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Potential Like Operators in the Theory of Boundary Value
Problems in Non-Smooth Domains

Vladimir B. Vasilyev

Abstract. We consider a general elliptic pseudo differential equation in a wedge of codimension
2. Under existence of a special factorization for the operator symbol one can obtain an integral
representation for the solution of the equation. It includes potential like operators. A priori
estimates for the solution are given also.
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1. Introduction

In 90th, the author has introduced the concept of wave factorization of elliptic sym-
bol [6],]9] for pseudo differential equations in model non-smooth domains. The solvability
depends on the index of wave factorization, and looks different for some cases. So, particu-
larly, if the index roughly speaking is negative, then for solvability of original equation one
needs some solvability conditions on right hand side. For this purpose, we write a special
integral representation for the solution, which permits to separate these solvability con-
ditions explicitly. The integral representation includes certain special integral operators,
which can be treated as potential like operators.

2. Equations and Factorization
We consider the equation
(Auy)(@) = fo(a), = € WE, (1)

where A is a pseudo differential operator with symbol A(§), £ € R™ |, satisfying the
condition

e < A+ €))7 < e,

http://www.azjm.org 117 © 2010 AZJM All rights reserved.



118 V. Vasilyev

c1,co are positive constants, and admitting the wave factorization with respect to the
wedge W§ =C¢ x R™2 C4 = {z € R%: x = (xq,X3),Xy > alz1],a > 0}.

So, we represent every (21,2, ..., Ty,) € W in the form (z1,z9,2"), 2" = (23, ..., 2m), 2" €
R™ 2 m > 3. We seek for the solution uy € H5(W?).

By definition, H%(R™) is the space of distributions with the norm [2]

Jul? = / () 2(1 + |¢])* de < +o.
Rm

Let’s denote by H*(W$) the space of functions whose supports belong to W, H§ (W)
is the space of distributions which admit continuation I f, [f € HS(R™), ||f||T = inf ||Lf]|s,
where infimum is chosen among all continuations {.

We remind the definition of the wave factorization, because it is a key point for our
forthcoming considerations.

Definition 1. Wave factorization of elliptic symbol A(§) with respect to the wedge W< is
defined as

A(§) = Ax()A=(9),

where the factors Ax(£), A—(§) should satisfy the following assumptions for almost all
¢ e R™2:;

1) Ax(§), A—(§) are defined on the whole of R™ except may be for the points {{ €
R™: a6, =61}

2) A+(§), A=(§) admit an analytical continuation into radial tube domains T(CL) over

*

the cones C4, respectively [10],

CL={¢eR?: alo > 6]}, C*=-CY,
and satisfy the estimates

|51 € +im)| < et + fel + I)E,

[AE (€ £ ir)| < (1 + €] + |r))Fe®), re s

The number & € R is called the index of wave factorization. Generally speaking it
may be a complex number, but the solvability picture is defined by its real part only.

Theorem 1. [6, 9] If ;e —s =6, |d] < 1/2, then the unique solution of pseudo differential
equation(1) can be written with the help of the special integral operator Gs. This operator
1s defined by the formula

_1 : u(y1, y2,€")dy1dy
(G2u)(§) = qu(®) + TIE%LFRQ (61— y1)? — a*(§2 — y2 +i1)?’

and we have U4 = A;ngAgll}“ with a priori estimate ||u||s < ¢||f||T -
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fe—s=n+d,neN, | < %, then the solution of equation (1) is non-unique and
depends on n arbitrary functions from corresponding Sobolev-Slobodetskii spaces defined
on wedge sides. It’s possible to give different boundary conditions for uniquely identifying
these arbitrary functions. The author tried to verify both classical boundary conditions
(and particular, the Dirichlet and Neumann conditions) and other non-local (or integral)
conditions, and found the unique solvability conditions for corresponding boundary value
problems (see [7],[8]).

3. The Potentials

Here we will consider in more detail the case 8 —s =n+4d, n € Z, n <0, |0] < %,
and below we will use the following shortenings. For all points x,£ € R we will write
x = (x1,22,2"), & = (£1,&2,¢"), and we will omit the dependence on the parameters
z ¢,

Further, because s —a > & —J — «, then if f € Hj “(W{) we have f € H**~*(W¢).
Following the previous result, there is the unique solution

Wy = AL G AZNY. (2)

Let A;ll}‘ = g. We do change of variables and denote

5 To+ X1 Tog— X1 ~
G =h
(G29) < 5 ' og > (z1,22)
g (&2%7 Y2201) = g1 (y1,2) - Then, obviously,
7 9(y1,y2)dy
h(%‘ll‘g - hm f (z1—y1— azi’ (2962 y2+iT).

