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TOPICAL REVIEW
Inverse scattering problem on the axis for the triangular 2 x 2 matrix
potential with or without a virtual level

F. S. Rofe-Beketov*, E. 1. Zubkova

Abstract. A survey of authors’ works. The characteristic properties of scattering data for the
Schrédinger operator on the axis with a triangular 2 x 2 matrix potential are obtained in the case
when a simple or multiple virtual levels is present, as well as in the case of absent virtual level.
Under a multiple virtual level, a pole for the reflection coefficient at k = 0 is possible. For this
case, the modified Parseval equality is constructed.
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1. Introduction

Initially, a complete solution of the inverse scattering problem (ISP) on the axis for
the Schrodinger equation

Y +V(2)Y = k%Y, —00 < T < 00, (1.1)

with a real scalar potential having the first moment, which allows presence of a virtual
level (VL), i.e., (1.1) for k = 0 admits existence of bounded on the whole axis non-trivial
solutions, has been given in the monograph by V. A. Marchenko [18, Ch. 3] (see also [19]).
In the case of the potential having the second moment, a solution for the ISP is considered
n [11], [16, ch. VI].

In [27], [29], [30], [31] the authors solve the ISP on the axis for the equation (1.1) with
a triangular 2 x 2 matrix potential. In this case, necessary and sufficient conditions are
obtained for a given collection of values to be the scattering data (SD) for a problem of
this form. A solution of such problem is reduced to the Marchenko equation under the
assumption that the upper triangular 2 x 2 matrix potential V' (z) has the second moment
on the axis and real diagonal elements:

(14 2%)|V(z)| € L' (—o0, +00), Im vy(x) =0, 1=1,2; wvoi(x)=0. (1.2)
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Here |V (x)| denotes the (operator) norm of the matrix V(z). Besides, in the case of the
matrix problem (1.1) in question we introduce a method of addition of a discrete spectrum
(cf. in the scalar self-adjoint case [16, Ch. VI], [3]) and the method of elimination of
eigenvalues.

The case when a VL exists (simple or multiple) for k& = 0 appears to be essentially
more difficult. Theorems 2 and 3 of this survey are devoted to the solution of ISP with a
VL being present. For the case of no VL, see Theorem 1.

It should be noted that important results in scattering theory in the case of the
Schrodinger operator both in 1- and 3-dimensional space, along with the works cited
above [3], [11], [16], [18], [19] are contained in the monographs [1], [2], [5], [6], [10], [21],
[22], [23], [25], [26], [28]. See also the bibliography therein. The eigenvalue expansion in
3-dimensional scattering problem for the Schrodinger equation was initially established in
[24].

2. Basic definitions

Index ‘0 will be used to mark values which are either related to a problem with no
discrete spectrum or those derived from SD of a problem with discrete spectrum whose
existence is in no way used in the construction. Matrices are denoted by capital letters,
while the matrix elements by the corresponding small letters.

00 0 G
We also use the matrix Wronski determinant defined as
W{G(z),H(z)} = G(z)H'(z) — G'(z)H (x).
In addition to (1.1), we consider also the tilde- (~)-equation:
[Z)=-2"+2ZV(z) = k*Z, —00 < x < 00. (2.1)
The solutions B+ (z, k), E+(z, k) of (1.1), (2.1) with asymptotics

Ei(z, k) ~ et Ey(x,k) ~ eI 2 +o0, Imk>0, (2.2)

are called the Jost solutions. These can be written in the form [15] (see also [18], [16], [1])
Foo

Ei(z,k) = Iet™ &+ / K (z,t)eT*dt,
T

+oo
Ey(x, k) = Ie*™® + / Ky (z,t)et™*dt, Im k>0,
T
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in terms of transformation operators, where
V(z) = F2dK 4 (2, x)/de = F2dK 4 (z, z)/dz. (2.4)
In addition to the Jost solutions (2.2), we will need the solutions
E)(z, k) ~ et I ElMa, k)~ eI, z—4oo, Imk>0, k#0, (2.5)

which form fundamental systems together with E4 (z, k) and, respectively, with E(z, k).
Matrix solutions E7 (z, k) have been constructed and investigated in [1], and the solutions

E)(z,k) can be constructed in a similar way. However, unlike the Jost solutions, the
solutions (2.5) are not determined by their asymptotics unambiguously for Im k& > 0.
On the other hand, once one of the solutions (2.5) is fixed, let it be E?(z,k), then the

corresponding solution E’fr (z,k) is determined uniquely under the additional assumption

_ - d d ~
W {Efr(x, k), B} (=, k)} = B (@, k) B (@, k) — — B} (@, k) B (¢, k) = 0,
Imk>0, k#0.

(2.6)

Given an arbitrary ¢ > 0, the solutions (2.5) can be chosen analytic in k for |k| > ¢,
Im k& > 0, and we will assume they are chosen exactly this way. (See also [21] for the
scalar case.)

With real £ # 0, the pairs of functions E.(x,+k) or E_(x,+k), together with
Ey(z,£k) or E_(z,+k), form fundamental systems of solutions for (1.1) or (2.1), re-
spectively. Their Wronski determinants are independent of z, and (see, e.g., [4])

Ei(z,k)=E_(z,—k)A(k) + E_(z,k)B(k),
E_(z,k) = E (z,—k)C(k) + Ey(x,k)D(k), @7
Ey(z,k) = C(k)E_(z,—k) — D(—k)E_(z, k), '
E_(z,k) = A(k)Ey (2, —k) = B(—k)Ex (x, k),
where )
A(k) = ﬂW{E,(x,k),EJr(x,k)},
Ck) = —ﬁw [Bi(e k). E_(xk)} oy
B(k) = —ﬁw [B_(e. k). Bo(a. b))
D(k) = ﬁw {E+(a:, —/-c),E_(x,k:)} . keR\{0}
The values N . .
R¥(k) = D(R)C(K) ™ = —A(K) ™ B(=k); 29)
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are called right (respectively, left) reflection coefficients. A relation between them is given
by

R (k) = —A(=k)RT (=k)A(k) ™! = —C(k)'RT (—k)C(-F), keR. (2.10)
As a consequence of the well-known relations

A(—K)C(k) =T — B(k)D(k);  C(—k)A(k) = I — D(k)B(k);

B(—k)C(k) + A(k)D(k) = D(—k)A(k) + C(k)B(k) = 0, (211)
which are themselves due to (2.7), (2.8), one has (see [18], [4]):
— — -1 _ .
(1= R (-0)R (1) = ARIC(-h); 012

The eigenvalues k:]2 of the problem (1.1), j = 1,p, coincide with the collection of
eigenvalues for scalar scattering problems with real potentials vy (x), which are just the
diagonal elements of the matrix potential V' (z). Therefore, k:JQ are roots of the equation
det A(k) = ai1(k)age(k) = 0, Im k£ > 0. Hence there are only finitely many eigenvalues,
and k:]2 <0, Im k; > 0. Note that a;(k) = ¢;(k) and det A(k) = det C(k).

We call the polynomials

ZF ()

—ie #i Res , {W*(k:)C(k)_leikt} :

Z7(t) = —ie™i Res , {W‘(k)A(k)_le_ikt} . j=Tp, teR, (2.13)

ZH(t) = —ie "' Resy, {A*l(k)’Wﬂk)eikt} .

where

WER) = 2o W { Bl (2. K). B (2. h)}
N 21’“ - (2.14)
W*(k) = =5 W { B (w, k), B (2, k) }
2ik
respectively, the right and the left normalizing polynomials (compare to the scalar case [21],
[17], [7]). Normalizing polynomials do not depend on the choice of E7} in the expression
(2.17) for WE(k).
In the upper half-plane, one has the following representation

E_(z,k) = Ey(z, k)W (k) + B} (z,k)C(k), Im £ > 0. (2.15)
Definition 1. The problem (1.1) of the considered form will be said to have a multiplic-

ity two (respectively, simple, i.e., multiplicity one) VL for k = 0 if det{kA(k)} has a
multiplicity two (respectively, simple) root at k = 0.
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Note that kay (k) can have root of multiplicity at most one at & = 0 because |a; (k)| > 1
for k € R and d{kay(k)}/dk are continuous.

This can be rephrased by saying that the problem (1.1) possesses a multiplicity two
VL for k = 0 if every scalar equation of the form (1.1) with potentials v1;(z) and vaa(x)
has a VL. The problem (1.1) has a simple VL if just one of the potentials vy (x) has a VL.

Also note that def {kA(k)}r—o = 1 in the case of simple VL, and it is 1 or 2 in the
case of multiplicity two VL.

Definition 2. A scattering data is a collection of values
+ 1.2 + L
{R (k), k €R; k2 <0, Z; (t),j—l,...,p<oo}, (2.16)

where RT(k) is a matriz reflection coefficient, Z;-r(t) matriz normalizing polynomials,

k‘? < 0 the discrete spectrum of the problem (1.1). R*(k), Z;’(t) are upper triangular 2 x 2
matrices, as well as the potential V(x). These are right SD; the left SD will be indexed by
7. If R*(k) is the right matriz reflection coefficient of a problem of the form (1.1), then
its diagonal elements r;lr(k:) (1 = 1,2) are right reflection coefficients for scalar problems of
the form (1.1) with potentials vy(z) (I = 1,2), respectively. Therefore, v, (k) and ri,(k)
possess all the properties of scalar reflection coefficients (see [18]). In particular, they are
continuous on the azis (for k = 0 see also [14]), and the potential vy(z) (1 =1 or 2)
determines a problem with no VL if and only if rl'}'(O) = —1,1=1,2. On the contrary,
the potential vy(x) makes sure a VL is present if and only if —1 < T;{(O) <1.

Remark 1. No special symbol will be reserved for the integrals in the sense of Cauchi
principal value. Fourier integrals of functions from L?(—o0,0), L?(a,00), or L?(—oc0,a)
are treated implicitly in the sense of convergence in a corresponding L? space. In particular,

1 w eikx

o k

—0o0

{
dk = —si .
5Sign &

The values
TH(k)=Ck)™ 5 T (k)= A(k)",

are called the right and the left transmission coefficients, respectively. Note that, in
opposition to the scalar case, in our problem generically

TH(k) # T (k).

Let us introduce the notation

{ 1, 0<z<oo, (the Heaviside function) (2.17)

ol-1)= m{kg()},  m@)={ y SSTT
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3. Auxiliary propositions

Lemma 1. a) One has the following inequalities that involve degrees of normalizing poly-
nomials:

deg ZjE

||Mw

sign zll —1<1, ji=1,p, (3.1)

with the diagonal elements zm being non-negative and independent of t. (The degree of
the identically zero polynomzal is assumed negative.)
b) Ranks of normalizing polynomials satisfy the following relations:

+ _ : + _ : + L
rg Z; (t) = rg diag Z; (t) = rg diag Z; (0), j=1p. (3.2)

¢) Matriz elements of normalizing polynomials and those of matrices C(k), A(k) are related
as follows:

a1 (k;)=H) (0) + cu<kg>z;£ i (k) (=) (0) = 0; 653
A ara (k) + 287 (0)ana (k) + (210 7) (0)aa (k) = 0;
zﬁ”cu(m D (0)azz (ky) — i(=01) (0)aza (ky) = 0;
i+ b+ (34)
all(k’y)zljz () (kJ)ZZZ _mll(k’y)(zljz )/(0):0;
a11 (k) (zH57)(0) = aza (k) (=117 (0) = 0; 55)
an(k)% =0,  1=12 j=Tp

Proof. The claims a) and b) can be proved just as in [9]. Prove (3.4), (3.5) for Z;(t).
Use (3.1) to deduce from the definition (2.13) that

Z7(0) = —zd%(W*(k)C(k)’l(k — kj))k,: (Z)(0) = (WH(E)C (k) (k= kj)*);

that is

(ZHY(0)C(ky) = (W (R)C(R) " Ck) (k — ky)), = (W () (k — k)2, = 0

ZH(0)0(kj) — i(Z}) (0)C(kj) =

d _ . - :
=~ (W (k)C (k)" (k - /-cj)Q)kj C(kj) —i(WH(K)C (k) (k — kj)*)i, C(k;) =
d 1 2 d 2
= i (W (RO OO — kP, = i (WHR)(E — ky)?), = 0.
Now write down the latter relations separately for the matrix elements to get (3.4) and
(3.5) for Z;'(t), j = 1,p. The validity of (3.3), (3.5) for Z; (t) can be proved in a similar
way. Lemma 1 is proved. <«
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Lemma 2. The associated right SD (2.16) and tilde-SD for the problems (1.1) and (2.1) of
the above form coincide. Similarly, the left data for the problems (1.1) and (2.1) coincide.

Proof. We present a proof for the case of right SD. Define the reflection coefficient for
the problem (2.1) by N
RT(k) = =AY (k)B(-k), k e R, (3.6)

with A(k) and B(k) being determined by (2.8). The third equality in (2.11), together with
(3.6), implies
R*(k) = D(k)C~ (k) = —A~'(k)B(—k) = RT(k), k eR. (3.7)

Coincidence of the eigenvalues k:?-, Im k; > 0, for the problems (1.1) and (2.1) follows
from the upper-triangular form of the problems and the fact that the diagonal elements of
the matrix potential V (x) are real, that is det A(k) = det C'(k) = a11(k)ag2(k), Im k& > 0.
By the definition of the normalizing polynomial for the problem (2.1) one has

ZF(t) = —ie~ ™" Res {A—l(k)Wﬂk)eikt} : (3.8)
with
W*(k) = =W { B (w,k); B (2, K) | .
W > kW { (, k) (3.9)
In the upper half-plane, similarly to (2.7), one has the following representations:

Ey(2,k) = E_ (2, k)W~ (k) + EX (z, k) A(k),
ElNa, k) = E_(z, k)W (k) — BNz, k)W (k), (3.10)
E_(z,k) = E4(z, k)W (k) + EX (z,k)C(k), Im k>0,

with W=(k) and W (k) being defined by (2.14), W\(k) = — 22 W {EA (. k), E)(x, k)}.
Now substitute the initial two relations of (3.10) into the third one to obtain:

E_(x,k) = E_(x, k)W~ (k)W (k)+
+ EMNa, B)A(RYW (k) + E_(z, k)W"(K)C (k) — E"(x, k)W (k)C(k).
Grouping the summands we get with Im k > 0
E_(z,k)(I = W (k)W (k) — WNk)C(k)) = EM (@, k) (A()W (k) — WH(Ek)C (k).

Since the solutions E_(z,k) and E”(z,k) form a fundamental system with Im k& > 0,
the following relations are valid:

ARWT (k) = WHR)C(k), =W (kW) +WNk)CKE),  Imk > 0.

So, A(k)"'WT(k) = WH(k)C(k)™!, that is ZH(t) = Z;’(t), which was to be proved.
Lemma 2 is proved. <«
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Remark 2. Similarly to (3.7), one has for the left reflection coefficient
R~ (k) := B(k)A(k)™" = =C(k)"'D(—k) =: R~ (k), k €R, (3.11)

and for the left normalizing polynomial

Zj_ (t) = —ie™*i'Res k].{W*(k)A(k)flefikt} — kit Res kj {C(k)*1W*(k)€7ikt} 7

j=T,p, with W~ (k) = ﬁw{i(az,k),Eﬁ(x,k)}.

The formulas (3.11) and (3.7) allow one to write down a relationship between right
and left reflection coeflicients:

R™ (k) = —A(=k)RT(=k)A(k)™' = —C(k)'RT(-k)C(-k), keR. (3.12)

Lemma 3. One has the relations as follows between right and left normalizing polynomials
for each T € R:

() = —C.i(t — ) ZF(r -1 g <ki>
20 = =Gyt =2} )+ QAT 1)
ZF(t) = —Aj(t = 7)[Z; (1) + Q' CS7

_ . <k;j>r .+ - =14 T
Z; ()= C;;JZJ. (1) + Q;] Aj(T — 1), (3.14)
ZH(t) = —AS77[Z7 (1) + Q471 Cy(r — ),

with
Cj(t) = €M1 Res i, {C(k) "Le ™) = O + (—it) =),

Aj(t) = e *i'Res  {A(k) 1M} = ASP7 it AT
Q] being an arbitrary upper triangular matrices with the property ql[f =0 if zl[l] = # 0 and
Gl #0if 2 =0 (1=1,2), 15 Q; =2 —1g ZF(1).

