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On a Boundary-Value Problem for One Class of Differ-
ential Equations of the Fourth Order with Operator Co-
efficients
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Abstract. The boundary-value problem on semi-axis for one class operator-differential equations
of the fourth order, the main part of which has the multiple characteristic is investigated in this
paper in Sobolev type weighted space. Correctness and unique solvability of the boundary-value
problem is proved, and the solvability conditions are expressed in terms of the operator coefficients
of the equation. Estimations of the norms of the operators of intermediate derivatives, closely
connected with the solvability conditions, have been carried out. The connection between the
exponent of the weight and the lower border of the spectrum of the main operator, participating
in the equation, is determined in the results of the paper.

Key Words and Phrases: boundary-value problem, selfadjoint operator, Hilbert space, weighted
space, operator-differential equation, complex characteristic, regular solvability, isomorphism, in-
termediate derivatives.

2000 Mathematics Subject Classifications: 34G10, 34K10, 35J40, 47D03.

1. Introduction

An interest to investigations of the initial and boundary-value problems for the operator
differential equations (see, for example, [5], [7], [8] and given references there) has increased
last years. This is connected with the fact that the equations of this type allow to consider
both ordinary differential operators and the operators with partial derivatives.

In this paper the boundary-value problem for one class operator-differential equations
of the fourth order is considered in the weighted analogue of Sobolev type space (with the
weight e_%t, Kk € R = (—00,4+00)). Namely, the correctness and unique solvability of the
boundary-value problem on semi-axis for the operator-differential equation of the fourth
order, the main part of which has a multiple characteristic, is studied here. The obtained
solvability conditions are expressed in terms of the operator coefficients of the equation,
and this allows to check these conditions both in theoretical and in applied problems.
Estimations of the norms of the operators of intermediate derivatives closely connected
with the solvability conditions have been carried out. Moreover, the connection between
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the weight exponent and the lower boundary of spectrum of the operator, participating in
the equation, is determined in results of the paper.

Let A be a selfadjoint positively defined operator in separable Hilbert space H and k
be any real number: « € R.

We denote by L . (R; H) Hilbert space of H-valued functions, defined in R, with the
norm

1
+o00o ) . /2
g = ([ 10l e ar)

We denote by W24,R(R; H) the space of H-valued functions such that %&t—) € Ly (R H),
A*u(t) € Lo (R; H) with the norm

2
g = Ohﬁ +w¢w;Amm) ~

Here and further the derivatives are considered in sense of the theory of generalized
functions. It is obvious that for kK = 0 we’ll have the spaces Loo(R; H) = Lo(R; H),
W2470(R; H) = W$(R; H) (see [10]). By the same way we can define the spaces Lo (R4 ; H)
and W247,{(R+;H), where Ry = [0, +00).

Let’s pass to the statement of the investigated problem. We consider the following
boundary-value problem in the space H:

d d ’ L d
<—%+A> <£ ) Z i )~ @), ter,, (1)

=1

Lo . (R;H)

du(0)  d*u(0)
. dt?

where A is the same operator with the lower boundary of the spectrum Ag (A = A* > N\ E
(Ao > 0), E is the identity operator), A;, j = 1,2,3,4 are the linear, generally speaking,
unbounded operators, f(t) € Lo ,(R4; H), u(t) € W247,€(R+; H).

Definition. If for any f(t) € Lo ,(R+;H) there exists the vector-function u(t) €
W247K(R+;H ), satisfying the equation (1) almost everywhere in Ry, and the boundary
conditions (2) in sense:

u(0) =

=0, (2)

I
lim || A2~ dult) (t) H
t—0 dtd H

=0, 7=01,2,

and the inequality

lullws, (rymy < const I flle, (rym) s

takes place, then it is called the regular solution of the boundary-value problem (1), (2),
and the boundary-value problem (1), (2) is called regularly solvable.
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We note that similar problems of the regular solvability in the weighted space for the
operator-differential equations of the second and third orders, considered on semi-axis, are
studied, for example, in the papers [1],[2], [3], [11]. Investigations of the regular solvability
of the boundary-value problem (1), (2) for A4 = 0 have been done in wide aspect for
the case £ = 0 in the paper [4]. But in the paper [9] the sufficient conditions of the
normal solvability of the boundary-value problem for differed from our case another class
of the operator-differential equations of the fourth order with the multiple characteristic
have been obtained in the weighted space. We note that in all these works the solvability
conditions are expressed in terms of the operator coefficients of studied equations. In
the case of the weighted space it is important to note the earlier paper [6], in which
the operators of the perturbed part of the equation are the degrees of the operator A,
multiplied by the complex numbers, and solvability conditions are expressed with the help
of limitations of resolvent increase of the corresponding operator pencil. The solvability
and Fredholm solvability of boundary value problems on the semi-axis (as well as on a finite
interval) for equations of arbitrary order in Hilbert space with non-commuting operator
coefficients was investigated in papers [12],[13]. We also remark that equations of form (1)
appear in applications, in particular, in the problems of stability of the plates from the
plastic material (see [14]).