We decompose the kernel (z; — y; + ib)~! with the help of the following formula
(b=+ar):
1 1
—y1+ib (2 — @y — i +ib)(1 — AT

r1—x2—1i+1ib

-1 .
Pt (x1 — 29 — 1 + ib)F ]

" (y1 — 22 — Q)P _
(21 — zg — i + ib)PH (1 - M)

xr1—T2—1i+1b

i~
|

1
k(y1,332) + Ap(ylyﬂﬁz)

A
A{f(xl,xz) Ag(ﬂflyﬂﬁz)(ﬂﬁl —y1 +1ib)’

i

0

where Ay(z1,22) = 21 — 22 — i +ib, A(z1,22) = 21 — 22 + 0.
Analogously,
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-1
1 :qz: A" (y2, 1) A (y2, 1)
To — Y2 + b -0 AZ+1($2, 301) Ag(l’% 331)(332 — Y2 + ib) ’
Ab($2;$1) =x9—2x1+1+ Zb)
Then
1 p—1qg—1

ZZ y17332 (927331)
(r1 —y1 — ait)(xe — y2 + ait) P A’ﬁ; 1, 2) AT (22, 21)

+Z A*(y1, 22) A (y2, 31)
A (@, 29) AL (29, 21) (22 — Y2 + aiT)

+Z A" (y2, 71)AP(y1, 72)
AP (x4, xg)AZjl(xg, x1)(z1 — Y1 — aiT)

A (y1, 22)A(y2, 1)
AP (21, 22) AL (29, 1) (21 — y1 — @iT) (w2 — Yo + aiT)’

—aT

_l’_

Let ¢1(y1,y2) € S(R™). We multiply the last equality by gi(y1,y2), integrate over
Y1, y2 and pass to the limit as 7 — 04. Then we have

p—1lg-1

h(wy,m9) =Y Y @ (@ $)/(I>k,r (y, ) g1 (y)dy+

k=0r=0 R2

® i1 (y)d
- lim Z‘I’ (o / k,q(y,x)g1(y) v,

r—>0+ X2 — Y2 + a7
R2

q—1
+ lim Z@p,rl(x,x)/ oy, 21 W)dy |

T—0+ X1 — Y1 —iaT
—0 1~ 0N

R2

) i1 (y)d
Lo, (na) lim (¥, )91 (y)dy

=0+ ) (xy — 1 —iaT)(ze — y2 + iat)’
R2

where @, ,(y,z) = AP(y1,22)AY(y2, 1) = (y1 — 22 — 1)P(y2 — 21 + )7 is a polynomial
of order less or equal p + ¢ with respect to the variables x1, x2, y1, y2.

Let’s write:
p—lg-1 p—1
=330 Ty g1+ Y Py IO 0 it
k=0 r=0 k=0
q—1
+ Z ‘I’—p,—r—lﬂ(—l)néq’pm 91+ P p—qG2®pq 91, (3)

r=0
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where

—+oc0
W oy g(m, C2)dm
(IIL°g)(¢) = lim G dir

@y 1 g(C1,m2)dn2
(I£7g)(¢) = lim Gy dir

+oo
(I,3)(Ca_y) = / (CL GG, j=1,2,  Tg— / 3G, G2)dC.

R2
The last expansion was obtained under assumption g, € S (R™). It’s easy to verify,
that this formula will be valid for g; € H P+a=3(R™). We need arguments like [2] and the
density property for S(R™) in HPt4=9(R™).

Let’s return to the formula (3). Changing variables, taking p + g = |n|, and denoting

5, 1324—131’132_1:1 EW+($lax2)>
2 2a
1 (T2t ® T2 —T1\ g
A# ( 2 ) =ay (x1,22),

using (3) for (2) ( so that AZlif € HI"I=0(R™)))
we obtain the following decomposition:

p—1g—1

ZZ e "

— = 0 (2)Puprrp1 (2, 2)

p—1

~ 71 ~
My o(x 3 Ny (z -
+ kvq( ) + p,T( ) +U+(:I/‘)7
= Dup1q(@,2)ax(r) = Ppriar(z, 2)az(z)
~ / ~ ~ 2 / ~ = 1 !
where Py (z) = T ®,g1, Mig(w) = TP @pgdr, Npole) = nV,0, 51, U =
ay (i)@fp,fq(%l‘zG%@p,qgl-
The function My, () has the form
~ k+q ~
- P , d p d
Nipg(z) = lim ka(y x)gl(‘y) y _ Z er.52° lim ¥ a1(y) Y
’ T—0+ (xy —y1 — tar) =0+ ) X —y1 —iaT
R2 |o|+]8]=0 R2
where o, § are multi-indices.
We consider more precisely
v’ (y)dy ooy Ga(yr)dyn
lim [ LI 1—,
70+ X1 — Y1 —war om0+ ) o Y1 —aT

R2



122 V. Vasilyev

denoting

+00 5
gp2(y1) =/ Yo G1(y1, y2)dys.