Proof. It is easy to demonstrate that at k;, the eigenvalues of problems (1.1) and (2.1),
one has the following relations:

Ey (2, k) ASY” = 2E_(2,k;)(Z;)(0);

B (0, k) AT+ B (0, k) AT = iB_ (2, k) 27 (0) +2E_ (2. k;)(Z; ) (0);

E_(2,k;)C=" = —i* By (2, k)(Z]) (0);
E_(2,k;)C07 + B_(2,k;)C=Y~ = iE, (2, k $)Z3(0) — By (x, k) (Z]) (0);

C=y7 By, ky) = 2(Z5 Y (0)E— (2, k));

CF7 By (a,ky) + O By (w, k) = iZ; (0B (2, ky) + 2(Z; ) (0)E—(, ky);
(3.17)
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{ A7 B (2,ky) = —i2(Z]) (0) By (. by);

ASVTE_(x,k;) + ASY7E_(x,kj) = iZ5 (0)By (2, kj) — 2(Z ) (0) E4 (. k).
(3.18)
Prove the first relation in (3.13). The second one of (3.13) and (3.14) can be proved in a
similar way. Transform the system (3.15) as follows:

B (w0, ky) A (—t) = PE_ (2, k) (Z; ) (8);

{ (k) Aj(—t) — B4 (2, k) A (—t) = iE_ (2, k) 27 (£) + B (a, ky) (27 ) (8);

to be rewritten in the block matricial form:

(0" Bl () - (50 20k ()

Furthermore, it follows from (3.16) that

) <k;>
(F-Goks) Eolo)) (C_l )(Zﬁ<t>+Qj>1A<’fj>=

0 c”

_ (Ei(z k) Ei(z, k) iZ7(0) e
- ( 0 E+(a:,kj)> (—iQ(Z;f)’(o)> (Zf () + Q) t AT,

Apply the relation
_ k;
25 (M Z](6) + Q)T AT = Aj(r — 1), (3.19)
to be proved below, to deduce that

. <k]'> )
(E(g’kj) 28’2;5) (§<aj> (ZF () + Q) ATy =

(45 B (A7) (5% £ ()

Compare left and right hand sides to deduce

Z:(t) = ~C77(ZF (8) + Q) AT

(Z7)(t) = iC=y 7 (Z] (8) + Q) ATy

Multiply the second relation by (7 — t) and add to the first one to get z; (1) = —-Cj(t —
t)(Z;r(t) + Qj)_lAflfj>, or equivalently Z; (t) = —Cj(t — T)(Z;r(T) + Qj)_lAflfj>.

Now prove (3.19). Consider the cases:

1) a11(kj) = ax(k;) = 0, then zl[lﬂi # 0, hence Q; = 0, and so by a virtue of the
second relation in (3.4):
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i+ i+
(1)— @® 1 a12 (k) (k—k;)*
zH(nzF A = (1 TR (an(kn ~ i e Gemtty j) _
0 1 0 m(k )
= AT Li(r AT = A(r ).

2) a11(k;j) = 0; aza(k;) # 0, hence qm =0; q 7& 0 and Z+( t) = ZJ+( T) = Z+ Aj(r—t) =
A_;. Thus (3.19) is equivalent to Qj(Z;r +Qj)” lAflf “ = 0. So, in our case

]+ 4 ,ld]

(4] 1zt 1 a1z (k)

ot N1 4<ki> _ [0 a5\ [ ZOF BOEAE aa k) antas® ) |

Qi(Z; +Qj) Ay = (0 qM) p 1[1j]‘122 < Héka) 11(’%0) 22(’%)) =0.
422

3) a11(kj) # 0; azn(k;) =0, henceq 7&0 q22—0and Z;(t):Z;( T) = Z+ Aj(r—t) =

A<k . Thus (3.19) is equivalent to Q](ZJr +Q;)” lAflfj> = 0. By virtue of the second
relatlon in (3.4) one has

]+ 4]

_Z + a
oz 4oy _ (4 B (F ) (0 ~ i | —
I\ J -1 0 0 0 ]1 0 a22(k)

T
Lemma 3 is proved. <«

Note that Lemma 3 and (3.12) indicate that, to determine the right scattering data
given the left SD or conversely, it suffices to retrieve simultaneously the matrices A(k) and

O(k).

Lemma 4. In the case of without VL for the problem (1.1), (1.2) under consideration one
has the following decomposition of the Dirac d-function:

oz —t)] =
B p 1 l ~
/ Ey(z, k)A(R) T E_(t,k)dk+) Y Z.lfl—]d{&(x, K)(Z) D) Es(t, k)b,
j=11=0
(3.20)

or equivalently

Sz — 1) = % / B (. WL (t k) + Bo (e )R (B (1, 8) } dht

which is known to be equivalent to the Parseval equality.
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Proof. (cf. [8]) uses the method of contour integration, to be combined with a passage
to weak limit for the resolvent zR,(L) — E as z — oo, with E being the identity operator
generated by the kernel 6(x — ¢) as an integral operator, along with (2.7), (2.9). «

Lemma 5. [The following assumptions can be valid only in the case without VL.] Suppose
that an upper triangular 2 x 2 matriz R™ (k) is continuous in k € R and has a continuous
derivative which is bounded on the entire axis and is such that %R*’(k) = o(k™!) as
k — do00; RT(0) = —I, RT(k) = O(k™!) as k — +o0, and I — R (—k)RT (k) = O(k?)

as k — 0. Assume that its diagonal elements are such that r}i (k) = rjj(=k), |rjf (k)| <
1- lci]]zg, [ =1,2, and the associated functions
+oo
1 In(—|ri (k)P
0 — .0 l
zay(z) = zc;(z) = zexp 57 / s dk 3 | l ,2, Im2z>0,
(3.22)

are continuous in the closed upper half-plane (see [18], [11]), and such that the function

(k) = katy (—k)agy (k ) {ri (=) (k) + ri5(=k)ray (k) } h?(0) =0, (3.23)

satisfies the Holder condition on the real axis, that is, there exist constants o and u,
0 < u <1, such that |h°(k1) — hO(ko)| < alky — ko|* for all —co < k1 < ko < 00, and
moreover,
RO(k) = O(k™1), k — +oo. (3.24)

Then the following Riemann-Hilbert problem is solvable uniquely with respect to ¢l (k)
and als(—k) (cf. (2.12)), which are regular and bounded, respectively, in upper and lower
half-planes:

ks (k) _ —kaly(—Fk)

a}y (k) agy(—k)
It turns out that this solution satisfies the assumption

R(0) = —1I, (3.26)

+ KO (k), kcR. (3.25)

with R~ (k) being produced as in (3.12) via the matrices A(k) and C(k), determined from
(3.22), (3.25). The above solution admits a representation in the form

Aoy = LG O g, -
R (327
with -
QLz / ZO k, +Im z > 0,
- (3.28)
= QL / E1RO(k
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Proof. The Riemann problem (3.25) under the assumptions of the Lemma has index
v = —1, hence its solution exists and is unique (see [12], 14.7). Unlike [12], we do not
require the Hélder condition for h%(k) at the neighborhood of the infinity. This is because
the related formulas get simpler since the coefficient of the equation (3.25) is already

afy (k)
a9, (—k)

written in the factorized form , SO we obtain

2cfy(2) = {ao + ¥ (2)}ad, (2), Im z >0,
—zaly(—2) = {ao + ¥y (2)}ady(—2),  Imz <0,

with ag being a constant determined by the requirement for the right hand sides to be
continuous at z = 0, i.e.,

(3.29)

ag = —¢g (0) = =1 (0), (3.30)
and the functions 1 (2) being determined by (3.28) where one should note that apy(—k) =
a(k), I = 1,2, by a virtue of (3.22). The second equality in (3.30) follows from formula
(3.28) which has already been established, and the assumptions of the Lemma. The
solution (3.29) is derived from (3.25), after one takes into account (3.28) and the Sokhotski-
Plemelj formulas. This all together results in

kc(1)2(k) _ ¢+(k) — _ka(1)2(_k)
af (k) " afy(—k)
where the second equality (with a constant as a right hand side) follows from the Liouville
theorem, since the left and the central parts of (3.31) appear to be analytic continuations
of each other to the entire complex plane. Now an application of (3.30) allows one to
deduce (3.27) from (3.31).
Now use (3.12) to construct a function

— 4y (k) = ap, (3.31)

v (k) = — R (R @bk 4 (R (k)

afy (k) afy (k) 2 - afy (k)

An application of the Sokhotski-Plemelj formulas for ¢ (2) (3.28) allows one to deduce
from (3.29) with k£ # 0 on the real axis

_ a9 (—k) ri1(k) 5o (k)
ro(k) = — 2(2) TE(—k) -4 {aO + ¢(J)r(—k)} — 2 {ao + ¢(J)r(k)} .
ary (k) k k
It follows that as & — 0 by (3.31), (3.30) one has r,(0) = 0 since r;;(0) = —1 due to the
properties of the scalar inverse scattering problem, which yields (3.26).
Lemma 5 is proved. <«

Remark 3. Suppose that in Lemma 5, besides the matriz R* (k) that satisfies the as-
sumptions of the Lemma, we are given numbers ka < 0 (with Im k; > 0) and polynomials

Z;'(t), j=1,p, t € R, which satisfy the assumptions a), b), and (3.5) of Lemma 1. Set

p st
ks
zey(2) = zay(2) = zal)(2) H <z " k:]> ’ , Im z > 0, (3.32)
j=1 N
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with sé» = sign Zl[le >0,1=1,2. In this case the Riemann-Hilbert problem

kclg(k‘) . —k‘alg(—k‘)

= + h(k), 3.33
where
: 5]
= .34
H(Hk) o) =0, (3.34)
is also solvable uniquely under the assumptions (3.4) so that
ze12(2) =
P )
—1(0) H Ky +arz+ .+ agz” N
: . J
= J= - —|—1/)+(Z) all(z)H(zjk]) , Imz>0,
[1(z+ Ej)r j=1 J
7j=1
(3.35)

— zayo(—2) =

D )
—1p™(0) H k;”” +aiz+ ...+ ag2"

= = + 97 (2) p az(- H<Z+k>

p
[1(z+ k) j=1
7j=1
Im z <0,
with ay,...,a, being retrievable uniquely using the systems (3.4), (3.5), and given nor-
P )
malizing polynomials, k = ) kj, where kj = 831- + s = sign z[jl} + sign ngH, and the
j=1
functions *(z) and T (0) being determined by
1T hk) B (k—k\ Y
+ M
= — dk +I 0 3.36
V= (z) 27ri/k—zj1;[1<k+kj> : m z > 0, (3.36)
17 k—k
*0) = L) dk. 3.37
o= 5 [ [T (55 ) (3.37)

—00 Jj=1

The solution we get this way appears to be such that (3.26) is valid if R~ (k) is constructed
as in (3.12) which involves matrices A(k) and C(k) determined by (3.32), (3.35), (3.33),
(3.34). Note that the problem (3.33), (3.34) in our case has index v =k — 1.
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Ezplanations to Remark 3. Note that the determinant of the linear system that defines
ai,...,a; is non-zero in the cases under consideration, as one can see from (3.5).
p
Observe also that, unlike [12, 14.7], we use the denominator [] (z + k;)" instead of
j=1
(z+1)". This replacement turns out to be more suitable in our case (e.g., in (3.35), etc.).

p
Since Im k; > 0, our product [](z+ k;)" as well as (z +4)" from [12, 14.7], have the
j=1

same index as z varies from —oo to +00, namely (—x/2).

Lemma 6. The coefficients A(k) and B(k) given by (2.8), admit representations as fol-
lows:

o0

Alk) =T~ ﬁ / V(z)dr + /O Ai(t)e ™dt y =T+ 0 <%> :

o (3.38)
1 , 1
B(k) = %k / By(t)e ™ dt = o <E> ; k — o0,

—0o0
with A1 (t) being a summable matriz function whose first moment exists on (—oo; 0] under
condition (1.2);
Bi(t) is a summable matriz function whose first moment exists on (—oo; 00) under condi-
tion (1.2).

Proof of Lemma 6 coincides to that of a Lemma by V. A. Marchenko [18, Lemma
3.5.1.], if one takes into account that under condition (1.2) the kernel K(z,t) of the
transformation operator is a summable function, which has the first moment with respect
tot € [z;00). <

Lemma 7. In the case without VL, suppose that a matriz potential V (x) has the second
moment on the azis as in (1.2). Then the matriz reflection coefficient R* (k) for the
problem (1.1), is a bounded function of k on the whole axis with a continuous derivative
and such that %R‘F(kz) =o(3) as k — Foo.

Proof. It follows from Lemma 6 that it is possible to differentiate kA(k) and kB(k) in
k in the integrands (3.38). Thus we have

0

d{kA(k)}/dk =T + % / tA1(t)e Fdt = T + o(1),

d{kB(k)}/dk = o(1), k — +o0.
This, together with the definition R*(k) (2.9), implies the claim of Lemma 7, after one
observes that under absence of VL
lim kA(k) = Ch; lim kC(k) = Cy;
k‘li% ( ) Cl’ kli&) C( ) 02’ (3‘39)
det C; # 0; det Cy # 0. <
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Lemma 8. ([13, Chapter I, § 2, Example 5]) Let
P
F(z) = (z) . Rea;>0, Reb >0, (3.40)

[1 (z —ia;)% T] (x +iby)m
j=1 =1

where P(x) is a polynomial whose degree is lower than degree of the denominator. Then

m
00 Spi(t)e ™t >0,
/ F(z)e @tdy = { 151 —o00 <t < oo. (3.41)
oo Z QJ'(t)eajt7 t <0,
j=1

Here pi(t), q;j(t) are polynomials of degrees r; — 1 and kj — 1, respectively.

Proof. Decompose F(x) (3.40) as a sum of simple fractions and find the Fourier
transforms of each of those fractions. The subsequent summing up the results gives (3.41).
<4

4. The case of absent VL

4.1. A formulation of Theorem 1. The necessity in the version 4)

In the formulation of the next theorem we do not restrict ourselves with citing the
numbers of the necessary formulas written earlier in the text, but reproduce them here
after appropriate references for the reader’s convenience.

Theorem 1. (See [31, Theorem 2]). In order to have the set of values (2.16):
- 32 - L
{R (k), k € R; k2 <0, Z (t), j _1,...,p<oo},

the right SD of the problem (1.1), (1.2) without VL, it is necessary and sufficient that the
following conditions 1) — 6) are satisfied. Here R* (k) and the polynomials Z;(t), j=1,p,
are upper triangular 2 X 2 matriz functions. This theorem is valid in the two versions:
either condition 4) or condition 4a) is involved.

1) R™(k) is continuous in k € R and has a continuous derivative which is bounded
on the entire azis, so that dR"(k)/dk = o(k™") as k — +oo. Moreover, r}} (k) =

r(—k), | (B)] < 1= C&% with )y > 0, 1= 1,2, R*(0) = —I; I - R*(~k)R* (k) =
O(k?) as k — 0 and RT (k) = O(k™!) as k — oo (the two latter conditions here
can be enhanced as necessary ones to requiring continuity for the function {I —
RY(—k)R*(k)}k=2 for k € R together with the estimate R (k) = o(k™!) as k —
+o00).
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2)

3)

)

F. S. Rofe-Beketov, E. I. Zubkova

The function
17 ,
F;{(x)ZQ— / RT(k)e*®dk, (4.1)
T

—0o0
1s absolutely continuous, and for every a > —oo one has
d
—Fi (x
dx k()

(14 2%) € L' (a, +00). (4.2)

The functions zc))(z) = zal(z), | = 1,2, given by (3.22):

o0

L [P,

0 —_ _.0
= =ze - )
zey(2) = zag(2) Z €Xp A

Imz >0, (4.3)

are continuously differentiable in the closed upper half-plane after being defined on
the real axis by continuity. Here one has lirr%)(za?l(z)) # 0 due to the absence of VL.
z—

The function

Fg(x)z—% / C(k) 'R (—k)C(—k)e *=qk, (4.4)

1s absolutely continuous, and for every a < +oo one has
(14 2?) |dFy (z)/dx| € L'(—o0,a). (4.5)

Here the matriz C(k) for k € R is defined as C(k +i0). Forl = 1,2 its elements
cy(k) are given by (3.32):

P st

z—kj\7

zep(2) = zay(2) = 2c)(2) | | (z n k:3> , Im z >0, (4.6)
j=1 !

where Im k; > 0, sé» = sign zl[le > 0. Furthermore, co1(k) =0, c12(k) = c12(k + i0)
with zci2(z) being given by (3.35), which can be rewritten as

P .
—pt(0) TT k' + a1z + ... + ax2"
=1

J

ze1a(z) = o +9t(2) p ady(z), TIm z>0.
[1(z+ kj)r
j=1
(4.7)
The constants ai,...,a, are uniquely derivable from the given polynomials Z;'(t),

p :
together with ay(z) determined by (3.32), (3.22), kK = > Kj, K; = sign zgle +
j=1
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sign ZgQH. Besides zc12(z) is bounded and continuous in the closed upper half-plane,

e}

VE () = —— hk) f[ <k — k7>sj dk,  +Im 2z >0, (4.8)

where
h(k) = kaii(=k)azz(k){r{, (=k)riy(k) +ri5(=k)rap(k)},  h(0) =0,  (4.9)

or equivalently, h(k) given by (3.34),

- 211

) = o Ooklh(k)ﬁc_kj)s;dk (4.10)
paiey k?—i—kj ' '

4a) (4.5) is still valid if one substitutes in (4.4) C(k) by the matriz C°(k), where ¢))(z) =
a(z), L = 1,2, are given by (3.22), and {,(2) is determined as follows

2 (2) = [0 (2) = ¥¢ (0))ady(2), Tm z >0, (4.11)
T 0
v (z) = QLm / Z Ek; dk, (4.12)

1
Y (0) = — / k1RO (k)dk (4.14)
2me
2 : ,
5) deg Z;-r(t) < > sign zl[lJH —1,j=1,p, with zl[lm' being non-negative and constant.

