

Let us recall that a form v is called semi-classical when it is reqular and there exist two
polynomials ® and VU such that (see [17]):

(®v) +Yv =0, deg(¥)>1, & ismonic. (66)

The class of the semi-classical form v is s = max (deg U —1,deg® — 2) if and only if the
following condition is satisfied:

[T (19 () + w(e)| + | (v, 0.9 + 62@)| ) > 0, (67)

C
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where ¢ belongs to the set of zeros of ® [18].

In the sequel, we will assume v is a semi-classical form of class s satisfying (66). Multiplying
(66) by Az and using (4), we obtain

(Az®v)' + (Az¥ — AP)v =0 (68)

So, if ®(0) = 0, by using (11) we obtain (22®u)’ + (22¥ — 2®)u =0, and, if ®(0) # 0,
multiplying (68) by x and using (11) we get

(i)u), +Tu=0 (69)
with ~( | ; .
P(x) =2°P(x),

{ U(z) = 2(2?V(2) — 229(2)) . (70)

It is clear that if the form w is regular, then it is also semi-classical, and the class § of u
is at most s + 3.

Proposition 4. The class of u depends only on the zero x = 0.
For the proof we use the following Lemma:
Lemma 3. For all zeros a # 0 of ® we have
U(a) + @' (a) = a*(¥(a) + @ (a)), (71)

and
(1, 0,9 + 628) = a(© + a)(¥(a) + P (a)) + Aa® (v, 0,9 + 62) . (72)

Proof. Let a be a zero of ® and ®,(z) = (0,P)(x). Then, from (70) we have

d(z) = 23(x — a)Pqo(2). (73)

Using the definition of the operator 6,, it is easy to prove that for f € P we have
Oo(0af) = Oa(b0f)- (74)

Therefore, from (11) and (73)-(74), we get
(u, 628) =\ (v, (0a(C*)®a()))()) +ala + )2 (a).
Now, taking g(z) = 2% and f(z) = ®4(z) in (5), we get

<v, (Ha(C2<I>a))(x)> = (v, (z + a)®4(z)) + a? <v, 03@>.

Then
<u, egé> = \(v, (z + a)®,(x)) + Aa? (v, 020) + a(a + O)® (). (75)
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Using the same proceeding as we did to obtain (75), we easily prove that

<u, aa@> — 2a? (v, Ba0) + A (v, (z + a)¥(z) — 20®,) + ala + O)¥(a).  (76)
Thus, from (75)-(76) we obtain

<u, 0,9 + ag&>> = a(© + a)(V(a) + ¥ (a)) + A2 (v, 0,0 + 28 )+ M (v, —® + (= + a)V).
But from (66) we have
<(q>v)’ W, (z+ a)> ~0. (77)
Then the last equation becomes (72).
From (70) we have ®'(a) = a*®(a) and ¥(a) = a®¥(a). Hence, (71) holds. <
Proof. (of Proposition 4.) Let a be a zero of ® such that a # 0.

If U(a) + @ (a) = 0, using (72) we have <u, 0,0 + 92@> # 0, since v is semi-classical and
so satisfies (67).
If U(a) + @' (a) # 0, then from (71) we obtain ¥(a) 4+ @ (a) # 0.

In any case, we cannot simplify by z — a.«

Proposition 5. Let v be a semi-classical form of class s satisfying (66). Then the form
u given by (10) is also semi-classical of class § satisfying (69). Moreover,

1. 5

s+ 3 if ®(0) #0;
2. §=5+2if ®(0) and ¥(0) # 0;

3. 5=s+1if®(0) =0, ¥(0) =0 and (v, oW +03®) +&'(0)+O(¥' (0)+1"(0)) # 0.

Proof. From (70) we have W(0) 4+ ®'(0) = 0 and (u, ¥ + 2®) = —OD(0).
Since © # 0, we have the following:

1. If ®(0) # 0, then it is not possible to simplify by 2 according to standard criterion
(67), which means that the class of u is § = s + 3.

2. If ®(0) = 0, then it is possible to simplify by z. Therefore, u fulfils (69) with

d(2) = 22®(x), U(z) = 2(z2V(2) — B(z)). (78)
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Here we have
~1/

®'(0) + U(0) =0, (u, ¥ + H20) = OV(0).
If U(0) # 0, then it is not possible to simplify by = and the class of u is § = s + 2.

. If @(0) = ¥(0) = 0, we can simplify (69)-(78) by x. We obtain
d(z) = x®(x), U(x) = 2P (x). (79)

Thus, we have

@«»+wmzm(m%@+%@:Am&w+%®+§mmwmwm+%dm»

If A(v, 6o ¥ +620) + @' (0)+O(¥' (0)+ 18" (0)) # 0, then it is not possible to simplify,
which means that the class of v is § = s+ 1.

5. Illustrative Examples

. We study the problem (10) with v = H(u) where H(u) is the Generalized Hermite
form. In this case, the form v is symmetric. This form has the following integral
representation [6]:

1 oo 2 1
(v, f) = 7/ e |z f (z)dx, Rep > —=.
T(p+3) J oo 2

Therefore,
+oo ,—x? .21
P/i e e — o
—0o0

T

Thus, using (12) we obtain the following integral representation of w:

<u17:‘_JL_Ji/ﬂan@Nﬂm%:ﬁﬂiﬂi+f®%+9f®)
’ Tp+3) Jo '

The form v is semi-classical of class s = 1, it satisfies (66) with [2]
D)=z, W(x)=27—(2u+1), p#O. (30)

The sequence {Sy, },,>0 fulfils (6) with [16]

1
n=0, pmpp=ntpts, pmpp=n+l 2u#-2n—-1, n>0. (81)

First, we study the regularity of the form wu.
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We have from (81)
prs1 _ ktpts

P2k+2 kE+1

Then , ,
szk+1: Fv+p+3) _ 1 .
ip Pkt Tut+ T +2) v+ Dl(u+g) "

with ,

Fn+p+3)
hy = —~ © 2/ >0
"T T Tat1) 7

and ,
n+p+3

hn-{—l = Tﬁf%, n > 0.

