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Inverse Scattering Problem for a Difference Sturm-
Liouville Equation on the Line
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Abstract. We study the inverse scattering problem for a difference Sturm-Liouville
equation on the real axis, where scattering occurs only in one direction. We derive a
necessary and a sufficient condition on the scattering data so that the inverse problem is
uniquely solvable.
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1. Introduction

Consider the following difference Sturm-Liouville equation on the real axis

n-1Yn—1 + bp¥Yn + @nYni1 = ANyn, N € Z, (1)

where a,, > 0 and b, are real coefficients. In the case when the coefficients
an, b, guarantee scattering in both directions, the inverse scattering problem
for equation (1) has been investigated in various contexts by many authors (see
[1]-[15] and the bibliography therein).

However, in the case of scattering problem for equation (1) has been studied
enough.

We will study the inverse scattering problem for equation (1), where the
coefficients a,, and b,, satisfy the following assumption:

A. The usual condition for the existence of scattering holds on the negative
half-line (see, e.g. [8], [15])

> [nl{lan = 1/ + |ba|} < oo (2)

n<0
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B. The boundary problem

(n—-1Yn—1 + bpyn + AnYn+1 = AYn, n >0,

Yy-1 = 07

generates a self-adjoint operator Ly in ¢ [0, co) with a bounded pure discrete
spectrum o(Lg), which has only a finite number of limit points.

Note that assumption B holds only if a, — 0 and b,, — 0 as n — +oo.

In the case of unbounded coefficients the inverse problem was studied in [3],
using the spectral matrix of equation (1). However, the technique developed in
[3] is, in general, not applicable to the inverse problem in the class A,B. Also,
the work [12] should be mentioned, in which the inverse problem for the equa-
tion (1) with bounded coefficients and continuous spectrum of multiplicity 2 is
investigated, using right and left Weyl functions and the known coefficient a_;.

In this paper we derive conditions on the scattering data which are neces-
sary and sufficient for the existence of unique coefficients a,, > 0, b, satisfying
assumptions A and B. To solve the scattering problem we use the Weyl solution
instead of the Jost solution referenced to +oc. In addition, there is no Marchenko-
type main equation at the right end. For these reasons some classical arguments
needed to be modified considerably.

Note that in the case when scattering occurs only at the right end, the inverse
problem for the Sturm-Liouville equation was studied in [13].

2. The direct scattering problem

The spaces {3 [N, 00), by (—o0, N), lo (—00, 00) with the corresponding in-
ner products < -, - > are taken in the conventional way (see, for instance, [3]).
We denote by Q the set-of limit points of the spectrum o(Ly).

For the sake of simplicity, in what follows we assume that the set o (L) |J2
lies in the interval (-2, 2).

It is known (see [3], [17]) the eigenvalues \,, n =1,2,..., of the self —adjoint
operator Lg are simple. Consequently, the spectral function of the operator Ly,
which we denote by p(\), is a step function concentrated at the points A,, n =
1,2,....

Denote by P, (A), Qn(X) the solutions of equation (1) satisfying the conditions

Py(A) = Qo(A\) =0, B(\) =1, Q1(A\) = ag .

Consider the spectral function
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where

oo o 1
=S R0 =
k=0 n=1 "

Following [3], [17], [18], we introduce the Weyl function m(\) =< R)x6, 0 > of the
operator Ly, where R) is the resolvent of the operator Ly and 6 = (1, 0,0, ...) €
050, 00). The Weyl function is related to the spectral function (see [1],[3]) by

the equality
yi dp(T
mn) = [ 2,

—00

which implies that

_ 3

z:: an ( )\ —-A) (3)

Note that the Weyl function m(\) may be used to reconstruct the spectral

function p(A). Indeed, by the Stieltjes-Perron formula (see [1], ch.3, §4), for
A# Ap,n=1,2, ..., we have

1 A

_ L : p

p(A) = - 61_1)1110 g Imm(T +ic)dr. (3"