=1

°

6) rg Z;r(t) =rg diag Z;r(t) = rg diag Z;T(O), j=1,

Remark 4. The conditions of the theorem related to the diagonal matrix elements only,
are direct consequences of [18, ch. 3], [11], [16, ch. VI].

Remark 5. In the case when the discrete spectrum is absent, the conditions 5) and 6)
of the Theorem become inapplicable and should be discarded. The conditions 4) and 4a)
become the same.

Proof of Theorem 1. The necessity.
Similarly to [18], under the condition (1.2) one has that RT (k) is a continuous function
of k € R. In this context, since the upper triangular potential of the scattering problem
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(1.1) has its principal diagonal formed by real functions, the following relations hold:

rif (k) = 1 (=k) and |rif (k)] <1 - S55 1=1,2 (see [18]).

Furthermore, (2.7) and (2.9) imply with £ € R

kE_(z,k) = {Ey (2, k)[R (k) + 1] + By (z, —k) — By (z, k) HeC(k). (4.15)

Since the scattering problem (1.1), (1.2) in question is assumed to have no virtual level,
the definition (2.8) implies the existence of the limits

lim kA(k) = Cy;  lim kC(k) = Cy;
k—0 k—0 (4.16)
det Cl 75 0; det 02 75 0.

Thus, passage to a limit as k — 0in (4.15) yields 0 = ]lirr%){EJr(x, k) RT(k)+I]}kC (k) =
—
E{(x,0) ]}:irr(l)[R*'(k) +1]C5. By a continuity of R* (k) one has R*(0) = —1I. Also by (4.16),
ﬁ

we deduce from (2.12) that I — RT(—k)R* (k) = O(k?) as k — 0.

Lemma 6 and the definition of reflection coefficient (2.9), (3.7) imply R* (k) = o(k™!)
as k — +o00. The rest of the properties of Rt (k) listed in condition 1) of Theorem follow
from Lemma 7. Condition 1) of Theorem 1 is proved completely.

Condition 2) of Theorem 1 follows by arguments, with the help of which the Marchenko
equation is derived for the given right SD (see [18], [1], [9]).

The fact that zay(z) (3.32), (3.22) (hence identically the same function zc¢y(z)) is
continuous in the closed upper half-plane, is proved in [18] by an application of Lemma
3.5.1 from [18], and the continuous differentiability of these functions in the closed upper
half-plane is an obvious consequence of Lemma 6. Condition 3) of Theorem 1 is proved.

Using Lemma 5 and Remark 3, the relation (3.12) between left and right reflection
coefficients, and the argument that derives the Marchenko equation by a contour integra-
tion for the given left SD, (see [18], the text that starts at (3.5.14) and ends at (3.5.19"))
we thus prove that condition 4) holds. An additional observation to be used here is that
the uniqueness for constants ay, ..., a, in the expression (4.7) for zcj2(z) follows from the
system of linear equations (3.4) after substituting therein the expressions for ci2(k;) (4.7)
and for aj2(k;) (3.35), as well as those for a;;(k;), an(k;) (3.32) (cf. Remark 3). Note that
the determinant of the above system that defines a1, ..., a, is non-zero in the cases under
consideration, as one can see from (3.5).

Necessity of conditions 5) and 6) of Theorem 1 follows from claims a) and b) of Lemma
1.

Necessity of assumptions of Theorem 1 is proved in the version with condition 4).

Prove sufficiency of assumptions of Theorem 1.

4.2. The case of absence of discrete spectrum

First, reconstruct the problem (1.1), (1.2) given R*(k), without eigenvalues and nor-
malizing polynomials. In this case, use (3.12) and the formulas (3.22) — (3.25) of Lemma
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5, to construct the function R (k) as follows

0 0
By (0) = ~Go(h R 00, = (T RO )
0 agy (k)
where zero indices indicate absence of eigenvalues.
Prove that RT(k) and R (k) are right and left reflection coefficients of the same
differential equation (1.1), whose potential is triangular, summable, and has the second
moment on the real axis. Since R (k) and R (k) are upper triangular and the diagonal

elements r;} (k) and rl[?}_(k:) (I = 1,2) satisfy the assumptions of the Marchenko Lemma
[18, Lemma 3.5.3], one deduces that the Marchenko equations associated to R* (k) and

Ry (k) respectively, have unique solutions K (z,y) and K (z,y), and similarly K9 (z,y)
and K°(x,y). (In fact, the equations for diagonal elements are solvable unambiguously
by [18], and the equations for k¥,, and k¥, differ from those for the diagonal elements

only by a free term). By the same Lemma 3.5.3 of [18], the functions EY (z, k) = e***] +
+oo

i Ki(a:,t)eiiktdt are the Jost solutions of Schréodinger equations on the entire axis, in
x

which the potentials Vi (z) possess the property (1.2), and similarly EQ (k) = etibe] +
foo _ )

[ KQ(z,t)eF*dt are the Jost tilde-solutions.

x

To prove that R (k) and R (k) are the right and the left reflection coefficients of the
same equation, it suffices to demonstrate that
E° (2, k)Co(k) ™" = EO (2, k) + EX (x, k) R (k);
EY (x,k)Ag(k) " = B (z,—k) + E° (2, k)Ry (k),  keR.

We follow the ideas of [16], [18] in proving (4.18).
Define a function

(4.18)

o0
b (2,y) = Fi(z +y)+ / KO (e, 0)F (¢ + )dt,

with F} being given by (4.1). It follows from the above that at every fixed x, the function
® (z,y) is in L'(—o0,00) since Fit(y) € L'(—o0,00). Furthermore, by virtue of the
specific expression (4.1) of F; one has

/ O, (z,y)e” ®dy = B9 (z,k)RT (k).

By the Marchenko equation @ (z,y) = —K9(z,y) with z < y < cc.
o0 o0

Since [ K9(z,y)e ™dy = E9(z,—k) — e **], one has [ &, (z,y)e *dy =
x

—00
T

[ @4 (z,y)e *vdy + e~ — E9 (z,—k). Thus

—0o0

EY (z,k)RY (k) + EY (v, —k) = H_(x,k)Co(k) ™", (4.19)
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where
X

H_(k) = e I—l—]\}im /‘IDJF(J:,y)eik(yI)dy Co(k).
—00
N

It suffices to demonstrate that
H_(z,k) = E°(z, k), (4.20)
and this will prove (4.18). In fact, consider the system
EY (e, k)R (k) + E (x, k) = H_ (2, k)Co(k) ",

Ef (2, k) + EQ(z, —k)R* (=k) = H_(x, —k)Co(—k) ™",
with respect to EY (z,+k) to deduce from (2.12) that

H_(z,k)Ry (k) + H_(z,—k) = E (z,k)Ag(k) ", (4.21)

which, by a virtue of (4.20) yields (4.18).

We follow the proof of Theorem 6.5.1 of [16] to establish the following three properties
of the function H_(xz,k):

1. H_(x,k) admits an analytic continuation into the upper half-plane, and for large z

one has the estimate |H_(z,z) — e ]| = O (em ImZI) .

|]
2. zH_(z,z) is continuous in the closed upper half-plane, and zH_(z,z) = o(I) as
z — 0 (uniformly in z).
3. H_(z,k) — e [ € Ly(—00,00) in k.
Use these properties of H_(x, k) to prove (4.20). Consider for z < y an analytic in the
upper half-plane function [H_(z, z) — e *@*[]e¥?. Use the method of contour integration
to obtain, in view of the properties 1-3,

R
lim [H, (z, k) — e_mkl] ek dlk =0, (x <vy).
R—o0
“R
Hence
H_(x,k) =e ] 4 / G_(z,y)e” W dy, (4.22)
—0o0

for some G_(x,y) € La(—o00,x).
One has from (4.21) and (4.22)

x xT
EY (2, k) Ag(k) ™ — eI = / G_(x,y)e™dy + e * Ry (k) + / G_(z,y)e *dyRy (k).
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By a construction, Ag(z) and A; L(2) are regular in the open upper half-plane, hence with
t < x one has

oo

_ 1 0 1 ikay) ikt g, _
0= <E+(a:,k:)Ao(k) e I)e dt =

=G_(2,t) + Fp (v +1) + / G_(z,y)Fpg, (t + y)dt.

—0o0

That is, G_(z,y) satisfies the Marchenko equation. It follows from the unambiguous
solvability of the Marchenko equation that KY(x,t) = G_(z,t), whence one deduces
(4.20) in view of (4.22).

Thus R (k) and R, (k) are the right and the left reflection coefficients for the problem
(1.1), (1.2) under the absence of discrete spectrum, so in this special case the Theorem 1
is proved.

4.3. The addition of discrete spectrum

Now consider the general case when the problem might have a finite number p of
different eigenvalues (for the 2 x 2 triangular potential under consideration those can be
either simple or multiplicity two, and respectively the ranks of normalizing polynomials
Z;r(t) should be either 1 or 2). We proceed by induction (cf., for example, [16] in the
scalar case). Suppose that for the data

{R*(k); ki,.... k2 Z3(t),.... ZF (1)}, (4.23)

the inverse problem on the axis is solved, that is those values form the right SD for
a problem of the form (1.1), (1.2) and a potential V(z) = V,(z). We are about to
demonstrate in this case how to obtain a solution of the inverse problem with p + 1
different eigenvalues and normalizing polynomials, that is, with the right SD of the form

{RT(k); K, kg kpas ZE (1), 25 (1), 24 (8)) (4.24)

Denote by E? (z,k) and E” (z, k) the Jost solutions for the equations, respectively,
~Y" +V,y(2)Y = k?Y, —00 < & < 400, (4.25)

—Z" 4+ ZVy(z) = K*Z,  —oo < < 400, (4.26)
with asymptotics E” (z,k) ~ %1, EP (z,k) ~ ¢*T as  — 400, Imk > 0. Since
k2., is not an eigenvalue of the equations (4.25) and (4.26), one has that E7 (z, kyy1) and

E‘i (@, kpt1) decays exponentially as @ — +00, and increase exponentially as  — —oc.
We generalize the procedure of attaching the discrete spectrum expounded in [16]
(Chapter VI, § 6).
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Set F(2,y) = EY (2, ky11) 271 (VB2 (y, Fipi) — ik { ER (0, R) (250 OV BR (9, B) )

kp+1
and consider the degenerate integral equation !
o
Blay) + Py + [ B.OF )i =0, (@ <) (427
xT
Solve it to obtain
oo -1

B(w,y) = —E (2, kp41)Z,,1(0) I+/Ei(takp+1)Eﬁ(t7 kps1)dtZ,)1(0)

x

LBy, k1) + ib(w, y)(Z,51,)'(0), (4.28)

with
bz, y) ey (@, kpi1)ehy (Y, kpia) n ey (@, kp1)éhy (Y, kpi1)
9 - o0 [e’e]
L+ 5P [ el (b hpan)2dt 1+ 25T [eb (2 k)2t
T x
. 61171+($7 kp+1)61272+ (yv karl) .
L 2P0 Ter g )2de ) (14 2250 T el (8 kyen)2dt
+ar [ el (k) tay [ ey (t kpra)
[ee] [ee]
1 ) 1 .
Zl[];-i_ H/efl-y(tvkp%—l)elljl-q-(t» kp-i—l)dt‘i‘zg;— ]+/652+(t, kp+1)el2)2+(tvkp+1)dt
(4.29)
Set
d
AV(z) = —2d—B(x,a:), Vpt1(z) = Vp(x) + AV (x). (4.30)
x
Let us prove the following Lemma.
Lemma 9. The matriz function AV (z) given by (4.30) possesses the property
+oo
/(1 + |z*)| AV (z)|de < oo, (4.31)
—00

if V() satisfy the condition (1.2).

Proof. Since E” (2, k1) and EF (z,k,41) decay exponentially as  — oo, it follows
from (4.28) — (4.30) that AV (z) also decays exponentially as z — +o0.
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Thus it remains to demonstrate that AV (x) has the second moment at —oo if V,(z)
satisfies (1.2). For this, we introduce the notation

@(1:7 karl) = e_ikaxEﬁ— (.’E, kp+1)§

@(l‘, k?p+1) = €7ikp+lx_§ﬁ_ (.’E, kp+1);
(4.32)

[ee]
D(z, kpt1) = 6_2ik”+1$/Ei(t, Fep+1) B (¢, kpi1)dt,
x

and generalize the techniques of [16] to obtain following statements which are similar to
Lemmas 6.6.1 — 6.6.3 of [16]:

Lemma 10. The matric functions ®(z, kpy1), 5(3:,1{:134_1) given by (4.32), and
onu(x, kpy1) = % (e*"kerJr(m,k))k o where @y are the diagonal elements of ®, @, | =
D

1,2, are bounded on —oco < x < N for each N < +00.

A proof results immediately from the representations (2.3) for the Jost solutions and
the inequalities for transformation operators (see [1]):

oo

K (,1)] §C/|Vp(s)\ds; (f{i(x,t)( SC’/|Vp(5)\ds, (4.33)

x+t
2 2

with some constant C' and also with the use of exponentially rising solutions as * — —oo
with asymptotics of (2.5). «

Lemma 11. One has following inequalities for the functions ®(x, kyi1), 5(3:, kpy1) from
(432) and Gu(z, hys):

0 0
d d ~
(14 [t%) | = ®(t, kpi1)| dt < o0; (14 [t%) | = ®(t, kpy1)| dt < o0;
dt dt

(4.34)

0
[ @i Gente )

—00

dt < oo, (1=1,2).

A proof is similar to that of Lemma 6.6.2 [16] in view of the fact that V,(x) satisfies
(1.2).

Lemma 12. The following statements are valid for the matriz function I'(x,kpt1) from
(4.32):
a) [D(z, kpi1)
b)

and [Tz, kpt1)| are bounded as x — —oo;

0
/ (1+112)

—0o0

dt < oo (4.35)

d
%F(u kp-l—l)
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c) Hu(z, kps1)| are bounded as x — —oo, (I =1,2), and

0
[ )| Gt k)

dt<oo, (1=1,2), (4.36)

with vy, (I =1,2), being the diagonal elements of the matriz function I'(x, kpi1).

Proofs of propositions a) and b) of Lemma 12 are similar to that of Lemma 6.6.3 [16] in
view of the fact that V), (z) satisfies 1.2. Also note that the boundedness of |I'(z, kpy1)| as
z — —oc follows from the fact that [I'~!(z, ky11)| is bounded and |y (z, kpt1)| > a; > 0,
(l1=1,2), as x - —o0.

Prove the proposition c) of Lemma 12.

