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The space of large subsets of hyperspaces and its cardinal

properties

Beshimov R.B.∗, Khujaev A.A.

Abstract. In this work, we study the density, weakly density, caliber, precaliber, Shanin number,
and preshanin number of the space of large subsets of hyperspaces. It is proved that any above-
mentioned cardinal of the space of large subsets of hyperspaces is not greater than the corresponding
cardinal of any infinite T1-space.

Key Words and Phrases: hyperspace, compact space, cardinal, the Vietoris topology

2000 Mathematics Subject Classifications: 54B20, 54A25

1. Introduction

Let X be a topological T1-space. We denote the set of all nonempty closed subsets of
a topological space X by expX.

The least topology satisfying these conditions is said to be the Vietoris topology at the
set expX. In other words, it is the least among topologies in which the set exp(X0,X) is
closed for any closed subspace X0 of the space X and open for an open one. We preserve
the notation expX for the space defined in this way, and take the name “the space of
closed subsets” or the hyperspace of X.

For U1, . . . Un ⊂ X, let

O 〈U1, . . . Un〉 =

{

F : F ∈ expX,F ⊂

n
⋃

i=1

Ui, F ∩ U1 6= ∅, . . . F ∩ Un 6= ∅

}

=

=

{

F : F ∈ expX,F ⊂
n
⋃

i=1

Ui,

}

∩

(

n
⋂

i=1

{F : F ∈ expX,F ∩ Ui 6= ∅}

)

.

If sets U1, . . . Un ⊂ X are open, then the sets

{

F : F ∈ expX,F ⊂

n
⋃

i=1

Ui

}

= exp

(

n
⋃

i=1

Ui,X

)

,
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{F : F ∈ expX,F ∩ Ui 6= ∅} = expX \ exp (X \ Ui,X) ,

are open in the space of closed subsets by definition of the Vietoris topology, therefore the
set O 〈U1, . . . Un〉 is open. We denote by expnX the set of all nonempty closed subsets
of the space X with the power not more than the cardinal number n, i.e. expnX =
{F ∈ expX : |F | ≤ n} . Let expω X = ∪{expn X : n ∈ N} , expcX = {F ∈ expX : F is a
compact in X}. It is clear, expnX ⊂ expω X ⊂ expcX ⊂ expX for any topological space
X.

We denote the power of a set A by |A|, and the closure of A by [A].
The weight of a space X is defined as follows: w(X) = min{|B| : B is a base in X}.
A set A ⊂ X is said to be everywhere dense in X if [A] = X. The density of X is

defined as the least cardinal number in the form |A|, where A is an everywhere dense
subspace of X. This cardinal number is denoted by d(X). If d(X) ≤ ℵ0, then we say the
space X is separable [7].

We say the weakly density [2] of the topological space X is equal to τ ≥ ℵ0 if τ is
the least cardinal number such that there exists a π-base in X decomposing on τ centered
systems of open sets, i.e. B = ∪{Bα : α ∈ A} is a π-base, where Bα is a centered system
of open sets for any α ∈ A, |A| = τ.

The weakly density of a topological space X is denoted by wd(X). If wd(X) = ℵ0,
then X is called weakly separable [1].

A cardinal τ > ℵ0 is called a caliber [6] of X if for any family µ = {Uα : α ∈ A} of
nonempty open in X sets such that |A| = τ, there is a B ⊂ A for which |B| = τ , and the
family ∩{Uα : α ∈ B} 6= ∅.

Let k(X) = {τ : τ is a caliber of the space X} .
A cardinal τ > ℵ0 is said to be a precaliber [6] of X, if for the family µ = {Uα : α ∈ A}

of nonempty open in X sets such that |A| = τ, there exists a B ⊂ A for which |B| = τ,
and the family {Uα : α ∈ B} is centered.