At the points A\, n = 1,2,..., we define the function by left continuity, that is,

by the formula

p(An) = . p(A). (3")

We also introduce the Weyl solution

d}n()‘) = Qn()‘) + m()‘)Pn()‘)v n ez, (4)

of equation (1). By (3) and (4), the Weyl solution is analytic on the whole
complex A\—plane except for the simple poles A\, &k =1,2,..., (the point A =0
is a nonisolated singularity of the Weyl solution). In addition, it is known (see, for
instance, [3] or [18]) that for the equality 1, (\) = (R\J)y, is valid. Consequently,
for every N > —oo the Weyl solution belongs to f2 [N, oco) with respect to the
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variable n. By virtue of the well-known relation d%\R,\ = R?\ this last property is
d
also shared by 759, ()).
Now consider equation (1) with parameter X = z + 27!, where |2| < 1.
Throughout what follows we assume that A, = z, + 2, !, where |z,| = 1, Imz, >
0,2z, — i as n — oo. We introduce the notation

M(z)=m(z+271), (5)

S (6)

Now suppose that condition (2) is satisfied. Then equation (1) with parameter
A =z + 1 possesses a Jost solution f,(z) (see, for example, [8] and [15]), which
can be represented in the form

fu(lz) = Z K(n,m)z"",n € Z, (7)

m<n

where the kernel K (n,m) satisfies the relations

K(n,n) >0, K(n,n) -1 as n— —oo,

K(n,m)=0( Y {lar =1 +]b:)}), (8)

r<[nbm]

as n-+m — —oo,

here, [-] denotes the integer part of a number. Consider the Jost solution f,(z).
According to (7), (8), for any n the solution f,(z) is an analytic function of
z in the disc |z| < 1 it is continuous up to its boundary. For all such that
|z] = 1,22 # 1 the pairs fn(2), fu(2) = fu (l) form the fundamental sys-

z

tems of solutions of equation (1) because their Wronskian W { fn(2), fn(z)} =

an (fn(z)an(Z) — fn+1(z)fT(z)> is equal to z — 2! (see [8], [15]). Hence, the
solution ¥, (z) may be represented as a linear combination of them. On the
other hand, by virtue of (4), (6), the solution takes real values for |z| = 1, z€ €.
Therefore, for |z| = 1,22 # 1, 2€ ), the following expansions are valid

Un(2) = a(2) fal2) + a(2) fu(2)- (9)
Setting n = —1 and n = 0 in (9) we find that

fo(2) + a—lM(Z>f—1(Z>.

a(z) =
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Obviously, a(z) is continuous for |z| = 1, z€ Q, may be except at the points
z = =1.
Consider the function M (z). By virtue (3),(5) we have

M(z) :Z;an(z—z:;(l—zzn)7 (11)

which means that the function M (z) is analytic in the disc |z| < 1. Taking into
o

account that > -- =1, we find from (11) that
n=1 "

M(z)z7' = -1 as z—0. (12)

By virtue of the properties of the functions f,(z) and M(z) established above,
the function a(z) may be extended by analytic continuation to the disc |z| < 1.

Lemma 1. The function a(z) can only have a finite number of zeros in the disc
|z| < 1. All these zeros are real and simple.

Proof. Note that the zeros of the function a(z) are eigenvalues of the operator
defined on ¢5 (—o0, 00) by the equation (1). By virtue of assumption A,B this
operator is self-adjoint. Consequently, the zeros of the function a(z) are real .