One has from (4.32):

o0

(s kpy) = 2/gb”(t, k1) @u(t, kp1)e 2ot =0 gy —

x

o0
9 / Gt ey ) (@ — £)e 2o (0 gy —
T

0
-2 / fue — 2 kpr1)pu(x — 2, kpr et 12dz—
—00

0
-2 / Of( — 2, kpy1)ze” 2Ror17q, (4.37)

—0o0

Thus we obtain in view of Lemma 10 that
Iz, kpt1)| < Cy / e~ 2ikp 12, 4 / \Z|e_2ikp+1zdz < 00, 1=1,2,

as T — —oo.
400
Since of ey (z, kpy1)dr < oo, with the notation

0 00
'Yﬁ(xakarl) = €2ikp+1x/efl+(t7 kp+1)2dt7 a( p+1 /ell—l— (t karl dt,
0

T
we obtain the following representation:

—2ikpri1x

Y, kp1) = au(kpra)e + AP (2, kpy1),
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and hence
Y@, kpy1) = —2ize 2% 0y (kpy1) + € 2576y (Kpy1) + A5 (@, kpar).-
Thus it suffices to prove (4.36) for the function %49 (¢, ky11).
So

0 0
(@, kp1) = _%x/g’ll(ty kp1)2e 200t 2/(85)11(157 kp1)+
T

x

+iton(t, kpy1))ou(t, k1 )e e @0 gp =
0

-7 / Pu( — 2, kpe1)pu( — 2, kpp1)e” 2P da—

xr
0
—2i / oz — z, kp+1)2ze_2ikp“zdz.
x

Hence

d

dt’m(t Fepi1) = —2¢0u(0, kps1)@u (0, kpy1)e 2R+ 4 24y (0, kyyq ) 2te 2 Rrriq

0
d . . d —21 z
+ 2/ [%@ll(t — 2, kpr1)pu(t — 2, kp1) + Qu(t — 2z, karl)ESOll(t — 2, kpy1) | e ez,

t
0
t/

Thus, in view of Lemmas 10, 11, one has

0
[a+ie)|s

0 /0

d . d

—t’YZ(t,k‘pH) dt < Co+ C / /‘%gou(t—z,kpﬂ)
t

onu(t — z, kps1)eu(t — z, kp+1),2672ik1’+1zdz.

=

672ikp+1zdz_|_

0
d ,
+/‘%g0”(t—z,k:p+1) e 2Rz gy | (1 4 ) dt+
t

ze2kot1Z o dt =

0
d
+Cg/ 1+\t\ /‘@W — 2, kpi1)
t

0 z
; d
= C() + 01 / 6_22kp+1zdz / (1 + |t| ) _SDZZ( Z, k}p+1) dt+

—0o0 —00
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0

+ s / ze  2kr 12y /(1+\t\ )

—0o0 —0o0

d
SOU( 2 karl) dt < oo,

and Lemma 12 is proved. <«
We turn back to the proof of Lemma 9. Use the notation (4.32) to rewrite AV (z):
A V(x)= —2iB( ) =
) = -2-_B(z,2) =
d — 4l x
= 2 [, by ) 2 (O T H00% §T o ) 25,1 (0} Bl By )+

e 2k (01 (0, k) 022 (€, k) )k y + 20011 (2, hip i1 )paa (T, iy )e™ 2o

(672ka+1x +Z][ﬁ+1] ’Yll(iykp+l)> ( *22]€p+1$ +Z[P+ ]+722($7]€p+1)>

D11 (2, k1) 022 (@, kpy1 )20 11 (@, ki)
1]

+1

+

_l’_

_|_
( —2ikpi1z +z[p+1]+711 z, p+1)> (e*2’kp+1$ +22[];+1}+’V22(337kp+1))

(
o11(2, kpi1 )2 (2, k)2 oo (2, kpr1)
(

( _2ka+1$+2[p+l]+’)/11 x kp—}—l)) (e—szp+1$ _|_Z[p2+ﬂ 722(1.’]{:17_1_1))

11(2, kpi1)paa(x, kpi1) (Zh 11 (2, k) + 25t ’722(90akp+1)) Ly
B —ikpiq [p+1]+ — 2k [p+1]+ (Zp—H) (0)
2 (e PP+ 20 711(kap+1)) ( PHT 4 25) ’722(93akp+1))

Now consider possible (with the assumption 6) of Theorem 1 being taken into account)
Cases I - III:

I) £p2+1} = 0. In view of the assumption 5) of the Theorem one has (Z ++1) (t) =0,

Z;'_H( )= Zp+1, that is

AV(x)=

1

=2 (V@ k) 2108 k) + Bl ) 258 (k) | -
€ 211 71

— 2%k e —2ikp 1T + Z[P‘i'l}
S Wi o ;11@(x,kp+1)Zp+1<I>(m kpr1). (4.38)
( “2ikppiz Bt H’Yu)
II) ZEHH = 0. In view of the assumption 5) of the Theorem one has ( ;FH)’(t) =0,
Z;H( ) = +17 that is
AV(x)=
1 /

=2 o—2ikp 1 +Z[p+1]+722 {q> (m>kp+1)Zp+1‘I)(33 kp+1) + (@, kpi1) 2, 4 ' (z, kpﬂ)}
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£p2+1} ’Yéz
—2ikpi1 [p+1]+ 2 (I)(x’kpﬂ)zpﬂq’(ﬂfk 1). (4.39)
(e P 2 ’722)

5 —2iky e 2Rvr1 4

1) 2% 20, (1=1,2), then

AV (x) = 20/ (2, kpi1) {e*%kwwz;l(orl +T(a, kp+1)} Bz, kpp1)+
. -1 -
+20(z, kpt1) {e_mk“wZ;ﬂ(O)_l + I'(z, kp+1)} (2, kp+1)—
—2ikp i1 7+ -1 -1 . —2ikpi1 7+ -1
— 20 (z, kpy1) {e v e (0)7 4 T, kp+1)} [~2ikps1e 2R ZE (0)7
-1

+ T (2, k1)) {e*%kwwzgﬂ(orl +T(a, kp+1)} B, kpp1)—

—2ikp 1€ 2Hken1® [ (011 009) + 2izip11020]
(e,gikwlx +Zl[yi+1}+,m) ( —2ikpi 1z +z[p+ ]+,m>

o~ 2ikpi1z [

— 27

_l’_

2 . .
didw (p11922) + 2ip11p22 + 2@3;(9011%722)']
_|_
( —2ikp i1 + z[p+1]+ ) (672ikp+1x 4 22[15-1-1}'1'722)

APHIT [(%1@22)/711 + Q11022711 — (%1522) 11 — ‘“12“’22%1]

_l’_

_l’_
( —2ikpi1 +z[p+1]+ ) (672ikp+1x _1_22[1;-1-1}'1'722)
ApFi [(901@22)/722 + pr1poahy — Ee2) sy, euen sy, ]
_l’_
( 721kp+1x+z[p+ ]+711> ( —2ikp 1T _|_Z[p 1]+ 722)
_4Z~kp+1€—4ikp+1;r _ Qikpﬂe—zikpﬂx (ZEHH’YH 4 Z£p2+1]+722)
( —Qka+1:D+Z[p+1]+ )2( —2ikp 12 +Z[p+1]+722>2
_9; 1 1 1 1
o—2ikp i1z (ZETL ]+711 n Z[p+ H%Q) [p+ ]+z£;;+ ]+(711722)/
_l’_

. 2
(e,glkwlx +ZE+1]+711> ( —2ikpi 1z +Z[p+ ]+’Y22>

iy d . ; 1
: {6 2ikps12 [@(@11@22) + 2233@119022] + 9011902221[p1+ H’m—i—

P11p22 1]+
+<p11<ﬁ222[p 1 2T T, ( o]+ Y1 + Z[p+ 5 22) }] (Z;Ll)'(o)-

It follows from Lemmas 10 — 12 that in each of the three cases the matrix function
AV (z) satisfies (4.31) if V},(x) satisfies (1.2). Lemma 9 is proved. «

It is possible to deduce from (4.27) the following differential equation for B(x,y) (cf.,
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for instance, [16]):

9*B(z,y)
Ox?

9*B(z,y)

= Vpra(2)B(z,y) = — B(z,y)Vp(y), (4.40)

with B(z,z) = 3 fAV

It follows from (4.40), in view of the fact that B(x,y) tends to zero as y — 400 (see
(4.28)), that the function

o0

Eoo k) = B ) + [ Bl By Ry, k>0 (4.41)
is the Jost solution for the equation
~Y" 4+ V1 (2)Y = kY, —00 <z < +00, (4.42)

with asymptotics E (z,k) ~ e**T as 2 — +oo.

Lemma 13. The right SD of the problems (4.42), (1.2) (with V(x) = Vpq1(x)) coincide
to the values given in (4.24).

A proof of the Lemma 13 is based on the computation of the coefficients A(k) and
B(k) (2.8) for the equation (4.42).
In view of the assumptions 5) and 6) of Theorem 1, one has three possible cases again:

[p+1]+
Case I). erl( ) = Z;Zrl = (8 3;?+1]+>: 2’2[};+1]+ > 0, then we obtain from (4.28)
22

and (4.41), in view of (2.7) and (3.10) as x — —o0,

E,(x,k) = EY (z,k)—

[o¢]
B (e, k1) 2 I+/E (b oy 1) B (1 R 1)L Z5, /E g, ki) EP (y, k)dy ~
2k
ikx p+1 +
~etke Ay(kp1)Z 1}A(k)+
{ (k+kpi)z by k) T
2k, 1
+ I+ = Ap(karl)Ztrl} By(k),
{ (k — karl)ZQ[};Jr ¥ agZ(karl) g
hence

A(k) = a(k)Ap(k), B(k) = a(—k)By(k), keR, (4.43)

with
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2kp i1
Ay(kpi1)ZF =
1 p\p+1)4p11
(k+ kp+1)z2[];+ }+a1232(kp+1)

1]+ +1
2kp+1<a€1(kp+1)zgg+] +a€2(k?+1)zgg H)

alk)=1—

= (k+kp+1)z£%+l]+a’2’2(kp+1) . (4.44)

0 k—kpi1

ktkpt1
It is clear from the first relation in (4.43) that the equation (4.42) has the same eigen-
values k%, k3, ..., k:f) as the initial equation (4.25), together with one more eigenvalue k:f7 1

To compute the right reflection coefficient R;Zrl(k:) and C(k) that correspond to the

constructed equation (4.42), we use (3.7) and (2.12):
Ryi(k) = —A(k) "' B(=k) = —=Ap(k) "o~ (k)a(k)By(—k) = R*(k),  k€R, (4.45)
and

Clk) = (I = Ry (k)R (k) T A(=R) ™ =

= (I - RY (k)R (k) ' A,(=k) ta (k) = Cp(k)a "t (—k),  keR. (4.46)

It is clear from (4.44) that a~1(—k) = a(k), hence C(k) = Cp(k)a(k).

Now prove that initial p normalizing polynomials of the problem (4.42), (1.2) with
V(z) = Vpy1(z), coincide with the normalizing polynomials of the problem (4.25), (1.2)
with V(z) = V().

It follows from the definition (2.13) of the normalizing polynomial Z e

<pt1> (1) for the
equation (4.42) and the relation (4.43) that

Z;<p+1>(t) =
= =i { W (k) A”5"7 al(=hy) = W (k) 47557 (= hy) + W (k) APT7 o=k | -
with

k; _ k. d _
AT = A k= k)t AT = a0k k),

being the Laurent coefficients.

One can show, using (3.10) and (3.13) with  — 400 and noting that k; is an eigenvalue
of the equation (4.25) with k; < kps1, (j = 1,p), that W~ (k;)A”S"” = —a(—k;)(Z; ) (0);
W (k) APSY” + W (k) AT = ia(—k;)(Z7)(0) + a(—k;)(Z;)'(0), hence (4.47) can
be rewritten as follows: Z,_ ;. (t) = a(—k;j)Z; (t)(—Fk;) —i%(oz(k)(Zj_)’(O)oz(k))k:,kj.
Next, use the relation (3.11) with 7 = t¢:

Z+

<k;> — — <k;>
Fepris() = =AY (Z () + Q)T =

= — [ A" a(—kj) — APSH7 G (—k)) | alky)-
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—1
'{Zj(t) _m(kj)%(O‘(@(zﬂl(o)a(k»k:%jOé(/ﬂj) +a(kj)Qja(kj)} '
alky) |a(=k)CTT = (=557
with C755% — (G (k)1 (k= k) CVS5% = (Cy(k)~1(k — k;)?)s, being the Laurent

dk
coefficients.
In view of (4.44) one has

-1
{20+ athQiatis) = 0l - @(0(Z; Y Oali—ralhy) | =
2’Ll€p+1 Z;,

k ki1 \2 1)
(k k127+1> 3131] ( k+k§ﬁ> qu])

= (Z; (t) + alk;))Qja k)~ +

hence
Zepirs () = —A"S97(Z5 (1) + alk )Q] (k )) 1cp<’f>+
+A€§’“f>a<—kj>a<kj><2*<> ak;)Qjalky)” lcp<'f>
2ikp 1 p<k;> p<k; >
B ATYV(Z7)(0)CT
o 2 . 1 j
(5 95.0) (o) (5 + (s ")

If zﬁ]* > 0 and zg;* > 0, then qgjl} = qg = 0, with the definition of @); of Lemma 3

—aly(kj)
being taken into account; Aﬁ;kp = 8 aty (k; )(;zgg(k ))) hence
P MRV
2k —'a12(k]-) G ) (0)
Zipr>(t) = 2] (0) + T ) | =
(k k127+1> 23y by (ky)at (kj) \O 0

for j =1, p in view of (3.3) and (3.5).
On the other hand, if either z%}* =0 or z%}* = 0, then by the assumption 5) of
_ <kj> R
Theorem 1 (Z;)'(0) =0= APS97  hence Zj+<p+1>( ) = Z;'(t), (7 =1,p).
At any case, the initial p normallzmg polynomials of the equation (4.42) turn out to
be the same as those of the equation (4.25).

Now prove that Z;r 11 is a normalizing polynomial of (4.42).
Similarly to (4.47), use (4.43), (4.44) to obtain
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Zp_—|—1<p+1>(t)
d _ _ _ -
= =i (W () A, () =R)(k = Epi1) )iy 0 — OV (R)A, (R)(=R) (k = Kp41) )iy =
= _iW_(kp—I—l)Agjl(kp—I—l) [p_i_l}ikp—’—l Ap(kp-l—l)Z;r-q-l -
2y by (kpi)
_ Z'W*(k. 1)z+ 2kp+1 _
= p+ +1 =
p [P+1]+ ab, (kpi1)
~ f ehy (t, kp41)?dt
=W Eé(kap-l—l)? Ei(x,k‘p+1) Ef (@, kpt) ;—-1-1
[P+1]+ P+ 2
1+z fe22 (t, kpy1)2dt
1
Z+
1 p+1
22[1;+ ]+a1272(kp+1)
) . f by (t, kpy1)dt .
= —— W< ENx,k : EP (2, k I— V4
a;2>2(k,p+1) ( p+1) +( p+1) p+1

U 2B T ent (g k)2t
x

Assume & — —oo and apply the asymptotics EY (z,kpi1) ~ etkr+1 A (kyy 1), that is, as
T — —00

Z;L;+1<p+1>( ) Z;;+1<p+1>
1 [P+1]
1 ; ; [p+1]
= —— W Py, e’kp*'”Ap(k:pH) #22 =

2ka+le 22kp+1:t
S+ P
%22 apy (kp+1)?

1 0 0
= 5 Ap(kpt1) 0 (2ikp41)? =

a5y (k
22( p+1) £P2+1 +a§2(kp+l)

- el () 9) - o (0 air)
ngzﬂHagz(ka)B 01 [pHHagz(ka):g 0 a(kps)

a§2 (kpt1)

It follows from (3.13) with 7 = ¢ and (4.46) that

<kpi1>, A y<kpy1>
Z:+1<p+1> =—AT" (Zyi1<pr1s + Qpt1) ooyt =
% 1 Z[p+1}+ap (k +1)3
— —Ail(k +1) P+ A (k: Jr1)Z-|— 22 22\"vp .
P [p+1]+a§2(kp+1) e . 4kp+1a22(kp+1)

2kp+1 -1
: Ap(kp1) ZF }c (kpy1) =
1 p\"vp+1)%pt1 D p+1
{22[];+ ]+ag2(kp+1)
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— g+ aby(kp+1) [p+1)+ 1 _ g+

A

and Lemma 13 in the Case I) is proved.