Assume pk(X) = {τ : τ is a precaliber of the space X} .
The Shanin number sh(X) [9] for the topological space X is defined in a following way:

sh(X) = min
{

τ : τ+ is a caliber of X
}

,

where τ+ is the least number between cardinal numbers strictly larger than τ.
The preshanin number psh(X) [9] of the topological space X is defined as follows:

psh(X) = min
{

τ : τ+ is a precaliber of X
}

,

where τ+ is the least number between cardinal numbers strictly larger than τ.
In [10], L. Vietoris proved the following

Theorem 1. ([10]) Let X be an infinitely compact. Then w(X) = w(expX).

In [8], E. Michael proved the following

Theorem 2. ([8]) Let X be an infinite T1-space. Then
1) d(X) = d(expX);
2) w(X) = w(expcX).
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In [3], the following statement was proved.

Theorem 3. ([3]) Let X be an infinite T1-space. Then

ϕ(X) = ϕ(expn X) = ϕ(expω X) = ϕ(expcX) = ϕ(expX),

where ϕ ∈ {d,wd, k, pk, sh, psh}.

We need the following

Proposition 1. ([4]) Let τ ≥ ℵ0 be an infinite cardinal. Then for any topological space
X, the following conditions are equivalent:

1) any π-base B in X is decomposed on τ centered systems Bα of open sets for each
α ∈ A, |A| = τ ;

2) wd(X) ≤ τ ;
3) in X, there exists a π-net decomposing on an union of τ centered systems Bα of

sets α ∈ A, |A| = τ ;
4) any family θ of nonempty open subsets of X is τ -centered.

2. Basic results

Let F be a closed subset of a topological T1-space X. The set

F+ = {E ∈ expX : F ⊂ E},

is called a large subset of the hyperspace expX.
For each set F ∈ expX, the set F+ = {E ∈ expX : F ⊂ E} is a closed subset of the

hyperspace expX, i.e. F+ ∈ exp(expX) by virtue of Theorem 3.4 [7]. In this case the set
F is called the basis of F+. Let

K expX =
{

F+ : F is a nonempty closed subset of X
}

.

This subspace is closed by definition of the Vietoris topology (see the proof of Theorem
3.5, p. 91 [7]).

The space X is naturally embedded in K expX in a following way:
any point x ∈ X is an element of {x} ∈ expX, hence, {x}+ ∈ K expX is an element of
K expX.

The hyperspace expX is also naturally embedded in K expX :
any element F ∈ expX is identified with F+ ∈ K expX.

The Vietoris base in K expX is formed by sets in the form of

W 〈O1, . . . , On〉 =

{

F+ ∈ K expX : F+ ⊂
n
⋃

i=1

Oi, F
+ ∩Oi 6= ∅, i = 1, . . . , n

}

,

where O1, . . . , On ∈ D = {O 〈U1, . . . , Uk〉} , D is an open base of the topology expX,
U1, . . . , Uk are open sets of X.

We call the space K expX with the mentioned topology the space of large subsets of
the hyperspace expX [5].
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Properties of large subsets of hyperspaces

1) If F1, F2 ∈ expX and F1 ⊂ F2, then F2 ∈ F+
1 ;

2) If F1, F2 ∈ expX and F1 ∩ F2 6= ∅, then F+
1 6= F+

2 ;
3) If F1, F2 ∈ expX and F1 ∩ F2 = ∅, then F1 /∈ F+

2 F2 /∈ F+
1 ;

4) If F1, F2 ∈ expX and F1 ⊂ F2, then F1 /∈ F+
2 .

The proof of these properties is obvious.

Proposition 2. A space X is a T1-space if and only if K expX is a T1-space.

Proof. Let X be a T1-space. Then by Theorem 3.5 [7] the space expX is also a T1-
space. Once again by virtue of Theorem 3.5 [7] the space exp(expX) is also a T1-space.
It is known, T1-spaces are inherited by any subspaces, that’s why K expX is a T1-space.

Conversely, let the space K expX be a T1-space. We have shown that the space X is
naturally embedded in K expX. T1-spaces are inherited by any subspaces, therefore X is
a T1-space.

Proposition 3. Let X be a normal space. Then the space K expX is the Hausdorff space.