Therefore,

1
Bt 5

hn+1_hn: n+1hn7 n207

and, consequently, from the above results we obtain

n—1 v n—1 3

P2k+1 1 1 DPln+p+3)
> I = 2~ ) = ORI
720 ko P2k+2 (n+3) = (1+3) n

Finally, (53) and (52) become respectively

3
F(n—?l)—u—i-Q) n>0
L+ 3)I(n+1)

A =

and

_ L(n+p+3) T(n+p+3)
(“_(1_mu+§mnin>A+Whmu+§nnin’”2O (83)

Then, u is regular for every A\ # 0 and (u); such that

T(p+3)T(n+1)

A ) #£1 - , n>0. 84
I e R (59
Using (81) and (83), we obtain for (58)-(61)
An+p+ 3+ HA, n+1)2d?
a2n = ( 22)( 2) y A2n41 = _( )1 +17 n > 07 (85)
dn )‘(:U + E)An

()1 = N)(u+ 5)A
d

n

AMp + %)An dndn+1(n +1)
co=0, c1 = —(u)1, cony2 = Ta Con+3 = _W

1 3
b0:M+§, bony1 =n+1+ n,b2n+2:n+u+§,n20, (86)

, n>0. (87)
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Therefore, we have for (62)-(65)

AN+ DA, dydp(n+1)

- ) n - 5 > 07
Bo = (u)1, Pont2 2 i+ DA, n
Ap+ 1) dpdpi1(n+1)  AMp+ 3 A
B = —(u)1 — ——525, Bonts = — - . , n>0,
(U)% " A(p+ %)An d%ﬂ
2 (58)
dpdpi1(n+1
M= _(U)%a Von+3 = — (ﬁ) , n >0,
2 (89)

2 2
oy = — Ap+3) ot = — Ap+ 5)An i1 n>0
(u)% ) n d%+1 Y -

Finally, from Proposition 5, (81) and (78), we obtain that the form w is semi-classical
of class § = 3 and fulfils the functional equation (69) with

d(z) =22, U(z) =202 (2® —p—1). (90)

2. We study the problem (10) with v = J(—3,1) where J is the Jacobi form. In this

202
case, the form v is not symmetric. This form has the following integral representa-

tion:

+oo ‘
)= [ Ve v Vo) = 10 [ wherev = b 220

Therefore,
L 1—z
P / S M
P

Thus, using (12), we obtain the following integral representation of w:

A 1 1=z ,
(u, f>=;P/_15,/1+x+(1+A)f(0)+@f (0).

The form v is classical (semi-classical of class s = 0), it satisfies (66) with [3]

O(z) =2% -1, ¥(z) = -2z — 1. (91)
The sequence {Sy, }n>o fulfils (6) with [3]

1 1
§o = 37 §nt1 =0, ppy1 = " > 0. (92)

First, we study the regularity of the form w.
From (6), (7) and (92), we can obtain by induction

(1" (1t

Son(0) = i Son+1(0) = “oangi 0 >0,
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n 4n
n(n , _1\n+1 n
S = CLHD g = EE TR sy
" —1)"(n n " ntl(n n
Syra(0) = CADOED gy = S DO s,
(5 0) =0, (58,1 (0) = CLLED 1w

Then, from (41) we get for n > 0

(3n +2)(u); — 3nA

Xonont1(0) = —(n+1) odn+1 )
(n+3)A = (n+1)(u)
X2n,2n(0) =n 42n ’
(3n +4)(u); — (3n + 2)A
Xony1,2n42(0) = —(n +1) 94n+3 ’

(n+2)(w)s — nA
Xont1,2n41(0) = (n + 1) 420+ :

Therefore, from (49) and the above results we have for n > 0

Aoy = G (A =202 =0 (2(n + 1)(2n — 1)O + 4(n + 1)(u)1))
Agpi1 = % A+O02n+1)2n+1)0+4(n+1)(u)1)).

(93)

In particular, we have: if (A, (u);) € (iR) x (iR), then A, # 0, n > 0, since
—1\" _1\n )2
Az, = —iMGL £ 0 and RAg1 = S # 0.

Using (50)-(51), (92), we obtain for (24), (27)-(28) and (45)-(46)

Apii
ap=——"—-,n>0
2n b )

1 1 (-1)"O(4(n+1)0 +2(u))
bo =51 = (W), bant2 = + Ay 553 ;

(=D"O (=(2n+1)© — (u)1)
A2n43n+1 ’

1 (=D (A +20(2n + 1) (O + (u)1))
Co = 57 Con+42 = — A2n43n+1 )

n>0

i

1
bopy1 = 1 +

)

(=)™ (A=2X2 4+ O (—2n(2n + 3)© — 2(2n + 3)(u)1))
26n+5

c = 5—(u)1, Con+3 = , n>0.

A2n+1
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Therefore, we have for (29) and (30)

A= 2(u) (A = (w3)

Bo = (u)1, b1 = N = 2)? s Bnt2 = Cnt2 — cpys, 120,
m= A (w)i, 12 = —)\_3@(@ (W) Tn+3 = Bni28n n > 0.
2 ’ 4\ —2u)?)?’ AAR T T

Finally, from Proposition 5, (91) and (70), we obtain that the form w is semi-classical
of class § = 3 and fulfils the functional equation (69) with

O(x) = 23(z® — 1), U(z) = 2?(—42% — 2+ 2).
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