[p+1+  [p1]+
Case II). p+1( ) = Z;Zrl = (ZU 12 >, where z[pHH > 0, then similarly to

0 0
the Case I) we obtain

A(k) = B(k)Ap(k),  B(k) = B(=k)By(k), kEeR, (4.48)
with
2iky 41
Bk) =1~ L Z5 1 Cp(kpia) =
(k + kpt1 )Zglﬁ ¥ a11(kp+1) e
k—kpir _ 2kper (R (i) 421 0, (ki)
= k+kp+1 (k+kp+1)z¥i+ ]+a1171 (k +1) . (449)
0 1

It is clear from the first relation in (4.48) that the equation (4.42) has the same eigen-
values k%, k:%, . ,k‘g as the original equation (4.25), and one more eigenvalue kg 11
Just as in (4.46), we deduce from (3.7) and (2.12) that

C(k) = Cp(k)B~H(—k) = Cp(k)B(k), (4.50)

and the reflection coefficient of the equation (4.42) coincides to that of (4.25): R roa(k) =
R* (k).
The coincidence of p normalizing polynomials of the equation (4.42) to those of (4.25)
can be proved just as in the case I) with the substitution of 5(k) (4.49) for a(k) (4.44).
Now prove that Z;_—H is a normalizing polynomial of (4.42). Similarly to (4.47), use
(4.48) and (4.49) to obtain

2kp+1

Z;+1<p+l>(t) = Z1;+1<p+1> = _iW_(kp+1)A;1(kp+l) [p+1+ p Z;FHC (karl) =
<11 ayy (kp+1)
1 -
- W{Eﬁ(x kpir): EP (2, kpsr)—
1 s vp+1), 4\ hp+1
ZEJF }+a11)1(kp+1)2
el z, k
- 11( rt1) p+1/E Y, kpr1) B (y, kpr1)dy o Z) Cplkpi1) =
L 2B Tl (k)2
W eﬁ(l, kpi1); e (@ kpy)
v AP P (k1 ))2dt
= - Z;r+1c (karl)-

1
ZJ[Ller Ha}fl(kpﬂ)
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Supposing  — —oo and using the asymptotics e§} (z, ky1) ~ e®r+1%a?, (kpi1), that
is with x — —oo one has

. ik x
ikpy1x. Jikpi1x P 22]€p+1ez p+1
W q et e v 1 %ay (kp1) —ains 5 2
-z aqy (kp+1)
i L Z+ .0k =
p+1 p( p+1)

p+1<p+1> = +1]+
Z][ﬁ ! azfl(ka)Z
—4k?
_ p+1 +
= e, 3Zp+1Cp(kp+1).
(211 ) ayy (kp+1)
It follows from the relation (3.13) with 7 =t and (4.50) that
<kpi1>, e 1 y<kpr1>
Zz;tr1<p+1>:_fL1erl (Zp+1<p+1>+Qp+1) 1Cflp+l =
2
+1]+
Dol A (1) 2, Gl )(Zlbi } ) )
R S p \Fp4+1)4p41Cp\Rpt1 — A2 )
Zﬁ | a€1(kp+1) 4kp+1

[p+1)+ -
- <Z+ Cp(kpy1) Jerlezlli afl(kﬁl)g) 2Hpi1 Zr ., =

p+1-P A2 1)+ p+1
A1 Zﬁ | afy (kpt1)
1 2 1 1
p [p+1]+ P 3 +
=D ayy (kp+1) (211 ) ayy (kp+1) 1=
ayy (kp+1)* 21[131+1}+31131(kp+1) ZEHHG%(]‘?IJH) 8
_ ot
_Zp+17

and in the Case II) Lemma 13 is proved too.

[p+1]+ [P+1]+(t)

Case III). Z;'H(t) _ [ *11 219

[p+1]+ [p+1]+
, Where z >0, z > 0,
0 z£%+1]+ ) 11 22

then, similarly to the Case I), we obtain

A(k) = v(k)Ap(k), B(k) = v(=k)By(k), k eR, (4.51)
with
k—k . al (k
(k) = karlI-i- z{ “égfﬁ)p +
T R+l (k+ kpi1)2ge — any(kpi1)

a1232(kp+1) . 2kp+1a11)1(kp+1> } (Z-I- 1)/(0) (4 52)
1 1 p+ : :
(k+ kp+1)z1[p1+ H—611131(1%+1) (k + kp+1)221[p1+ Ha%(kpﬂ)

The eigenvalues k7, (j =1,p), of the equations (4.42) and (4.25) coincide, and (4.42)
has one more eigenvalue k§+1 by (4.51) and (4.52).

(3.7) and (2.12) imply that the reflection coefficients for the equations (4.42) and (4.25)

coincide R;H(k:) = R*(k), and

C(k) = Cp(k)y ™" (k). (4.53)
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The coincidence of the p normalizing polynomials of (4.42) and (4.25) can be deduced
similarly to Case I).
In this context

- . k> kj>d
Zj<p+1><t>——z{W (k) ATS7 7 )+ W (k) AT (0 (),

FW () AT k) | — W () AT ). (454)

Using k;j < kp+1, (j =1,p), as x = —o0, we get

Aikp 1 (kj + kpi1)

Zicpars(t) = (k) 27 ()7 (ky) = (kj = Fp+1)®

(Z;7)'(0).

Thus, (3.13) with 7 = ¢, (4.51) and (4.52) imply
kj> kj>d
Zicpias(t) = [Ap< oy k) + AT oy 1<k>>;ﬁ] '

- v(k»{(Zj (1) +1(k)Q (k)

n dikp1(kj + kps1)(Z;7)'(0) <kj - k?p+1>2
(s = kpr)? (K + (Bsizst)” o] ( 4+ () ) \B e
(k) [k CPT — (k)75 ] =
= Z}(6) + APV (Z5 (1) + (k) Qi (=) Ty (k) (k)OS —
= A0 ) (270 + ()@ () O
diky1 AP (Z7) (0)CP T
(k2 — k2

- kej—k - kj—kpi1\2 i
o) (0 + (bt o)) (Al + (fiem) o)

in view of (3.3) and (3.5) and Q; = 0, j = 1,p, with the definitions of @; of Lemma

3 being taken into account, as zﬂ_ > 0 and z%} > 0. On the other hand, if either

zgjl} =0 or z%}_ = 0, then by assumption 5) of Theorem 1 (Z;)'(0) = 0, Aziékp =

= 77 (1),

_ k; _
(Ap(B) "k =y P = 05 CP597 = (C(k) Mk — k), = 0, hience Zy 1o (8) = Z) (),
j=1Lp.
Prove that Zp+1( ) is a normalizing polynomial of the problem (4.42), (1.2) with V' (z) =
Vot ().

Using (4.51) and (4.52) similarly to (4.54), one has
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p_+1<p+1>(t) =
. _ _ 2kp41 .
= =2ikp i W (k1) Ay (kpt1) — g7 ];L W (kp11)(Z,)51) (0)=
222 g (kp+1)
B { 1 ag(kpt1)
1 1
22[];+ }+al2)2(kp+1) 21[p1+ H—‘1}1)1(16%%)2

2kp11a7, (Kpi1) } - + oy
- W= (kp+1)(Z,51) (0)+
alljl (kp+1) ZgDQHHagQ (kp+1) g

ik 41t

1
ng; HQJQDQ(ka)

W (kp+1)(Z,51)'(0).

It is easy to show using the asymptotics as © — —o0,
B (2, kpr1) ~ ePrri® Ap(kpyr); B (2, kpyr) ~ e®p17Cp (kpn),
that with z — —o0

Z1;+1<p+1> (t) = (%karl)Q [Ap(karl)Z;H (t)cp(kpﬂ)] _1+

, 1 aby (kp+1) Al (kpy1)
+ 26k (2—2k+1<22 LAETANT P +
g Ll[leHzggﬂHalfl(kp+1)a§2(k‘p+1) g aby(kps1) — afy(kpy1)

Pk b (k

(111(2 p+1) + a22(2 p+1) (Z;+1),(0) (455)
[p+1]+ P (L 3 [p+1]+ P (L 3
222 oo (Kkp+1) 211 ayy (kp+1)

(3.13) with 7 = ¢t implies

k _ _ k
Zyrcpris(t) = —Af1p+1>(zp+1<p+1>(t)) tosre. (4.56)
Use (4.51) — (4.53) and the definition to get
AP = AT R~ by = b1y i) — 1 | et
ak %22 a]2)2(kp+1)
a2z (kp+1) k110, (kp+1) ] oy
- (Z,11)(0), (4.57)
1 1 p+1
ZJ[Ller Hafl(ka)Q ng; HQgQ(ka)a(l)l(ka)

and in a similar way

1
Cffp+1> = 2kp+10;1(kp+1) —1 +
ZJ[ﬁHHalﬁ(ka)
anr(kp+1) 2kpy167; (kp+1) ] (ZFY(0). (4.58)
1 1 p+1 ) ’
Zz[ng ]+a1272(kp+1)2 ZEJF Ha1101(kp+1)a]202(kp+1)
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Use (4.55), (4.57), and (4.58) to deduce from (4.56), after some obvious computations,
that Z;+1<p+1>(t) = Z;H(t), and Lemma 13 is proved in Case III) too and therefore it is
proved completely.

It remains to notice that the scattering problems constructed above do not have virtual
levels since R*(0) = R~(0) = —I for them.

The sufficiency of the conditions of Theorem 1 is proved in version 4a). <

4.4. Eliminating the discrete spectrum and completing the proof of The-
orem 1

Statement 1. It is established that conditions 1) — 6) of Theorem 1 in the version 4)
are necessary (see Subsection 4.1), and in the version 4a) are sufficient (see subsections

4.2 and 4.3).
Lemma 14. Statement 1 implies that condition 4a) is necessary.

We sketch here a proof of Lemma 14. This will allow us to claim that Theorem
1 is proved completely in both versions, that is, either with condition 4) only or with
condition 4a) only. This is because if one proves that conditions 1) — 6) in the version
4) imply conditions 1) — 6) in the version 4a), this also proves that conditions 1) — 6)
in the version 4) are sufficient, while the fact that they are necessary has already been
established. It should be noted here that the conditions of Theorem 1 in the version 4a)
has been shown to be sufficient earlier in subsections 4.2, 4.3.

So let (2.16) be an SD for the problem (1.1), (1.2) in question, hence it satisfies
condition 4) of Theorem 1. Prove by discarding a single eigenvalue (either simple or
multiple) that the values

{R+(k), KER; k<0, Zi(t), j=1...p—1< oo}, (4.59)

also satisfy condition 4) of Theorem 1, along with conditions 1) — 3) and 5), 6), which are
obviously valid. This procedure is to be repeated p times to prove that condition 4a) is
necessary for SD (2.16).

Start with considering the diagonal elements of the values (4.59). To make our notation
less cumbersome, we omit the indices [l of the diagonal elements. Prove that the functions
of the form

F 2
[p—1]— _ i - k — kyp —ikz 37, _
7k (x)_%/rp(k)(k%p) ek df; =

=18 @ -4 [ RO - e Od s au, [ @ tar
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with
_ ol TR R 1
p; = —tk; >0, r;(k)=- () . Iy (@) = o / r; (k)e """ dk,
—00

j=0,...,p, derived from the diagonal elements from (2.16), satisfy condition 4) of The-
orem 1. Obviously, fRfl () is absolutely continuous.

Prove that d e lp=1]= (x) satisfies (4.5). An easy computation, which includes integra-
tion in parts and changing an integration order in some multiple integrals, yields

2\ | 2 [p—1]— <
/(1+$)d:vR (x)|dx <
[p]— 24/ 32/
< _
_9/(1+x) ptls (x) da:—i—up t fR ‘dt—k T R )| dt

—00 —

20N u [ ]d e
—4<up+upa2+2a+'u—p>e br /t %fR (t)

eﬂptdt_

etrtdt.

1 o d Ly
- (ot )+ 17+ 2+ a) o [ |2
! —0o0

On the other hand, since condition 4) of Theorem 1 holds for f[lf}_(:v), one should have
a condition of the form (4.5) for %f}ffuf(z‘), hence f[]f;*l]*(a:) satisfies condition 4) of
Theorem 1.

Now consider a non-diagonal element of the values (4.59). Prove that such an element
satisfies condition 4) of Theorem 1.

One could encounter here three possibilities, depending on the specific form of the
matrix polynomial Z} (t) to be discarded.

pl+ [+
CaseI) Let s = sign z[p]+ =1, s2 = sign z%*’ =0, that is Z;r(t) - <Zlé Z120 (t)>
Then
k—kp Pe-1(k)

3 3 i)+ )+
where kK = ) Kj = ) <51gn zi1  +sign 2z ),

Pea(k) =H(0) [T 57 + of — arky+
j=1
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+k(ah —ar — asky) + ... + K2l — ax_2 — ax_1ky) + K" H(al — a,_1),

p—1
deg Paoi(k) <k —1;  Qulk) = (k+ky) [JCk+ k)5 (k= k)%, degQu(k) = s.
j=1
Here k = k(p).
Thus we have

1= _ K= Fp [ bl Pa1(=K) (K —kp - Pe—1(k)
T12 U (k) = k+kp7"12 (k) —riy (k) Qﬁt—k) <k+k:p> +r (k)Q,{itk)

Therefore one can use the specific form of the Fourier transform of a ratio of polynomials
(see Lemma 8) to deduce that the function

o0

11— 1 —1]— i
@ = o [l e e -

—00

= fl[g}_(x) + 2ppe Hr? / fl[g}_(t)e“f’tdt — e 1T / fl[]i}_(t)(x — t)e“ptdt—

x

p
S [ {slas B0 - S et
j=1

—00
+00

p—1
Y [0 - shil o) esta
7j=1

xT

is absolutely continuous. Here «, f;, v;, d; are constants, with oy, # 0, 7, # 0. Assume
Bp = 9, = 0 to deduce that for all a < oo,

[asa) | il @) de <
r - 4
<3/(1+x2) I (@) da:—iru—/ ‘ A ‘dt+ /‘dt e ‘dt—i—
P

—0 —00

P a —|-82 d
+/ (1+1%) ( ‘J‘ ﬁ”+ap> o A ()‘+

i 2|7]‘ +5

dt 22

Pl (t)' dt+
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“osilagl = s3Bi 2la,| | d -
/t{<z . 3 + u;”;p i i (t)“i‘

7 . 2|’YJ
Z dt v (t)' di+

/{<Zp: 1a3+52ﬁj+32p> 'dt . ()'+

Z ]|’Y]‘+S

= 2@@‘} dt + My(a) < o0,

Mp(a) = —2¢7°[1 + a? +—+ / b o= (1) errtae—

p —
e Hi® 2a 2
— E |:1+CL2+—+—2:| / <8}|a]’| —_
— L Kp  Hp dt

¢ ylrl- ()D et di+

f11 (t)‘ + S?Wj‘

dt 22
Jj=1 e
p— 1@“‘]11 q 2a 2 +oo 2 d [p]— d [p]— H'td
e 2 V1N t ; — t —HGt Jt—
+j21 " [ ta /pr+/1'127:| a/ <s;\5g| o ()‘—’—SJ il | 2 1% ()De
et 3a2+1 a
- L+ a)a 2 ot
| 1p [( o) 2 }/'dt ()] erridt+

etrtdt < oo.

e e 9  2a 2 [p]—
1+a— 24 2| [ ]S fllmg
+ |y M [ +a p + 2} / pTEAL (t)

0 Z[P}Jr(t)
Case II) Now let s, =0, s7 = 1, that is Z;} (t) = Y4 |- Then

0 25
_ L, k—k o, k—ky  Pe(k) ,_
) = T, ) =y T ) = o (0 + Tl
where
p—1
P._1(k) = T1%7 + o + arky + k(ah — a1 + aghy) + ...+ K" (ah — ap—1)+

j=1
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_ p—1
+ 2]{‘1171/) k(_kp) |:H(k, + k‘ Kj _ Hk“]] ,

p
deg Pi(k) < k=1 Qu(k) = [k +k)9(k— k),  degQulk) = .
j=1

This implies

-1 _ K= kp -y - Bt (GR R =Ry - Baoa(R) kK
rip (k)= k:—H{:pTlQ (k) =1 (k) Qn(—k) k+k, + 7y (k) Qulk) k+ Ky

Use again Lemma 8 cited above to deduce that the function

T 1 i —1]= —ikx — ez ’ _
fe (x):%/ iy T (R)e Mk = 5 (@) + 2ppe / F ettt
=S [ sl @) - sl o) entar-
i=1 e

p—1 —+o0 x
—3 e / {28,011 — s}, (0 } et + e / FEZ @)@ — t)errtat,
— J

is absolutely continuous. Here o, §;, 7;, d; are constants with «,, # 0, 7, # 0. Again set
Bp = 9, = 0 to get for all a < 0o

a

d i
[ |l @) do <
’ d i 4 [ |d 4 [1d o
< N 4 d lp)- / [p]
<3 [@+ad)| A @ dx+up/t‘dtf12 e+ 5 | || as
h aj| + 5518
/1+t2 {Z ]‘ ]‘ ' ‘]| fll ()‘

(Z J7J+85+7p> 4 - ()'}m

/ {Z J\agw 2181 | d

—0o0
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p 15
(Z J‘% |J| 2%) f22 ()}dt—i—

/{Z J\agus 1851

(Z J"YJ| S | +3’Yf> ‘% g](t)‘}dt—i-Mp(a) < 00,

'“j Hp

d Llp)-

where

2.
Mp(a) = —2e” “P“[l—l—a +#—+A/'dt (8| errtat—
p

p

p s a
e Hia |: 2a 2] / < 1 d - 9 ip] ,
_ 1+ —|——+ 3»|0¢»| —f (t) —|—8»|’y-‘ () it it
j; Hj fp 2 . I e’ 1 17 dt 22
et 2 21 [ d iyl d iyl
1 2 —_ — —_— 2 e | — - t \ el — t _”jtdt_
+j:1 " [ +a #p+#}27:| a/ <sg\5g| 'dtfn ()‘—1—8] il |7 12 ()De
—upa 2,
~ ol [(1+02)a—3a S }/‘ 1P ()| ety
Hp Hp p ,LLp dt
e Hp@ 2a 2 d [p]— .
& Hp P 1 alz

—00

P+ z[pH(t)
Case III) Finally, let now s, = 1, s2 = 1, that is Z (t) = 18 Y+ |- Then

299
_ 1 k_kp _ p—1 k_kp
_ k—k P._1(k) ,_
() = gt e BB gy

¢ ¢ i+ ]+
where kK = ) Kj = ) <51gn 271+ sign 23 ),
j=1 j=1

p—1
Pe_1(k) =d} + a1k} + k (W(o) H ki’ +ab + agkg) + kN (aP — a_o)+
j=1
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pl 2h2p~ (—ky) | P e
+ 2y (=) T (k + k)™ + W {H(k +h) =] ’%] :

j=1 Jj=1 Jj=1
p71 2 1
deg P,_1(k) < k — 1; Qu(k) = (k+ k)2 [ [k + k)% (k — k)%, deg Q. (k) = .
j=1
Thus we obtain
1 _ 4k _ 4k2?
rly ) = () = el )+ ety (o)
R, (k _ T.(k
~ ) el R L R
(k + kp)3 T1 (k — kj;)% (k+k) (k+Fkp)3 [T (k+ k)% (k—kj)%
j=1 j=1
where
Ry (k) = (=1)"Pe_1(—Fk)(k — kp), deg Re(k) < k;
Ti(k) = Po—1(k)(k — kp), deg Ty (k) < k.