Proof. Let X be a normal space. Then the space expX is regular. By virtue of
Theorem 3.6 [7], exp(expX) is the Hausdorff space. It is known, property of being a
Hausdorff space is inherited by any subspace, therefore K expX is the Hausdorff space.

Proposition 4. Let X be an infinite compact. Then

w(X) = w(K expX).

Proof. Let w(X) = τ ≥ ℵ0. Then w(expX) = w(X) = τ by virtue of Theorem 1.
That’s why w(expX) = w(exp(expX)) = τ. ButK expX ⊂ exp(expX), and the weight of
a topological space is inherited by any subspace, therefore w(K expX) ≤ w(exp(expX)) =
τ. On the other hand, the hyperspace expX is naturally embedded in K expX, therefore
τ = w(expX) ≤ w(K expX) ≤ τ. We obtain from here w(K expX) = τ.

Let f : X → Y be a continuous mapping of compacts X, Y, and F ∈ expX. Let

(exp f)(F ) = f(F ). (1)

The equality (1) defines the mapping exp f : expX → expY. This mapping is contin-
uous. Continuity follows from the formula

(exp f)−1O 〈U1, . . . , Un〉 = O 〈f 1U1, . . . , f 1Un〉 .

It should be noted that if f : X → Y is an epimorphism, then exp f is also an
epimorphism [7].

Let f : X → Y be a continuous mapping “onto”. For any closed set F ⊂ X, the set
F+ ∈ K expX is closed in exp(expX). Suppose

(K exp f)(F+) = (fF )+. (2)
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The equality (2) defines the mapping

K exp f : K expX → K expY.

Let W 〈O1, . . . On〉 be arbitrary basic open set in K expY. Let us show continuity of
K exp f. The mapping K exp f acts by the formula

(K exp f)−1W 〈U1, . . . , Un〉 = W
〈

(exp f)−1U1, . . . , (exp f)
−1Un

〉

.

Really, let us first show that for any set E+ ∈ K expY, the set ∅ 6= (K exp f)−1 (E+) ⊂
K expX is nonempty. Let E+ ∈ K expY, where E ⊂ Y, is the basis of the set E+. Consider
the preimage of the set f−1(E). Since the mapping f is epimorphic, there exists a closed set
F ⊂ X such that f(F ) = E. Then by definition of the mapping, we have (K exp f)(F+) =
(fF )+ = (E)+. We proved that the set (K exp f)−1(F+) 6= ∅ is nonempty for each
E+ ∈ K expY. It means, if the mapping f : X → Y is an epimorphism, then the mapping
K exp f : K expX → K expY is also an epimorphism.

Let now W 〈O1, . . . , On〉 be arbitrary basic nonempty open set in K expY, where
O1, . . . , On are open sets in expY. Consider

(K exp f)−1W 〈O1, . . . , On〉 = W
〈

(exp f)−1O1, . . . , (exp f)
−1On

〉

.

Definition of the mapping exp f implies that the sets (exp f)−1O1, . . . , (exp f)
−1On are

nonempty open sets in expX. Then

W
〈

(exp f)−1O1, . . . , (exp f)
−1On

〉

,

is an open set in exp(expX) by definition of the Vietoris topology. ThereforeW
〈

(exp f)−1

O1, . . . , (exp f)
−1On

〉

∩K expX is a nonempty open set in K expX. Hence, K exp f is a
continuous mapping.

Proposition 5. The operation K exp is a covariant functor in the category of compacts
Comp and their continuous mappings.