2. Main results

o
We'll begin from studying the operator Py, acting from the space W24’ «(R4; H) to the
space Ly . (Ry; H) by the following way:

d d 3 0
POu(t)E -——+A —+A U(t), U(t)€W§R(R+,H),
dt dt '
where
d*u (0)
dts

Wia( H) = {u(0): u(0) € Wiy (s 1) —0 s=012).

It takes place the following theorem on the isomorphism of the operator Py, in the
proof of which we apply Fourier transform and Banach theorem on the inverse operator.

o
Theorem 1. Let |k| < 2\g. Then the operator Py isomorphically maps the space WﬁK(RJr; H)
onto the space Lo (R1; H).

Proof. For convenience of the further notes we consider the polynomial operator pencil

Py (p; A) = (—pE + A) (uE + A).

Then the boundary-value problem (1), (2) for A; =0, j =1,2,3,4 can be written in the
form of the operator equation
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m (ga) w0 = s, ®)

o
where f(t) € Lo (Ry; H), u(t) € Wi‘jn(RJr; H). It is easy to determine that the homoge-
o
neous equation Py (%; A)u(t) = 0 has only trivial solution from the space W247 (Ry; H).

o
Let’s show that the equation (3) has the solution from the space Wﬁ‘j «(R4; H) for any
f(t) € Ly(Ry; H). After substitution v (t) = u (t) e~2! we rewrite the equation (3) in
the form

P (5+54) v =90, ()

o
where v(t) € Wi(Ry; H), g (t) = f(t)e™ 2! € Ly(Ry; H). Let A € 0 (A) (A > Ag). As for

|k| < 2Ao :
s )| = G p) +2) (45 4’

‘( +3) +)\2>(z‘£+g+)\>2

2 1/2 5
<<g2 +/\2> +§2/<c2> <</\+g) +§2> >
> <)\2—%2> <A+g>22 <A§—%2> (A0+g)2>0, ¢€R,

then from the spectral decomposition of the operator A it follows that the operator pencil
Py (i€ + %; A) is invertible for || < 2Xo.

Let us continue the function f(¢) by 0 for ¢ < 0, then (4) will be already on the whole
axis and also g(t) = 0 for t < 0. Using direct and inverse Fourier transforms it becomes
clear that

vo (t) = RENA Pyt ( oy o “isds | etlde, te R
0 _27T 0 25—1_27 0 9(8)6 s|e ga € I,
—0o0

satisfies the equation (4) almost everywhere in R. We'll prove that vo(t) € Wi (R; H).
Really, from Plancherel theorem we have

dhg || 2 . 2
Iolsgerm = |G| Bl g, = 100 €01+

Lo(R;H)

+ || A% (f)HiQ(R;H) < SuPHf oy <’L§+ A)H 16 (©)lFza o +

H—H
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+sup HA‘*P(;l <i§ + g;A>H2

sup 1 N7 ey <

H—H

A (|2 2
< const ||§ ()L, (riry = const lg DL, r,m) »

where 7 (§) and g () are Fourier transforms of the functions vy (t) and g (¢) correspon-
dingly. And this in turn so as estimating the norm HA4P(; ! (i§ + 53 A) H for £ € R, from
the spectral theory of selfadjoint operators, we have

APt ig—i—E;A H: sup
H 0 ( 2 ) Neo(A)

A (— (if—i-g) Jr/\)_1 <i£+g+)\)_3

= sup
A€o (A)

<

A4 (— (i£+g>2+)\2>1 (i§+g+)\>_2 <

% %
< sup < sup

e (e rea) S ) ey

IN

Ao

ORI

Similarly, we prove that for £ € R:

Jetrs (e 5) [ = e

¢t (— (z‘f+g) —|—)\>_1 <i§+g+)\)_3‘ <

¢! ¢!

< sup <

Aeo(4) (52 + 22— %2) ((A+ £)? +§2) B (52 +A2 - %2) ((Ao +5)° +§2)

Here o (A) is the spectrum of operator A.

As the mapping v (t) — u (t) e~ 2! is the isomorphism between the spaces Wi (R; H)
and W247K(R; H), then it is obvious that for any f(t) € Lo .(R;H) there exists ug (t) =
vo (t)e2t e Wi‘jﬁ (R; H), satisfying the equation (3) almost everywhere in R. Continu-
ing, we denote by @ (t) the restriction of a vector-function ug (t) on Ry. As wg(t) €

W24’R (Ry;H), then from theorem on the traces [10, chapter 1] dsggs(o) e D <A7/2—s ,

s =0,1,2. As we look for the solution of the boundary-value problem (1), (2) for A; =0,
7 =1,2,3,4 in the form

<1

w(t) =i (1) + e~ o + LA oy + 12A4% gy,
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tA

where g, 1,02 € D (A7/2), and e~ is strongly continuous semigroup of the bounded

operators, generated by the operator —A, then from the boundary conditions (2) we have

u(0) = 1o (0) + o = 0,
dil(t) = 20 _ Agy + Apr =0,

d?7(0)

2
dull) _ dHl0) | A2<P0 — 24201 + 24205 = 0,

dt?

and from here we obtain

o = —1g (0) ,

—po+p1=—A" 1du§£§), (5)
o — 21 + 2pp = —A2L20(0,

The vectors ¢y, ¢1, p2 are defined uniquely from the system (5) and it is clear that they
belong to D (A7/2). As for |r| < 2\ e ¢y € W3, (Ry; H), tAe ) € W3, (Ry; H),
t2A%e Mgy € W3, (Ry; H), then u(t) € Wy, (Ry; H) and satisfies the boundary-value
problem (1), (2) for A; =0, j =1,2,3,4.