—00

The Cauchy integral can be written as follows:

0o B~ -1 . +o00

Y1 98 (y1)dy 3 ’ NP g

L = W/ (yl - ’L)jyflgb’z (yl)dy1+
-0 -

lim -
=0+ J_ X1 — Y1 —aT

lim L / (y1 — )", G5, (1) du
=0+ (21 — i)l o Y1 — T — 1aT

and, consequently,

-1

B i .
: Yy” g, (y)dy oy .
1 g IPI)TT E Ny
P50+ | @ —yi —iar (z1 — )i+l +9s(@1),
R? =0
where
daten) = ot [POZVRO [y
Al (1‘1 — ’i)l T—0+ 1 — Y — iar J R2 ! ! '

R2

Let [ = |n| — |8] — 1. Note that the last formula doesn’t include the sum under|s| =
In| — 1. It is easily verified that gz(z1) € HInl=0-181—3 (R-) (see the a priori estimates
below). Thus,

g -1
qu 60611
Z(I)k x,r)a Z Dy (2, x)ax( Zfﬁ—zHl
+1,q( (@ k=0 |o|+|8|=0 <T1d 2(z J=0
71 B
3 €s,32° g (1)
k=0 |o|+|8]=0 Prct1,9(2, 2)az(2)

Obviously, for the Np,r(m) we have analogous representation:

b%taﬂ

Il
Mf
—
=
no
=
.S
e
+
—
_|_
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qg—1
t2

r=0 ||+]¢=0

r+p

b%tﬁﬁ(@)

(I)p,r-l-l(wv x)a?é (J}) ‘

Using the previous uniqueness theorem and a lemma on radial tube domains from [6, 9]
we conclude

Uy (&1 — aba, & + akp) € HMZ75 (W) = HY (W),

Then we can write

Wile) = Oa(a) + 303 — ekl

k=0r=0 (2, 2)Pi1,r41 (2, @)

. o
60’61‘0 ZAJ'
S T
— )i+l
25 101 5o BrrLa(@ D)az (@) = (21 — 1)
= X Y ! T
2 > s iy

0 p,r+1($ 1‘)6#( ) 4

§=0 (w2 — )t

=0 |y|+]t|=

p—1  k+gq g—1 r+p

+Z Z es,52° gp(a +Z Z byt ft 2) ' (4)

0 lof+ip1=0 PhrLal @ DA (@) I S Porer (@, ) (@)

Using G.Eskin’s methods [2] one can verify that representation W, in the form (4)
is unique; thus, the solution of equation (1) with the right hand side f € H5 “(W{) is
belonging to H*(W¢) if the following conditions hold:

Pop(2) =0, gg(a1) =0, felwz) =0, 15 =0,
for all possible k, r, 3, t, j. )
The coefficients of the polynomial P, (z) (of orders notbgreater than |n| — 2) are

o8 = Cof / ¥ 41 (y)dy
R2
if

k+r

Py r(z,y) = Z o5yl
|o|+18]=0

According to Fourier transform properties, the condition ¢/ z=0is equivalent to the
following one:

obL b2

—a g1 =0, |8 =0,1,....|n| — 2.
ox! 83:52 | i

=0
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The condition \; = 0 is equivalent to

oitB1 b2
=0.

z=0

amf;:ﬁl 83:52

The similar assertion is true for p;.
The conditions gg(x1) = 0, fi(x2) = 0 are equivalent to the following ones:

v’y —9)'g1(y)dy _

lim . 07
70+ xr1 — Y1 —waTt
R2
[V =D 0y _
0+ To — Yo — iaT '
R2

And, according to Fourier transform and Cauchy type integral properties, we obtain:

obitl Hba
z Y =0,
5P 5| 2 < 0

xZ9 0
8t1 8t2+k
—_— =0.
Ot dxlztr M 2y >0

r1 = 0

Let’s summarize these results.

Theorem 2 (Main Theorem). Let & —s=n+9, n€Z, n <0, |§] < %

Then for arbitrary right hand side f € Hy *(W{) there exists a unique solution of the
equation (1), and its Fourier transform is represented in the form (4), where one needs to
substitute 1 = & — alo, x9 = &1 + as.

The function Uy (ay1—ys, ay1+y2) € H*(W?), gg(ayi—y2), falay+ye) € HM=71P=2(B),
respectively, By = {(y1,y2): ay1 — y2 < 0,ay; +y2 = 0},B_ = {(y1,92): ay1 — y2 =
0,ay; +y2 > 0}, |B] = 0,1,...,|n| — 1, and the constants \j,pj,j = 0,1,...1, in the
representation (4) are defined uniquely.