Another application of Lemma 8 allows us to conclude that the function

oo

—1]- L —1]= 1.\ —ikz
b @ =5 [l we =

— 1 @)+ e [ @etar - agere [ @)@ - oetar-

x

p
- et / {shoi () = sty i~} emtar—
j=1

—00

p—1 oo
_Zeujx / { 25] [p]— ( )—81(5 f[P] ( )}eiﬂjtdt—
j=1

T
x

— e [ (o0 L) @ - e

— 00
xT

e [ (a0 o1 @) - oemiar,

is absolutely continuous. Here «;, §;, v, §; are constants with apl #0# v, =12

Set 3, = 0, = 0 to deduce that for all a < oo one has
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a
[+ |l ) o <
—o0
i d o 24 32
<9/(1+x2)%1@ (z) dx—i—u / f12 ‘dt+ /‘dt b ‘dt+
s K
f v Ia\+82lﬁ\ V) 2] |4
+/1+t A AN A | ‘— [p]_t‘-i—
R { (Z )up ,Up dt 11 ( )
|7]‘+51‘5‘ |7[”| 2172 ‘ ‘
J p p [p]—
+ di+
(Z H127 :U’p dt 22 ( )
f L silag — 2-Iﬁ-\ 2] 61| | d
2 [t i d p p L) 4 -,
+2 | {(Z P e o)
p 52. . —51.(5- ) (1] 6 (2] d 3
=1 Hj Hp Hp
r L sjloy \+82\B |31 12107
+2/ 1% RN ] ‘ lpl= (t)‘+
il i1, 3| 1207 | d
+ J p + p ‘_ 2[12)]_(75)' dt+Mp(a) < o0,
(?T e e e
where

Mp(a) = —4e™#" [upa(l +a?) - 2d% + — + ] / ‘ FE ()] ettt
_ 2a 2 d [p] :
+ dppe e [14— -—+ } /t etrtdt—
P 12 } ar’12 (t)
i e Hia |:1 2 2a 2 :| /q ( 1| | d f[p}_(t)‘ 2| ‘ [p]_(t)'> M.tdt
- +a +—+ = silog) | = + 851Vl | = e at+

S+

A (t)D e tdt—
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e Hpa

2+1
[(1+a2)a—3a+ ba 6].

[pa I na

i [p]— [1]
dtfn (t)‘ + ‘VP ‘

a
“Hpa 2 2 d
Lo [1+a2__a+_2]/t(\ag]¢ d
Hpa Bp My dt
—0o0

d _
%@@wwww

0]+

d ip—
afé@ (t) D etrtdt—

~Hpa 2(a? 1+ a? 2 24 24
_6 - |:(1+a2)a2+ (a +a( +a))——2 —?)a+—4:|
:upa :up :up :up

a
(et o]« b o] v
— o
—ppa
p [2 (1—|—a)—|— (3a +1) 4_(21 12}
Hpa Hp :U’p :U’p
'/th ‘ T ‘+‘ [2‘ Ja2 ()Deuptdt
—00

a
e Hr@ 2 2
—~ [1+a2+—+—2}/t2<‘ ‘
UpQ Hp  Hp
—o0
This case completes proving the fact that condition 4a) is necessary for SD (2.16); this

also completes the proof of Lemma 14 as well as the proof of Theorem 1 in both versions,
namely either with condition 4) or 4a).

s

%fg(t)‘) eFrtdt < oo.

5. The cases with virtual level

5.1. The case of multiplicity two VL

Theorem 2. (See [27, Theorem 1]). The collection of values (2.16) is the right SD for
the problem (1.1), (1.2) with an upper triangular 2 X 2 matriz potential, which is real on
the diagonal, has the second moment on the axis and determines a multiplicity two VL if

and only if the following conditions 1) — 6) are satisfied:

1)
RT (k) =O(k™1), dRT(k)/dk = o(k™Y)  as k— +oo. (5.1)
The functions '
pi(k) =ru(k)k7, 1<j<i<2, (5.2)
are continuously differentiable at all k € R;
Cik?
(k) =1 (=k), | (k)| < 1— =2 where C;>0, 1=1,2. (5.3)

1+ k2



2)

3)

)
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Set v+ = lim krfy (k) = p12(0),

oo

1 )
RY(k) =R (k) —~yTk7Yg,  FR(z) = o L/‘EW+(k)ék$dk. (5.4)
T
Then the function
F(x) = Fg (z) — iy n(—2)J, (5.5)

s absolutely continuous, and for every a > —oo one has

2 pi(a)

e e L'(a,+0). (5.6)

(1+2%)

Here n(z) is the Heaviside function (2.17). (Note that Fji (z) # 5= [ R (k)e'**dk

—00
for v #£0.)
The functions ¢)(z) = af(z), | = 1,2, given by
2 In(1-|rf (k)
0 0 —z J %dk
aqz)=aqy(z):=e  — ) Im z > 0, (5.7)

are continuously differentiable in the closed upper half-plane (being defined for z with
Im z = 0 by continuity).

Set, in view of (2.10),
Ry~ (k) = =Co(k) ' R* (—k)Co(—k) =7 k™1, (5.8)

where the diagonal elements (k) of the matriz Co(k) are defined by condition 3 of
this theorem, ¢, =0, cJ5(k) = y(k +i0) for k € R\{0},

1—7r{1(0)
ZC(1)2(Z)E ¢0( 1/)0 TH 1(2), Imz>0,
\/1—1”22 1"‘7”110

(5.9)
V5 (z) = 2711_2 Zoikzdk, +Im z > 0, (5.10)
1O (k) = kaiy (=k)agy (k){riy (—k)riy (k) + riy(=k)ray (k) }, (5.11)

v =t H{l —?” }1/2{1+T (0)}*1/2' (5.12)
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Then the function

_ _ 1 _ )
Fr (x) = Fp (x) =iy~ n(x)J, where  F(x) = Py / RY™(k)e~*dk, (5.13)
m
1s absolutely continuous, and for every a < +oo one has
(1+2%) | LF; (@)] € I} (~o0,a) (5.14)
2°) | R (@ 00, a). .

2 . .
5) deg Z;'r(t) < 121 sign ZZ[ZJH — 1, 7 = 1,p, the elements z:l[lﬂJr are non-negative and

constant.

6) rg Z;r(t) =rg diag Z;r(t) = rg diag Z;T(O), Jj=1p.

Example 1. Set in (1.1) V(z) = v(x)J. In this simplest case it suffices to require that
V(z) has only the first moment: (1 + |z|)|V(z)| € L*(—o0,00.) This problem determines
a multiplicity two VL, while a discrete spectrum is absent. It is easy to see that in this
case one has
+oo
+ S 1
K>(z,t) = K~ (z,t) = :t§J77(:tt Fz) | v(s)ds,
x+t
2

Foo
E*(z,k) = E*(z,k) = e[ + / KE(z,t)eX*at,

A(k) =C(k) =1 - % . +R*(xk)=D(k) = -B(—k) = ﬁ{] / o(t)e 2 .

Thus kR" (k) here is a Fourier transform of v(x), which has the first moment on the axis,
and a solution of the inverse problem is now given by

2% | ,
V(a:):?z / kRT (k)2 dk.
—0o0

Let us derive V(z) from R* (k) under the general scheme. Under our notation

.¢] o0

1 1 .
=g [ed,  BR) = o / o(t) (e 1)dt,

—0o0 —0o0
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(sign x)oo 00
F'(z) = —%J / v(t)dt, Ff(z) = —%J / v(t)dt, z eR.
z/2 z/2

The Marchenko equation in our case acquires the form K*(z,y) + F™(z +vy) = 0,
since the product of matrices KT (z,t)F* (¢t + y) here is identically zero. Thus V(z) =
—2dK™*(z,z)/dx = v(z)J according to the general theory.

Proof of Theorem 2.

The ‘only if part for item 1 of Theorem 2. The asymptotic estimates (5.1) as k — 400
are established in the same way as this has been done under absence of virtual level in
Theorem 1. The properties of r}j (k) (5.3) are direct consequences of the properties of
r*(k) in the scalar problem [18]. The strict inequality in (5.3) is due to |r*(0)| < 1 under
presence of a VL (see [18], and also [14]).

Lemma 15. The functions pj(k) (5.2), —oo < k < 0o, are continuously differentiable on
the azis.

Proof of Lemma 15 outside of a neighborhood of £ = 0 coincides to that of Lemma 7

under absence of a VL.

Consider rlJlr(k:) in the neighborhood of £ = 0, which is equivalent to considering

rt(k) =— bé@lg) for a scalar problem. We are about to apply the representations for a(k),
b(k) under presence of a VL [14]:

00 0
1 . 1 .
a(k) = 5 1+/<p+(t)e““dt e-(0,k) — 5 —1+/g0_(t)e_2ktdt e (0,k), (5.15)
0 —00
1 ’ 1 Vi
b(/-c):5 1-— / o~ (t)etdt e+(0,k)—|—§ 1+ / ot (t)e *dt v e_(0,k),  (5.16)
—00 0

where T (2) € L'(0,+00) are bounded under existence of the first moment for v(x), and
satisfy the Marchenko equations

+oo

ot (2) T / PE@)FE(t + 2)dt = £F*(2), (5.17)
0

(which in the special case e*(0,0) = 0 turn out to be homogeneous), |Fj%t(m)\ < Cot(

);

(LS

o) =+ | lo(ldt [18, p. 195).

Let us demonstrate that if the potential has the n-th moment (in our case n = 2), then
©*(2) have (n — 1)-th moment (the first moment in our case).



50 F. S. Rofe-Beketov, E. I. Zubkova

We multiply (5.17) by 2"~! and then integrate to obtain
+oo +oo +oo +oo

4 / ot (2)2"dz < / ot (1) dt / FE(2)2" Y d + / FE(2)2"dz < oc.
0 0 t 0

The existence of the moment for ¢ (z) is now established. Therefore one may differentiate
the expressions for a(k) (5.15) and b(k) (5.16) in k, with & = 0 included, under the integral.
Even more, da(k)/dk, db(k)/dk turn out to be continuous in k, with & = 0 included. This
implies continuous differentiability for r* (k) and r;} (k) on the axis —oco < k < oo since
la(k)|? = 1+ |b(k)]? # 0, k € R. Now we demonstrate continuous differentiability for
p12(k) (5.2). It follows from (2.9) that

iy (k) = {dia(k) — cra(k)r{y (k) Yaga (k)" = —{b1a(—k) + ar2(k)rd; (k) }ar1 (k). (5.18)

Therefore, continuous differentiability for kri;(k) follows from the differentiability pro-
perties of a1(k) # 0 and r3,(k) proved above, together with continuous differentiability
in k for kaja(k) and kbio(—k), which is itself due to the representation

00 0
A(k):[—% / V(z)dz + / Ayt b
1
e —o0 (5.19)
_ 1 ikt
BK) = 57 / Bi(t)e-ikdt,

where (1 + [t])]A1(t)| € LY (—00,0), (1 + [t|)|B1(t)] € L'(—00,00). This representation is
given by Lemma 6, which is an analog of Lemma 3.5.1 from [18] applied to the case of
matrix potentials having the second moment on the axis. This proves Lemma 15. <«

Hence the ‘only if’ part of Theorem 2 concerning all the conditions of item 1 of this
Theorem is proved. «

The ‘only if’ part for item 2 of Theorem 2. Note that 77y (k) = (k) — v k™
[p12(k) — p12(0)]k~! is continuous due to the properties of pi2(k), hence RYT(k
L?(—00,00) by item 1. Therefore there exists F;%“L(:L‘) € L?(—00,00).

1 pr—
) €
Lemma 16. Set

p
FH(a) =Fi(z)+ Y _ Zf(2)e™*,  Imk >0, (5.20)
7j=1

where Fj}(x) is defined by (5.5) and Zj(z) by (2.13). Then F*(z) (5.20) satisfies the
Marchenko equation

K™ (z,y) + FT(z +y) + /K+(a:,t)F+(t +y)dt = 0. (5.21)

x
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Hence F*(z) and F (z) are absolutely continuous and dF*(z)/dx, dFy (z)/dx have the
second moment on (a,o00) for all a > 0.

Proof of Lemma 16. The equation (5.21) for the diagonal elements k;} (z,y) and f;} (z)
is known [18]. Similarly to [18, § 3.5], we use the matrix relation

E_(z,k){C(k)™' = I} = ET (2, —k) + EY (2, k)R (k) — E_(x, k), (5.22)
to extract the scalar relations corresponding to the indices 1 2

_ Clg(k) _ 1 B
- 611(93ak)m + epa(, k) <m - 1> =

= efy(z, —k) — ey (@, k) + efy (x, k) [r]5 (k) + 7T k™" + efy (2, k)rdy (k). (5.23)

Let us multiply this relation by %eiky and then integrate in k from —oo to +00. We are
going to apply the Fourier inversion formulas and representations for the Jost functions in
terms of transformation operators. Using this techniques, we arrange a contour integration
of the L.h.s. along the semicircles of radii NV and ¢ in the upper half-plane, and the segments
(=N,—¢), (¢,N) (¢ = 0, N = o0). This procedure, which takes into account (2.13) —
(2.15), allows one to deduce for y > x that

[o¢]
_ ic12[—1]
—eq(, O)W = ki (z,y) + / k(2 t) f5 (4 y)dt + £ (2 + y)+
—I—/kf'l(a:,t) 17;(75 + y)dt + % sign (x 4+ y) —|—/kf’1(a:,t)sign (t+y)dt p, (5.24)

p .
where fJ5"(t) is the matrix element of F7*(t) = F4"(t) + 3 Z;'(t)elkjt. Now multiply
j=1
(5.23) by k. With k£ — 0, we get for —oo < x < 00

—eqq(z,0)err (0)71622(0)71612[—1] = 'erefl (z,0), (5.25)

which corresponds to the VL for the potential vy (z).

Now we multiply (5.25) by % and subtract this from (5.24) to obtain (5.21) with F'*(z)
(5.20). This completes the proof of Lemma 16. <«

Hence the ‘only if’ part of Theorem 2 concerning its condition 2) is proved.