Proof. 1) Let us shown validity of the equality K exp(idX) = idK expX . Let F ⊂ X be
arbitrary closed subset of the compact X, and F+ ∈ K expX. Consider the mapping

(K exp(idX))(F+) = (idX(F ))+ = (F )+. (3)

Consider the identical mapping idK expX : K expX → K expX. This mapping means
that for any closed set F+ ∈ K expX we have

idK expX(F+) = F+. (4)

(3) and (4) imply K exp(idX) = idK expX .
2) Now, let us show validity of the following equality K exp(g ◦ f) = (K exp g) ◦

(K exp f). Let X, Y, Z be compacts, f : X → Y and g : Y → Z be continuous mappings
“onto” between compacts. Consider the mappingsK exp f : K expX → K expY, K exp g :
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K expY → K expZ. Let F ⊂ X be arbitrary closed subset of X. Then f(F ) = E and
g(E) = K. Consider the mappings

(K exp(g ◦ f))(F )+ = (g ◦ f)(F )+ = K+, (5)

(K exp f)(F+) = (fF )+ = E+ (K exp g)(E+) = (gE)+ = (K)+. (6)

Hence, ((K exp g) ◦ (K exp f))(F+) = (K exp g)(E+) = (K+). We obtain from (5) and
(6) that K exp(g ◦ f) = (K exp g) ◦ (K exp f).

LetW = W 〈O1, . . . , On〉 be a nonempty open base element ofK expX.We understand
by the skeleton (frame) of the basic element W in expX the class K(W ) = {O1, . . . , On} ,
where W = W 〈O1, . . . , On〉 . We denote this skeleton as K(W ). The system S(W ) =
{V1, . . . , Vl} of all possible mutually intersections of elements from the class K(W ) is said
to be the mutually trace of the basic element W in expX.

Theorem 4. For any infinite T1-space X, we have
1) d(K expX) ≤ d(X);
2) wd(K expX) ≤ wd(X);
3) k(K expX) ≤ k(X);
4) pk(K expX) ≤ pk(X);
5) sh(K expX) ≤ sh(X);
6) psh(K expX) ≤ psh(X).

Proof. 1) Prove the inequality d(K expX) ≤ d(X). Let |M | = d(X) = τ ≥ ℵ0,
and M = {aα : α ∈ A, |A| = τ} be everywhere dense in X. Denote Σ = {Mα : Mα ⊂
M, |Mα| < ℵ0}. It is clear, |Σ| = d(X) = |M | = τ. Let us show that the system Σ is
everywhere dense in expX. Let O 〈U1, . . . , Un〉 be arbitrary basic open set in expX, where
U1, . . . , Un are open sets in X. Since the set M is everywhere dense in X, we have that
there exist points ai ∈ M such that a1 ∈ U1, . . . , an ∈ Un. Then Mα = {a1, . . . , an} ∈ Σ,
and Mα ∈ O 〈U1, . . . Un〉 . So, the system Σ is everywhere dense in expX.

Now let us show that Σ+ = {M+
α : Mα ∈ Σ, α ∈ A, |A| = τ} is everywhere dense in

K expX. LetW 〈O1, . . . , On〉 be arbitrary nonempty open set inK expX, whereO1, . . . , On

are open sets in expX. Everywhere density of Σ in expX implies that there exist sets M1 ∈
Σ, . . . , Mn ∈ Σ such that M1 ⊂ O1, . . . , Mn ⊂ On. Choose points F+

i ∈ W 〈O1, . . . , On〉
such that Mi ∈ F+

i for each i = 1, 2, . . . , n. Let M+
α =

{

M+
1 , . . . ,M+

n

}

. ThenM+
α ∩Oi 6= ∅

for each i = 1, 2, . . . , n. Hence, the system Σ+ = {M+
α : Mα ∈ Σ, α ∈ A, |A| = τ} is every-

where dense in K expX. Thereby we proved 1).
2) Let us show that wd(K expX) ≤ wd(X). Let wd(X) = τ ≥ ℵ0. Then by virtue of Theo-
rem 3, wd(expX) = τ. Let us show wd(K expX) ≤ τ. Let µ = {Wα 〈U