Denote the greatest lower bound of the distances between the neighbouring
zeros of the function a(z) by r. We shall show that » > 0. Assuming the contrary
we see that there exist subsequences &y, & of zeros such that

lim ék = lim X = &g,

k—o0 k—o0
where —1 < &y < 1. According to (10) the function a(z) may be extended by
analytic continuation to the disc |z| < 1. Therefore, if —1 < &y < 1 then by the
identity theorem for analytic function we obtain a(z) = 0, which is impossible

Now suppose, for instance, that ey = 1. Without loss of generality we can

assume that &y, > &, > 3, k= 1,2, ... Using (7) —(8) we choose a number N > 0
such that for all n < —N the inequality f,(z) > %z‘” be valid. Then we have

2N

) 1 _ 1 = 1
2 Falwofa(@n) > 3 3 @ = 3 >

n<—N n<—N

As the eigenfunctions in the discrete spectrum are orthogonal, using the equalities

fuleer) = claer) Wn(wr), fo(@r) = c(@r) Un (),

which are obvious, implies that
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0= 2 fn(%wfn(&k) = Z fn(aek)fnG%k)—i_

T_L?Z n<—N
0 Fulen)falon) + clon)oln) X nlao) Un(@n) (13)

Since
lim f,(&r) = lim f,(eex) = fn(1),
k—oo k—oo

we have

lim c(aeg)c(y) = f2(1)¥2,(1) >0,

k—o0

hm Z fnl(er) fu(dr) = Z f2

nlN n=1—N

lim Z\IJ aek %k)— HR,\(SH ‘)\ 1 > 0.

k—o0
n>0

Hence, passing to the limit as k& — oo on both sides of (13), we arrive at 0 >
4~N=1"shich is false. Thus, the assumption made above (r = 0) is wrong and
the function a(z) can only have a finite number of zeros ey, eea, ..., 2.

Now we will show that these zeros are simple. Let

fn(aek) = ck‘lln(aek), k = 1, s P,y (14)
Consider the relations
(1= 272) upp = W [lt—1, 9p1] — W [itn, U] =
=W |:19n717uTL711| -W |:19n7un:| )

where W [uy,, 9] = an, [un¥n+1 — unt19,] and the dot denotes differentiation with
respect to z. Summing these equalities for u,, = ¥, (2), ¥, = fn(2), 2 = a8} and
taking (14) into account we obtain

W[\Ijn(aak%fn(a?k)} (1_ 72) Ckl i |fm(aek’)’2a

m=n-+1

W [0 (n), fuleen)] = (1= ) ' % o)

Consequently
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dW [y (2), fn(2)]

— (1 — -2 L2,
dz e (1 =) o my,
On the other hand, it follows from (9) that
W v
a(z) — [ Ti(lz)afn(z)} .
z7l—2
Since a(zy) = 0, the last two equalities imply
da(aey) -1, -2
Xk dz = k mk s (15)
and this means the zeros of the function a(z) are simple
The proof of lemma is complete. <

It follows from the lemma that the function #(z) = a~!(z) can only have a
finite number of simple real poles &, k =1

,...,p in the disc |z| < 1.
On the other hand, if we consider the boundary value problem

N N N
afl_)lynq + 0, )yn +al )yn+1 =AYn, n<N,
YN+1 = Oa
where

GV an for In[ <N, vy _ [ by for |n| <N,
" 1  for n<-—N, n 1 for n < —N,
and, following the notation introduced above, set

g N+1 1
o Z( )
where pn 11 ()\,(CN)> =0,k=1,..,N+1, and

MM (z) =m™ (24 271 ,aM(z) = 2° M)+ as MM () f Y (z)

z—z71 ’
then we find that M) (2) — M(z) (see [3]) and féN)(z) — fn(z) (see [8]) as
N — co. This means that a™¥)(2) — a(z) as N — oo. It is easily seen that the
function —t— i

Ay 18 bounded near the points z = +1. Now passing to the limit we
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establish that the function #(z) = a~'(2) is also bounded near the points z = +1
p
and, hence, the function za~!(z) H & is bounded in the disc |2 < 1.
)

The function t(z) = a~!(z) is referred to as the transmission coefficient. Set-
ting n = —11in (9) we Obtaln the relation

T + A fa(2),

a—1
according to which a(z) # 0 for |z| = 1, z€ Q. Taking (10) into account this
means that the transmission coefficient ¢(z) is a continuous function for |z| = 1,
z€ (2, except possibly at the points z = +1.