The ‘only if* part for item 3 of Theorem 2. The representations (5.7) for a;(z) in terms
of the reflection coefficients rfl' (k) as in the direct problem (the Wronski determinants
divided by 2ik) are well known [18]. Those are continuously differentiable, as one can
observe from the proof of Lemma 15, which was to be proved.
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Remark 6. As an additional explanation, we point out that, under some discrete spectrum
being present, the expressions for ay(z) = cy(z) differ from those for a)(z) = ) (2) (5.7)

p
by a product of linear-fractional terms cy(z) = ay(z) = Y (2) [1[(z — k;)/(z + k; )]Slgnzz[fH}

7j=1
Im z > 0. This does not affect simultaneous smoothness of cy(z) and ¢f(z) for Im z > 0.

Furthermore, it is obvious that c¢;(0) = (—1)P'c)(0), ay(0) = (—1)1ad(0), where p; =
p
> sign zl[lJH.
7j=1

The ‘only if’ part for item 4 of Theorem 2. Assume first that the problem (1.1), (1.2),
hence also the SD (2.16) has no discrete spectrum. Use the properties of af) (k) and R* (k)
(item 1 of Theorem 2) to deduce that h?(k) = O(k™1), dh®(k)/dk = o(k™!) as k — Fo0,
and these are continuous on the entire k-axis.

Thus (5.9), (5.10), (5.11) imply that zcy(2) (in a pair with —zaly(—z)) gives a bounded
solution of the Riemann-Hilbert problem in the half-plane (with the factorized coefficient

a?; (k)
agQ(*k))
kels (k) _ kafy(—k) _
af; (k) v (k) = BENED) Yy (k) = const. (5.26)
(It is implicit here that
vy (k) — g (k) = h(k), (5.27)

due to the Plemelj-Sokhotski formula.)
The constant in (5.26) can be computed via passage to a limit as kK — 0 using

const = af; (0) ™" el [~1] — 9 (0) = afy[~1]ag, (0) ™" — 45 (0), (5.28)

and the subsequent application of the direct problem. Namely, (5.18) implies

o[=1] = =7yt ad (0){1 + r{1(0)} afy[—1] = =T ad ({1 +rH(0)} . (5.29)

(Here we use the notation g[—1] from (2.17).) Also, by (5.7) one has

a9 (0) = ¢ (0) = (1 — |rt (0)]%) 2, (5.30)

due to the Plemelj-Sokhotski formulas. Since the integrand in (5.7) is odd in k at z = 0,
we deduce that const has the same value in (5.26) and in (5.9). Therefore, zc)y(2) (5.9)
is the only bounded solution of the problem (5.26) (with const being fixed). On the other
hand, the direct scattering problem implies that the matrix elements ¢}, (k) and a{y(—k)
satisfy the same equation (5.26). Hence ¢{,(z) in (5.9), together with cf)(z), I = 1,2 form
the matrix Cy(k) = C(k) (2.8) derived from the Wronski determinant divided by 2ik for
the Jost solutions.

Thus the left reflection coefficient of the direct problem R, (k) (2.9) can be expressed
via RT (k) by (2.10), where C'(k) = Cy(k) is given by (5.7) and (5.9). Then the function
Fp (z) (5.13) possesses the properties indicated in item 4, with (5.13) included, similarly

to the function Fj (z) (5.5), (5.6).
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Let us verify (5.12). It follows from the direct problem, similarly to (5.29), that

7= -1 = =l {10 el 07t =

=~ {1+ 770} % (0) " (5.31)

This, together with (5.29), leads to (5.12), in view of rl[?]_(O) = —7;1(0).

The ‘only if” part for item 4 of Theorem 2 is already proved under absence of discrete
spectrum. If some discrete spectrum is present, then the ‘only if’ part for item 4 of
Theorem 2 could be established just as in Lemma 14. This lemma has been proved by
the authors under absence of a VL, via an application of the consecutive elimination of
eigenvalues method. (Note that Theorem 1 is proved in the two modifications labeled by
conditions 4 or 4a, both without a VL. Condition 4 of Theorem 2 is an analog of condition
4a from Theorem 1. The ‘only if’ part for condition 4a in Theorem 1 was established
after proving the ‘only if’ part for condition 4 of the same Theorem by the method of
consecutive elimination of eigenvalues. This is because the condition 4 of Theorem 1 was
formulated with discrete spectrum being used explicitly.)

The ‘only if’ part for items 5 and 6 of Theorem 2 under some discrete spectrum being
present can be proved in the same way as it has been done in Theorem 1 under absence
of VL.

Let us prove the ‘only if’ part for conditions 1 — 4 of Theorem 2 under absence of
discrete spectrum. (Since in this special case the values labeled by 0 coincide with those
without index 0, the index 0 will be omitted throughout this proof to simplify notation.)
As a consequence of conditions 1 — 2, in view of Lemma 16, we have the equation (5.21),
which has for every x a single solution K (z,y), similarly to [18]. This solution is a kernel
of the transformation operator (2.3) for solutions E*(z, k) of equations of the form (1.1),
(1.2), with the potential

V(z) =V (r) = —2dK" (z,)/dx, (5.32)

having the second moment for all « < z < +o00 and real diagonal elements ’Ufl' (). In a
similar way, conditions 1, 3, 4 imply the equation

K™ (z,y) + Fg(z+y) + / K™ (x,t)Fg (t+y)dt =0, (5.33)

—00

with ' (z) (5.13). This equation is uniquely solvable with respect to K~ (z,y) at every =,
where K~ (x,y) appears to be a kernel of the transformation operator (2.3) for solutions
of an equation of the form (1.1), (1.2), with the potential

V(z)=V"(z) =2dK (z,x)/dx. (5.34)
It remains to prove an important fact that

VH(z) =V (), for —oo<zx < o0. (5.35)
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For that, similarly to the case of scalar problem [18], [16], we introduce a matrix valued
function H ™~ (z, k)

H™ (z,k) = {E"(z,—k) + ET (2, k)R (k)}CO(k). (5.36)

It is clear from (5.36) that H~(z,k) is a solution of (1.1) with V(z) = V*(z).
Let us prove that
H™ (z,k) = E™ (x,k), (5.37)

which thus satisfies (1.1) also with V' (z) = V'~ (z), hence satisfies (5.35) as well. Observe
that in the scalar case the ISP with a real potential on the axis was solved [18], and it was
also demonstrated that

hy (x, k) = e (x, k), (5.38)

(see [18, proof of Theorem 3.5.1], [16, (6.5.17)]). In view of this, it suffices to prove that
hia(a, k) = ey, ). (5.39)

For doing this, we prove the following properties of H ™ (x, k), which are deducible from
conditions 1 — 4 of Theorem 2.
I) H™ (x, k) admits an analytic continuation to the half-plane Im z > 0, and there with
z — 0o one has
|H™ (z,2) —e ]| = O (\z|’1eﬂmz) . (5.40)

IT) zH~ (z, z) is continuous in the closed upper half-plane Im z > 0 and there zH ™ (z, 2)
— 0 as z — 0 uniformly in z.
111)
{H™ (x,k) — e I} € L?(—o00, o0; dk). (5.41)
[

The principal distinction here from the scalar case [11], [16], [18] is a possible singularity
of order k=1 as k — 0 for the elements 5 (k), ai2(k), c12(k) (cf. [7]).
Set

Gt (z,y) = F'H (o +y) + / K+ (2, D) F™ (1 + ). (5.42)
Then -
/ G (2, y)e— ™ dy = B (o, k)R (k). (5.43)

Now (5.21) and (5.4) imply (5.5) for all x € R, taking into account that K (x,y) = 0 for
y<zx

T
H (z,k) = e_ik$l+/G+(a:,y)e_ikydy C(k)+



A survey of spectra 55
—x
+ Tk T ea (k) { efy (z, k) +n(—2) | —2isinkx + /k:fl(:c, t) (e~ ke — ¢kt

(5.44)

This formula implies property I) for H ™ (z,z) by virtue of items 1 and 3, together with
(5.9) — (5.11) in the formulation of Theorem 2, whence

1C(2) —I| =O(|]z| ™) for |z| = 0o, Im z >0,

using the Plemelj-Sokhotski and Plemelj-Privalov theorems [20, § 18], [12, § 5], and the
representation (5.19) for the diagonal elements within the direct problem. We deduce from
(5.44) via integration by parts which incorporates the jump of G*(z,y) in y at y = —u=,
that for z > 0

x

. . —i2y
H(x,z)—eWf:em{C(z)—IH{e Gt (a,y) -
—12 y=—o00
—x—0 x l efizy y=—x+0 ‘
-1 [+ [ el e -G e b Ck)+
. —1z y=—2—0
—00 —x+

+ T2 e (2)ef; (2, 2),

whence the required estimate.

On the contrary, if z < 0, then the jump of G (z,y) is outside the integration interval.
However, this case requires an additional estimate for the term y*2z71Jega(2){...} in the
r.hs. of (5.44), taking into account that n(—z) = 1 for x < 0. Let us estimate the
expression in the above braces {...}

{...}=¢f(x,2) — 2isinzx + / kf (z,t) (e — &) dt =
T

o0 —X
= /kﬁ(az,t)ei”dt + e84 e_i”/kﬁ(az,t)dt,
—X T

whence the required exponential estimate for z < 0: |{...}| < e **Tconst, where const
depends on x < 0, but not on z. This assures the validity of property I for the matrix valued
function H™ (z,z). Note that for the scalar equation, hence for the diagonal elements
hy; (x,z), property I was established in [18] in the proof of Theorem 3.5.1.

Let us prove property II. We use the formulas (5.9) — (5.11) for c¢12(k), together with
(5.30), to deduce from (5.44) via multiplying by k as k — 0, in view of the relation

i @)= fi (@),  1=12, (5.45)
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that

hI_Q(x? [_1]) = %%{khla(m»k)} =

x

iy / g1 (2 9)dy b era[~1] + 7+ e (0)ef (2,0). (5.46)

—00
On the other hand, (5.38) and (5.44) imply

xT

eq1(z,0) = hyp(x,0) =< 1+ / gf’l(x,y)dy c11(0). (5.47)

—00
Hence (5.46) yields
Wy, [=1]) = 71 = r5(0)%) 72 {ef; (2,0) = [1+ 1 (0)]'egy (2,0)} = 0,
by virtue of (5.25), (5.29), (5.30). That is, for Im z > 0 one has

lig%{zhﬁ(m,z)} =0. (5.48)

This already implies property II.
Let us prove property III. Due to (5.38), it suffices to establish that hi,(x, k) €
L?(—00, 00; dk), where, in view of (5.36),

hia(z, k) = {efy (z, —k) + ey (z, k)r{; (k) yerz (k) +
+{efa (@, —k) + efy (z, k)ris (k) + efy (. k)ry (k) ez (k). (5.49)
We use asymptotics of the terms as k — =+oo, and, in particular, eﬁ(ac,—k)

[ee]
= [kiy(z,t)e *tdt € L?(—o0,00;dk), to observe that it remains to demonstrate that
T

hi,(x,k) € L? in the neighborhood of k = 0. Note that by (5.48), the singularities in
(5.49) of order k7! as k — 0 annihilate each other (they appear due to c12(k) and 75 (k)).
This implies that

(o, ) = (o Keroh) — {2, 0} 222y
+ %[ F(z,k)ea (k) — ef; (2,0)e22(0)] + O(1)  for k—0, (5.50)

where {z,k} here stands for the first braces in (5.49) and, in particular, {z,0} =
ef1(z,0)[1 + r;(0)]. We have

hip(z, k) = [{z,k} — {z,0}e12(k) + {z,0} [012(/€) - 61254;_1]} +



A survey of spectra 57

.
+ -lefi (e Ken (k) - efy (2. 0)e(0)] + O(1). (5.51)

It is easy to see that the first and the third terms are bounded in k£ in a neighborhood
of zero, which is, in particular, due to, continuous differentiability in &k of r;l'(k) and
cu(k) = ay(k). It remains to observe that the second term in (5.51) allows by virtue of
(5.9) — (5.11) an estimate

le12(k) — cro[=1]67" = |k~ Hkewa (k) — er2[-1]} = O(|k[ ), (5.52)

with € > 0 being arbitrarily small, as h°(k) in (5.10) is continuously differentiable by (5.11)
and conditions of item 1 of Theorem 2. Therefore, c12(k) (5.9) belongs to the Holder class
with exponential 4 = 1 — ¢ by the Plemelj-Privalov theorem mentioned above [12], [20].
This already implies the estimate (5.52), which completes the proof of property III for
H~(x,k) (5.41).

Now we are in a position to prove (5.37). Due to properties I — III we have for some
P~ (x,t) € L?(—0c0, x)

xr
H (2, k) = e=ho ] 4 / P (2, e * 1. (5.53)
—0o0

On the other hand, it follows from (5.36) and (2.10), (2.12) that
Ef(z,k)A(k) ™ — ™[ = H (x,k)R™ (k) + H (z,—k) — "I (5.54)
Also, (5.54) implies in view of (5.53) that

Et(z,k)A(k)™! —etheT =

T x
= / P~ (z,t)e™dt + e ** R (k) + / P~ (z,t)e *dtR™ (k). (5.55)

—0o0 — 0o
Let us multiply both sides of (5.55) by %e‘iky and integrate in dk for y < z from —oo
to +00. In the Lh.s. of (5.55), a contour integration along (—N, —¢), (¢, N), and upper

semicircles of radii € and N, give zeros for the diagonal elements as ¢ — 0, N — oo,
similarly to the scalar case [18]. Thus for y < x we obtain

o0
2i / (B (2, ) A(R) " — e*o T} kv —
Y

—i i —ami(k)e T L els(T ek =
B QWJ/{ c11(k)eaz (k) i ’k)+022(’f) izl ’k)} ik =

) (112[—1] . _z alg[—l]
_5 611(0)022(0) 61’—1 (1‘,0) - 2J 622(0)

(1+r3(0))ep; (,0) =
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x

Ven@0s =577 1+ [ pntend) . (550

—00

B 7
2

It is implicit here that
et (x,0)c11(0) = epy (2, 0)(1 + 7, (0)), (5.57)

which is derived from (5.25) in view of (5.29) — (5.31) and (5.12). On the other hand, an
integration in the r.h.s. of (5.55) for y < = and in the notation of (5.12), (5.13) gives

2T

—0o0

o
P (z,y) + L / {Pn—(k) +J%}e‘ik($+y)dk+

T [ee]
+ / P ‘(fcut)ﬁ / R (k) + J1- ekt g —
2w k

—0o0 —00

=P (v,y) + 7" (x +y) - J%’fsign (x4 y)+

+ / P~ (x,t) {FV_(t +y) — J%V_sign (t+ y)} dt. (5.58)

—00
Now we equate (5.56) and (5.58) to obtain

x

T _ _ _ _
77 (14 [ sG] =P+ Pyt

—00

T
- %fy*JJr / P~ (2,t) {F(t +y)+ J%y} dt,
—00

i.e., P~ (x,y) satisfies the Marchenko equation

P (z,y)+ F (x+y)+ / P~ (z,t)F~ (t + y)dt = 0.

—00

This means that P~ (x,t) is a transformation operator such that P~ (z,t) = K (x,y),
hence (5.37) holds, and Theorem 2 is proved completely under absence of discrete spec-
trum.

Now consider the case when the data (2.16) contains finitely many k‘]? < 0,5 =
1,...,p < o0, and the corresponding matrix polynomials Z;r(t). Then Theorem 2 can be
proved, in view of conditions 5 and 6, by the subsequent adding the eigenvalues method,
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which is well-known for the scalar selfadjoint case (see, e.g., [16] or [3]). In our case the
eigenvalues kJQ can be simple or multiplicity two, according to ranks of normalizing poly-
nomials Z;(t). For p = 0 the set {k?, Z;(t)} is empty, so that in this case Theorem 2
is proved, with the corresponding potential V' (z) = Vy(x) being uniquely determined by
(5.32) using the solution K (z,y) = K (z,y) of the equation (5.21).

Lemma 17. Suppose that the assumptions of Theorem 2 are satisfied for a data of the
form (2.16) with j = 1,...,p,p + 1, then they are satisfied for a part of this data with
j =1,...,p, where k:JQ-H < ka < 0. Suppose also that for given p the ISP is uniquely
solvable. Denote the corresponding potential by V,(x). Then the ISP with p+1 instead of
p in (2.16) is also uniquely solvable and

Vpt1(x) = Vy(x) — 2dBy(z, ) /de. (5.59)

Here By(x,y) is determined from the degenerate integral equation

o0

By(z,y) + Fp(z,y) + / By(z,t)Fy(t,y)dt =0, r <y, (5.60)

x

where

Fp(xv y) = Eip> (.’E, kp+1)Z;+1(0)Eip> (yv karl)_
d

s <p> +/ ~<p>
i { B57 (2. k) 25, (0) B <y’k>}k:kp+; (5.61)

and B3P (2, k), E‘ip> (y, k) stand for the Jost solutions of the equation (1.1) with V() =
V().