α
1 , . . . , U

α
n 〉 : α ∈ A}

be any π-base in K expX, where Uα
1 , . . . , U

α
n are open sets in expX for each α ∈ A. Let

ν = ∪{Bβ : β ∈ B} be a π-base in expX, where Bβ =
{

Oβ
s : s ∈ S

}

is a centered sys-

tem of open sets for each β ∈ B, and |B| = τ. For any set Uα
i , α ∈ A, i = 1, . . . , n,

there is Oβ
s such that Oβ

s ⊂ Uα
i because of π-baseness of the system ν. Thus, the system

{Uα
1 , . . . , U

α
n : α ∈ A} is decomposed on τ centered systems. By virtue of Proposition 1,

item 1), we have wd(K expX) ≤ τ. 2) is proved.
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3) Now let us show that k(K expX) ≤ k(X). Let k(X) = τ. Then by Theorem 3
k(expX) = k(X). For this, let us show that k(K expX) ≤ k(expX). Let k(expX) = τ,
and µ = {O 〈Oα1

, . . . , Oαn
〉 : αi ∈ A} be a family of arbitrary nonempty open subsets of

the space K expX of the power |A| = τ, where Oα1
, . . . , Oαn

, αi ∈ A are open sets
in expX. Since τ is the caliber of the space expX, there exists the subfamily B ⊂ A
such that ∩{Oαi

: αi ∈ B, |B| = τ} 6= ∅. Let F ∈ ∩{Oαi
: αi ∈ B} . Then for any set

{O 〈Oα1
, . . . , Oαn

〉 : αi ∈ A} we have F ∈ {O 〈Oα1
, . . . , Oαn

〉 : αi ∈ A} . So, τ is the cal-
iber of K expX, i.e. k(K expX) ≤ k(expX). Hence, k(K expX) ≤ k(X). 3) is proved.

4) Let us show that pk(K expX) ≤ pk(X). Let pk(X) = τ. Then by virtue of Theorem 3
pk(expX) = pk(X). For this, let us show that pk(K expX) ≤ pk(expX). Let pk(expX) =
τ, and µ = {O 〈Oα1

, . . . , Oαn
〉 : αi ∈ A} be the family of arbitrary nonempty open subsets

of K expX of the power |A| = τ, where Oα1
, . . . , Oαn

, αi ∈ A are open sets of expX.
Since τ is the precaliber of expX, there is a subfamily B ⊂ A such that the family µ1 =
{Oαi

: αi ∈ B, |B| = τ} is centered. Then the system µ2 = {O 〈Oα1
, . . . , Oαn

〉 : αi ∈ B} is

also centered in the space K expX. In fact, let O
〈

Oα1

1

, . . . , Oα1
n

〉

, . . . , O
〈

Oαk

1

, . . . , Oαk
n

〉

be arbitrary finite sets from the system µ2.

Consider the intersection
k
⋂

s=1

{

Os
αi

: i = 1, . . . , n
}

. This intersection is nonempty since

the system µ1 is centered. Let F ∈
k
⋂

s=1

{

Os
αi

: i = 1, . . . , n
}

. Then the intersection F ∈

k
⋂

s=1

O
〈

Os
α1
, . . . , Os

αn

〉

6= ∅. That implies τ is the precaliber of the space K expX, i.e.

pk(K expX) ≤ pk(expX); hence, pk(K expX) ≤ pk(X). 4) is proved.

5) Let us show that sh(K expX) ≤ sh(X). Let X be an infinite T1-space, and
sh(X) = τ. Then by Theorem 3 sh(expX) = sh(X) = τ. For this, it is sufficient to show
sh(K expX) ≤ sh(expX). By definition of the Shanin number, τ+ is the regular cardinal
and the caliber of the space X. By virtue of item 3) of Theorem 4, sh(K expX) ≤ sh(X).
5) is proved.

6) Now let us show that psh(K expX) ≤ psh(X). Let X be an infinite T1-space, and
psh(X) = τ. Then by virtue of Theorem 3 psh(expX) = psh(X) = τ. For this, it is
sufficient to show psh(K expX) ≤ psh(expX). By definition of the preshanin number,
τ+ is the regular cardinal and the precaliber of X. By virtue of item 4) of Theorem 4,
psh(K expX) ≤ psh(X). 6) is proved.

Corollary 1. If the space X is separable, then the space K expX is also separable.

Corollary 2. If X is weakly separable, then K expX is also weakly separable.
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