We shall demonstrate that at the points of the set Q\Q. Suppose z€ Q. It
is known (see [12 ]) that between two poles of the Weyl function m(\) there is
exactly one zero of this function. Consequently, there exists a sequence Z,such
that |Z2,| = 1, 2, —» ® as n — oo and t(Z,) — ae%f;)l as n — oo. Here,

fo (ee) # 0. Indeed, f, (s¢) and fn fn (22) form a fundamental system of solutions for
the equation (1) with A = & + L; hence P, (s) can be written as a nontrivial
linear combination of them. As a result, by virtue of the condition Py () =1 we
obtain fj (&) # 0.

On the other hand, ¢ (z,) — 0 as n — oco. Thus, it has been established that
there no exists Zh_r)r;e t(z).

Consider formula (10). By virtue of properties of the function a(z) established
above, the function ¢(z) is analytic at the points of the disc |z| < 1 at which a(z)
is nonzero.

Moreover, by virtue of (7), (10), (12), we have the asymptotic formula

2t(z) = K71(0,0) as z — 0. (16)

Let us virtue out some of the properties proved above in the form of a condition
that will be needed in what follows.

Condition 1. The function t(z) = a~'(z) is continuous for |z| = 1, may be
except at the points z = +1 and at the points of the finite set Q. At the points
z € it has no limit. The following relations hold

t(z) =t (i) ctH(zn) =0,n=1,2,....

The function ¢(z) may be extended by analytic continuation to the disc |z| < 1
except possibly for a simple pole z = 0 and, perhaps, a finite number of simple
real poles a1, &9, ..., %, in this case, zt(2) = d > 0 as z — 0 and the function

p
2t(2) [I ==X is bounded in the disc |z| < 1.

XL
k=1 k
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The collection of quantities

{t(z) = a M2) |z =1 e, 0 <ol <1;my >0, k=1,....,p},
is called the scattering data for equation (1). The inverse scattering problem
for equation (1) is to recover the coefficients a,, b, of this equation from the
scattering data.

For our problem, we introduce equations relating the scattering data to the
Kernel K (n, m):

1 CL(Z) —n—1 $ 2. .,—"n
J2=1 h=t
Theorem 1. The following relations hold
K(n,m) K(n,r)
F —_— F = < 1
(n+m)+K(n,n) +;K(n,n) (r+m)=0, m<n<0, (18)
K
(n,7) F(r+n), n<o0. (19)

K~ %(n,n) =14 F(2n) + ;L Kl

Proof. Consider identity (9) for n < 0. We substitute the representation (7)
into it, multiply it by ﬁ%z_(mﬂ), m < n, and integrate along the circle

a
|z| = 1. Then, using (4)-(6), (11) taking due account of the fact that

U, (2)z= Y S h, as 2 — 0,

where

ho_ -1  for n=0,
"l ——2—  for n<-—1,

An...a_1
and applying the reside theorem we obtain relations (18) and (19).«
Relation (18) is called Marchenko- type main equation. Applying research

techniques available for Marchenko-type equation (see [8]), we can obtain the
following necessary condition on the scattering data.

Condition 2. The following estimate holds

> |nl|F(n+2) — F(n)| < co.
n<—1
Now we find the relation between the transmission coefficient and the spectral
function of Lo. Specifically, applying (5), (10) gives another necessary condition
on the scattering data.
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Condition 3. The function m(\) defined by formulas (5) and (10) is analytic
on the whole complex plane, except at the simple poles \, = z, + 2, ' takes real
values on the real axis. Moreover, the function p(X\), defined by (3°), (3”) is the
spectral function of some self — adjoint difference Stur Liouville operator Ly on
the positive half-axis with the boundary condition y_1 = 0.