The equation (1) has a solution from H*(W{) if the following conditions hold:

10 o\ /1 0 o\
- - S+ =) Azl
<a oy 8y2> (a oy 8y2> =)

10 o\ /1 0 o\
- - S+ ) AZh
(a oy 6y2> <a oy 8y2> = 1)

y=0

ayr —y2 <0
ayr +y2 =0

)
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10 o\ /1 0 o\
- - S+ ) Azl
(G oy 8y2> <a oy 8y2> =)

The following a priori estimates hold:

=0.
ayr —y2 =10
ay1 +y2 >0

llurlls < ellfIla
(9815 < cllf e [folng < el
ng = ‘n‘ —0— |/3‘ - 1/2) |/3‘ = 07 1) ceey ‘n‘ - 17 ‘CZT,,B| < CHfH;rfaa

|/\j‘ < c”f”j—ou |Hj| < c”f”j—ou ‘/6| =0,1,.., |n| -2,7=0,1,...,L

Proof. We need to prove a priori estimates only. Using standard theorem from [2] on
boundedness of pseudo differential operators, we have

luglls = 1UL]ls = 1T+ ]]s =
= |la @, 1 Ga®p ALIf|s < ¢f|®, 4 Ga®p g AZM |5 <
< CHGQ(I)I),qA;llstfaefn < CH(I)p,qA;llstfaeJrn < CHA;llstfae <

< el[Uflls—a < elllflls—a < el fIla-

Further, if, for example, 0 < § < 1/2, then

981,,, = |1 =) TPy (0 — AT <
B

< (MM (41 — i)' A7 | o181t

because we have

<O<|n|—6—|8l-1/2-1=1/2-6<1/2<
< |y’ (y; —i)ATT <
<e[mp’ - 0AsT] o<

(the restriction on hyper-plane theorem [2])

< |y’ (yr — ) AZM s < o < |11

Finally,

sl < | vl <



126 V. Vasilyev

6/(1 + lyDPAZ )] - 1Lf (y)|dy < C/(l + )P f (y) | dy =

R? R?

—c / (1 -+ [y)PH==5 (1 + [yl F (w) dy <

R2

(the Cauchy inequality)

<c (/(1 + |y P2 dy) 2|15
R2

The integral is convergent if 2(|8| + & — s) < —2, i.e. || — |n| 4+ < —1. Thus, we
have the needed estimate.
The Aj, u; can be estimated analogously. <

Remark 1. Let’s consider gg(x1) in detail.
The expression y°(y1 — i)' g1(y) obviously can be written in the form Py(y1,y2)d1(y),
where Py (y1,y2) s a polynomial of order k = |5| + 1 of variables y1,y2. Then the integral

+oo
/ Py (y1,92) 91 (y)dy2
—0o0

means that we take (for inverse Fourier images) partial derivatives for g1 and their restric-
tions on the line yo = 0. In other words, we take linear combination of partial derivatives
in variable yo up to certain order with respect to one of the angle (wedge) side. Concerning
other variable, the expression

/ Yo (y1 — )' g1 (y)dy

— Yy —aT
R2
can be written as follows:
/Pk(yhyZ a1 (y /Zk1+k2 o Chu kYT Y521 (y)dy _
Y1 — iaT — Yy —iar
R2
|K| k17 (k
RSN it e
= Chy k2 21— —daT
k1+ko=0 —o© 1 b
where
7 (k2) T ke
hi = (y1) = / Yo" 91(y2)dys. (5)
o

The functions
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= (k
/*O‘“ 2 1) () dy
oo X1 — Y1 —taT

(6)

evidently can be treated as some potential like operators generated by right hand side of
the equation (1).

The notation (5) in our opinion is convenient because applying inverse Fourier trans-
form to (5) gives the following:

ok
813]52 g1

= n{") (a1).

xo=0

Now about integral (6). It is an ordinary Cauchy type integral by which one solves
well-known classical Riemann problem for upper and lower hyper-planes. The boundary
Riemann problem is a holomorphic functions theory problem. Since real and image parts
of holomorphic functions are harmonic functions, then real and imaginary parts of Cauchy
type integrals are (logarithmic) double and single layer potentials, respectively [3],[5],[4].
So, the terminology above is justified. The representation formula (4) shows that the
solution has “principal” part and a linear combination of double and single layer potentials
for traces of right hand side partial derivatives. In other words, the formula (4) is similar
to integral representation for solution of the equation (1), which corresponds to the case
@—s=n+6 n<0, n€Z, |6|<i. (See also. G. Eskin [1]).

Remark 2. It would be very interesting to obtain essential multi-dimensional variants for
such potential like operators, but there are some difficulties. The author hopes to explore
this case in one of his forthcoming papers.
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