An explicit solution of the equation (5.60) and its investigation has been done by the
authors in subsection 4.3, cf. (4.27), (4.28), (4.29), under absence of a VL. However, the
argument and the result under some VL being present (both multiple and simple) remain
intact, so we do not reproduce them here.

Let us note only that, under the procedure of adding eigenvalues, starting from p =0
up to the given p, the right reflection coefficient R™(k) does not vary. In particular, the
values ] (0) and r35(0) are the same for all p, hence the potentials V,,(z) produced within
this induction argument, starting from p = 0 up to given p have (or have not) a VL of the
same multiplicity. This completes the proof of Theorem 2. <«

5.2. The case of multiplicity one VL

Theorem 3. (See [27, Theorem 2]). The values (2.16) are the right SD for the problem
(1.1), (1.2), with a matriz potential of the form considered in Theorem 2, but with precisely
multiplicity one VL if and only if the following conditions 1 — 6 are satisfied:
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1) All the claims in item 1 of Theorem 2 are valid with the refinement as follows.
Looking at the inequalities (5.3) for |r;f (k)|, one should choose | (either I = 1 or
l = 2) such that for this | there exists a VL. The corresponding inequality should be
left strict, and in another one (with the different 1) one should replace ‘<’ by ‘<.

Besides that, in the case of a VL being present for the potential vi1(x), one should
have driy(k)/dk € C(R), and in the case of a VL for the potential vas(z) it should
be 11,(k) € C(R) N CL(R\{0}),

2) All the claims in item 2 of Theorem 2 are wvalid with v+ = 0, hence also with
R (k) = R7" (k) and with Fj}(z) = Fy(az)

3) The claim in item 3 of Theorem 2 on continuous differentiability of ¢)(z) = aj)(z)
(5.7) for Im z > 0 is valid for exactly that | = 1 or 2, for which a VL is present,
and for another | these are functions zc?l(z) = za?l(z) which are continuously differ-
entiable for Im z > 0.

4) According to (2.10), set
Ry (k) = —Co(k) ' RT(—k)Co(—k). (5.62)

Here the diagonal elements c%(k) of the matriz Co(k) are determined by condition 3
of this Theorem, ¢, =0, Yy(k) = )y (k+10), k € R\{0}. Also, if a VL corresponds
to the potential vi1(x) then

2y (2) = [Yg (2) = ¢g (0) + h(0)]aty (), Imz > 0. (5.63)
On the other hand, if a VL is present for the potential vao(x) then
2eta(2) =[5 (2) = ¥g (O)]ati(2),  Tmz>0. (5.64)
In both cases T (2) and hO(k) are given by (5.10) and (5.11).
Then the function Fp (x) = = 70 Ry (k)e~*2dk is absolutely continuous, and for
every a < oo one has (5.14). -

5), 6) The items 5 and 6 of Theorem 2 are to be reproduced literally.

Proof of Theorem 3.

The ‘only if” part. In item 1 making the inequality (5.3) non-strict for one of the values
of [ (either 1 or 2) is due to the fact that under the presence of a VL one has |r;f (0)| < 1,
while with a VL being absent it should be r;j (0) = —1.

It follows from (5.18) that, under a VL being present only for v11(z), one has

iy (k) = {kdia(k) — keio(k)ry (k) HEeaa (k) } 7,

where all the products in braces are continuously differentiable, and {kca2(k)}|k—0 # 0.
Hence 7, (k) € C*(R).
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On the other hand, if a VL is present for vgs(z) (only!), then 7, (k) = {d1a(k)+c12(k)—
c12(k)[r; (k) + 1]} eaa (k)L Here coa(k)~! € CL(R) by Lemma 15, {c12(k)[r}; (k) + 1]} €
C(R) since 71,(0) + 1 =0, r{,(k) € C*(R) and kcia(k) € CH(R).

Lemma 18. The matriz valued functions {D(k) + C(k)} and {A(k) + B(k)} (see (2.8))

are continuous on the axis.

Proof of Lemma 18. We have

c12(k) + dia(k) =

- ﬁ[w{ei—l («T, —k) - efl(x, k)7 61_2(x7 k)} + w{gﬁ(xv _k) - gi—Z(xv k)? 62_2(137 k)}] =

k 7 kt
= sin ki +/k 1 sm ——dt, el (x, k) p —

kt
—w /k:ig(:v, )SH;C dt,eqn(z, k) p —

k—0
€T
o [ee]
Pl :L‘—i—/kfrl(m,t)tdt,em(x,O) —w /%E(w,t)tdt, e59(2,0) p = const.
H
x T

Similarly, one can establish the existence of ]lir% {en(k) + dy(k)}, hence continuity of the
—

sum C(k) + D(k) for k = 0, and therefore for k£ € R. In the same way, one can establish
continuity for A(k) + B(k). Lemma 18 is proved. <«

Hence the ‘only if’ part for item 1 of Theorem 3 is proved. (Note that in the scalar
case boundedness for the sum a(k) +b(k) = O(1) as k — 0 has been proved in [16, lemma
6.1.6].)

The ‘only if’ part for item 2 of Theorem 3 can be proved similarly to the ‘only if’
part for item 2 of Theorem 2. This requires an application of Lemma 16 with appropriate
simplifications being introduced, because v = 0 (by virtue of item 1 of Theorem 3).

The ‘only if’ part for item 3 follows, just as in Theorem 2, from the known [18]
representation (5.7) for af)(k) in terms of r;} (k), and the proof of Lemma 15 (with a VL
being present for a given [) or the proof of item 3 of Theorem 1 under absence of a VL for
vy (z) for a given I.

The ‘only if’ part for item 4 of Theorem 3 can be proved similarly to that for item 4 of
Theorem 2 (with some simplifications). It should be taken into account that |a%;(0)] < oo
with a VL being present for v1(z) and |a{; (k)| < |k|~* (k — 0) with a VL being present
for vaa(z).

The ‘only if’ part for items 5 and 6 of Theorem 3 can be proved in the same way as in
Theorem 1 or in Theorem 2.

The ‘if’ part for conditions 1 — 4 of Theorem 3 under absence of discrete spectrum can
be proved similarly to that for conditions 1 — 4 of Theorem 2 (with some simplifications).
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If finitely many negative discrete levels are present, it can be proved just as Theorem 2,
with conditions 5 and 6 being taken into account, using the method of subsequent adding
simple or multiplicity two eigenvalues (see Lemma 17 and subsection 4.3). The proof of
Theorem 3 is complete. «

5.3. The Parseval equality in the case with VL

If a VL is absent, hence also in the case when the reflection coefficient R* (k) has no
pole, i.e., with vT = 0, the Parseval equality, or the expansion of the Dirac §-function for
the system (1.1), (1.2), has the form

5z — 1)1 = % / By (2, k) A~ () B (t, k) diet

1

+ Zp: 3 % {Em;, k) (Zj) Y 0B, k)} . (5.65)
j=1

1=0 k;

see Lemma 4. It can be also rewritten in the form

/ & () U (z)de = % E_(9,k)C™ (k) E4 (¥, k)dk+

+Zp:i:ilfllkl {E(‘M) (Zf)(l)@)i(‘lhk)} . (5.66)

k=Fk;

Here ®(x) and ¥(x) are square 2 x 2-matrix valued functions with compact support, which
are continuous in z:

Ey(®,k) = /@(m)Ei(x,k:)dx, E+(U,k) = /Ei(x,k)\ll(a:)da:. (5.67)

(A modern approach to the Dirac d-function can be found in [2].)
Now it should be noted that even in the case of a multiple VL and 4+ = 0, the relation

o
1 ,
Fif(x) = o / RY(k)e*®du, (5.68)
—0o0

is still valid by virtue of (5.4), (5.5). This, together with Lemma 16, allows one also
in the matrix case with multiple VL and v = 0 considered in this paper, to apply the
argument used to prove the Parseval equality (5.65), (5.66) in Lemma 4 and our earlier
works. Namely, the argumentation which was used in the scalar case in [18, Problem 4 to
Chapter 3, § 5], and which was also used in the matrix case under absence of VL in [29].
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This argumentation is based on application of the Marchenko equation (5.21) with F'*(x)
of the form (5.20), where in Fj (z) is given by (5.68). Thus the formulas (5.65), (5.66) are
also valid under a multiple VL with v* = 0.

On the other hand, the simplest Example 1 clearly indicates that for v # 0 the above
relations (5.65), (5.66) become invalid. In particular, in addition to é(x — t), an excessive
term appears in the r.h.s. of (5.65). This term vanishes only with v© = 0, i.e., under

o
[ vi2(z)dz = 0 in the example mentioned above. In order to get again formulas for the
—00

expansion of the Dirac d-function, starting from (5.65), (5.66), we replace the potential
V(z) in (1.1) by the potential

Vo(z) =V(x) + aJo(x). (5.69)
After that, we choose a@ = a, in such a way that the perturbed equation
Y 4 Vo (2)Y = K%Y, (5.70)

determines 'y;ro = 0. To be rephrased, the equation (1.1) with V,,(z) instead of V(z),

determines the reflection coefficient Rj;o (k) with no pole at k£ = 0, in spite of a multiplicity
two VL being present.

Remark 7. The multiplicity of a VL for all o remains the same. Also, the discrete
spectrum and its algebraic multiplicity does not depend on a.

For the perturbed equation with the potential V, (x) and Ya, = 0, the relations (5.65),

(5.66) still hold if one replaces the solutions Fy(z,k), E+(z,k) of the non-perturbed
equation (1.1), the matrices A(k), C'(k), and other values involved therein, by the cor-
responding solutions of the perturbed equation (5.70), Eoifo (x, k), Evoifo (z, k); the matrices
A(k), C(k) are to be replaced by Ay (k), Cq, (k), etc. Since E=(x,k), EX(z,k) etc. are
easily expressible in terms of Fi(x,k), Ei(ac, k) etc., we substitute these expressions to
(5.65), (5.66) instead of EX(z,k), Ef(:z:, k) to deduce the modified Parseval equality for
the equation (1.1) in the case when the reflection coefficient R* (k) has a pole, that is, for

vt #0.

Lemma 19. The equation (5.70) with a multiple VL determines Ya, = 0 when

= — (06102)[6—_1](0 7 11_:111§8; (5.71)
11(Ys V) €92 (U 11
In this case, the Jost solutions of (5.70) have the form
E, (x.k) =
E_(z,k), z <0,
=L E_(z,k)+ (5.72)

gk {E+(a:, K)A~Y (k) E_(0, k) — E_(z, k)C~(k)E. (0, k)} J, x>0,
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where N
—icio|—1] 14+7{(0
po= a2l 14750 (573)
2e11(0,0) 1 —r7;(0)
and the tilde-Jost solutions have the form
E+(l‘, :IC), T > 07
B (k) = Bv(ask) + ok~ { E_(0, O (k) iy (a1, k) — (5.74)
— EL(0,k) A (k) E_(x, k:)} , x <0,
where (1] + 0)
~ _ ic12[—1 14+777(0
— —upet (0,0)e5,(0,0)" 1 = 12 X L 5.75
Ho 1€y (0,0)ex, (0,0) 2¢5,(0,0) 1 —17,(0) (5.75)
and o, is the same as in (5.71). Besides that
Calk) = O(k) = 5 Jef1 (0, K)egy 0. k), (5.76)
11(0,k)ex (0, k
Ca(k‘)_l :C(k’)_l—l—i ell( ) )622( ) )J (577)

Qik} Cn(k‘)ng(k‘)

Proof. Let us substitute E (x, k) to (5.70), and then integrate from x = —0 to = = +0.
This procedure, which takes into account the fact that E (z, k) is continuous in z, yields

B k)]
w,

0
|+ aTE; (0,k) =0. (5.78)

Therefore, the following system should be satisfied

{ E (+0,k) = E(0, k),

= » _ (5.79)
E.'(+0,k) = E7'(0,k) + o E; (0, k).

One can verify, via a comparison to the ordinary construction for the kernel of resolvent
(the Green function) of the problem (1.1), that the system (5.79) has the solution E (z, k)
given by (5.72) with arbitrary « and p without indices 0, subject to the only condition

a = 2ipe,55(0,0). (5.80)

The values 1 = po (5.73) and, by virtue of (5.80), also & = «,, are deducible from 7;[0 =0.
The latter condition is equivalent to r,[—1] = 0, or, by (5.18), to

Ta[—1] = ciy[=1]r1 (0) = 0. (5.81)

The tilde-solution E7 (z, k) of the equation (2.1) with V = V() is found in a similar way
from (5.74). Within the process, one should discard the indices ‘0’ at « and f, but to keep
the relation between g and « in view of (5.75) (with the indices ‘0" being also discarded)
and (5.80).
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Now (5.81), together with (2.8) and (5.72), implies that
0 = dia[—1] — c12[—1]r}; (0) + 2ipoef; (0,0) [1 — i, (0)] .

This allows us to find ug (5.73) via observing that cja[—1] + di2[—1] = 0 by Lemma 18.
Then we use (5.73) to find «, (5.71) by virtue of (5.80). The formulas (5.76), (5.77) are
established via a direct computation.

The value o, for the tilde-solution (5.74) is the same as (5.71), because the right SD
of the problem (5.70) and the tilde-problem with the same potential coincide by Lemma
2. The value jig is derived from g (5.73) using (5.75). Lemma 19 is proved. <«

Now let us write down the Parseval equality (5.66) for the equation (5.70), (5.69) with
o = ), hence with Yoy = 0. We express this Parseval equality in terms of transforms of
the matrix valued functions ®(z) and ¥(z) in solutions of the form (5.72) — (5.75). The
latter transforms are in turn expressible through transforms in non-perturbed solutions of
(1.1) and (2.1), where @ = 0. To simplify matters, we assume that there is no discrete
spectrum. In fact, such spectrum can be very well added (eliminated) via subsequent
adding (eliminating) eigenvalues (see subsections 4.3, 4.4).

Theorem 4. (See [27, Theorem 3]) The Parseval equality for transforms in solutions of
the problems (1.1) — (2.1) for square 2 x 2 continuous matriz valued functions ®(z) and
U(x) with compact supports, in the case when the reflection coefficient R* (k) has a pole
at k = 0 (hence a multiplicity two VL being present) and no discrete spectrum, can be
written in the form:

/@(g;) L /E (@, k) { (k) + 212‘]611(:(1?’(2228’)@}E“‘I”k)dk*

/ E_(®, k: 1 (k)ex ( / {e3(0,k)edy (t, k) — e35(0,k)exy (t, k) } JU(t)dt+
T dk
+ % A — iy (k)egy ()-

. /@(m)J {efl(x,k:)el_l(o, k) — el_l(m,k)efl(o,k:)} E+(\If,k)dm. (5.82)
0

Here EX(®, k), EX(U, k) are determined by (5.67), and the values oy, [, o are given by
(5.71), (5.73), (5.75). In this setting v, po, fo vanish for y© =0 (i.e., in the case of no
pole for R (k) at k =0), when the relation (5.82) acquires the form (5.66) established in
Lemma 4 under absence of a VL.

Proof of Theorem 4 is based on Lemma 19 and an application of the Marchenko
equation (5.21), (5.20), (5.5) (cf. [18, Problem 4 to Chapter 3, § 5]). The method of
proving is described above, so we need not reproduce it again.
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Example 2. Let us apply the general form of the Parseval equality (5.82) in the case
vt # 0 to the simplest example 1, where V(x) = v(z)J. In this case

x

E_(z,k)=E_(z,k) = e "] — LJ / v(s) [efikx _ eik(xf?,s)] ds,

2ik
—00
~ . 17 , ,
— _ ikz - tk(2s—x) _ _ikx
E,(z,k)=E(x,k)=€e"T+ Qikj/v(s) [e e ]ds,
0= [wlshds = =20t o1 OO =T

Under the above setting the expansion of the Dirac d-function acquires the form

o(x—t)I =
oo N . o . )
= % / E_(z,k)Ey(t,k)dk + ;—ﬂ_ / E,(a:,k:)%n(—t) EL (t, k) — E,(t,k)] dk—

N % / kn(x) [Ey (x, k) — E_(x, k)] JE*(t, k)dk,

which is deducible by a direct computation.
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