3. The inverse scattering problem

In the previous sections, we obtained the necessary Conditions 1-3 on the
scattering data. Let us prove that these conditions are also sufficient for uniquely
recovering the coefficients from the scattering data.

Theorem 2. Suppose that the conditions 1 and 2 are satisfied. Then for any
n, with n <0 equation (18) has a unique solution in £, (—oo, n — 1], p=1,2.

Proof. First of all, we note that by virtue of Condition 2, equation (18) is gen-
erated by a completely continuous operator on ¢, (—oo, n — 1], p = 1,2. There-
fore, in accordance with the Fredholm alternative, equation (18) has a unique
solution ¢, (—oo, n — 1] in if the homogeneous equation has no nontrivial solu-
tions in ¢, (—oo, n — 1].

Consider the homogeneous equation

hm+ Y F(m+71)h, =0, m<n<0. (20)
r<n
Since F(n) is real —valued, it may be assumed that all the h,, are real.
Moreover, since each solution of equation (20) from ¢; (—oo, n — 1] also be-
longs to f2 (—oo, n — 1] it suffices to show that (20) only has the zero solution in
0y (—o0, n — 1]. Let hy, be a solution of (2.1) from ¢ (—oo, n — 1]. We introduce
the function

gz)=> hez", |zl <L (21)

r<n

The function g(z) obviously belongs to the class Ha (see [16], ch.2, p.175).
Now multiplying both sides of equation (20) by h,, and summing over m from
—00 to n — 1, in similar way to [8] and [15], we establish that the function

g0(2) = ig(2), (22)

satisfies the relations

— = for almost all z, |z]=1, (23)
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go(aek) = 0, k= 1, ey P
By the generalized reflection principle (see, f.i., [11] ch.3, §2 ) the function

91(2) = (24)

is analytic in the whole complex plane and

gl(z):mC) for |z > 1. (25)

Then, taking account of Condition 1, it follows from (21)-(25) that

g1(2) = —idhp_100n, as z — 00,

where d > 0 and &, is the Kronecker delta. By Liouville’s theorem we have the
identity

gl(Z) = _idhn—léon 5
according to which g;(z) = 0 for n < 0. Moreover, if n = 0 and h_; # 0,then we
have g1(z) = —idhy—1. The last identity contradicts (23). Therefore, h_; = 0.
Thus, g1(z) = 0 and consequently, h,, =0 for m < n.
The theorem is proved. <«

Note that the fact that F'(m) is real-valued and equation (18) is uniquely
solvable suggest that K(n,m) are real. In addition, it may be shown similarly
to [2], [6] and [7] that the function f,(z) defined by (7), (18), (19) satisfies an
equation of the form (1) for n < 0 with parameter A = z + % and coefficients

On = K(n—&—l,nl—l)’
b — K(n,n—1) K(n+1,n) (26)
n = "K(mm;m)  K(n+lntl)

Moreover, by virtue of Condition 2 the assumption A holds true (see, for example,
[8],[15]).

Theorem 3. For a set of quantities

{t(z) = aM2) |zl =L, O0<al<0; mp>0, k=1,..,p}

to be the scattering data of some equation of the form (1) with coefficients satis-
fying assumptions A and B, it is necessary and sufficient that Conditions 1-3 be

fulfilled.
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Proof. That Conditions 1-3 are necessary was established in 1. Now let
Conditions 1-3 be satisfied. Then, for each n < 0, equation (18) has a unique
solution K (n,m). With the help of K (n, m) we use formulas (26) to find a,and b,
for n < —1. We construct fo(z)and f_;(z)according to (7), (18) and (19) and use
them to define the function m(\) by formulas (5) an (10). As a third necessary
condition, we assume that p(\) given by () and () be the spectral function of
a difference Sturm-Liuville operator Ly on the half-axis. Then the coefficients
apand b, with n > 0 are recovered from the spectral measure dp(\), as in [3].
By Condition 3, dp(\), is supported by a bounded countable set. Therefore,
assumption B is also satisfied.
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