If we take into consideration the theorem on intermediate derivatives [10, chapter 1],
then the boundedness of the operator Py follows from the inequality

2

d*u d3u du
| Poul| . 1 2A% Y 93t g4y <
Lan(Byill) = dit dt? dt Lo« (R4;H)
Bul]? du ||
§4||u||%v4 Rr..m T 16 <HA— —I—‘Ag— ) <
Q’N( + ) L27N(R+;H) dt LQ,N(R-HH)

2
< const HUHWQ‘{K(R_‘_;H)’

As a result, taking into account Banach theorem on the inverse operator, we obtain,
o
that Py : Wi‘j (Ry;H) — Lo .(R4; H) is the isomorphism. Theorem is proved. <

Corollary 1. For |k < 2Xg from theorem 1 it becomes clear that the norm ||[Poul|, (g, .m)

o
is equivalent to the initial norm HUHW24H(R+;H) in the space WﬁK(RJr; H).
Remark. It is important to note that for k = £2Xg the operator Py is not invertible.
Moreover, in this case Py is not a Fredholm operator (its image is not closed). The proof
of this fact is given in [13].

o
Further, we denote by P; the operator, acting from the space Wé‘j «(R4; H) into the
space Ly . (Ry; H) by the following way:

4 .
d¥ I (t °
j=1
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The following statement, in the proof of which we’ll apply theorem on intermediate
derivatives [10, chapter 1], is true.
Lemma. Let the operators AjA*j, 7 =1,23,4, be bounded tn H. Then the operator
]

Py acting from the space Wi‘jn(R+; H) into the space La . (R4; H) is also bounded.
As aresult we come to the main aim of this paper — determining the sufficient conditions
of regular solvability of the boundary-value problem (1), (2).

©2

For simplifying the notes we introduce the notation v (A) =1 — ;5.
Theorem 2. Let A = A* > NE (Ao > 0), || < 2Xo and the operators AjA™7,
7 =1,2,3,4, are bounded in H, moreover, the inequality

> (W) 447 [y <1,

=1

<

is true, where the numbers c;(k), j =1,2,3,4, are defined by the following way:

1
2v/2

Then the boundary-value problem (1), (2) is reqularly solvable.
Proof. We write the boundary-value problem (1), (2) in the form of the operator
equation

cr(r) = e3(r) = 377 2 (M), ea(k) = —=7 2 (o), (k) = 7" (o).

NN

Pou (t) + Pru(t) = f (1),

o
where f(t) € Loi(Ry; H), u(t) € WéH(RjL;H). From theorem 1 it follows that the
operator Py has the bounded inverse operator Fj L acting from the space Lo . (R+;H)

o
into the space W247,€(R+; H). Then after the substitution u (t) = Py 'z (t), where 2(t) €
Ly . (R1; H), we obtain the following equation in Lg ,.(R4; H):

(E+PiPyNz(t)=f(t).

We’ll show that if the conditions of theorem are satisfied, then the norm of the operator
PPy is less than one. Really,

1P 2y oy = WPl oy <

dA Iy

d*Iu & i
- D MA4A7 HAJW
j=1

A g

4
<y : (6)
j=1

Further it is necessary to estimate the norms of intermediate derivatives operators

Lo« (Ry;H Lo . (Ry;H)

CJA—] o
;d

A= s Woo (R H) = Low(Rys H),j =1,2,3,4.
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As these operators are continuous, then their norms according to corollary 1 can be esti-
mated with respect to |[Poullr, (g, .m)-

We denote by y (t) = (% + A)Qu(t). Then from the equation (1) for A; =0, j =
1,2, 3,4, and boundary conditions (2) with respect to y (t) we have the following boundary-
value problem:

_dy ()

dt2 +A2 ( ) f(t),t€R+, (7)
y (0) = 0. (8)
After substitution w (t) = y () e~ 3¢ from the problem (7), (8) we obtain
d k) 9
—<£+§> w(t)+ A*w (t) = h(t),t € Ry, 9)
w (0) =0, (10)

where w(t) € W2(Ry; H), h(t) = f(t)e 2! € Ly(Ry; H).
Multiplying both sides of the equation (9) by A?w as a scalar product in the space
Lo(R4; H) we have

dcw dw 2,
Ly(Ry;H) Ly(Ry;H)

,12
+ (—Zw,AZw) + (AZ’U),AQU)) Lo(Ry;H) — (h A w)LQ(R+;H) :
LQ(R+1 )

Now, integrating by parts, and taking into consideration the condition (10), we obtain

dw||?

Re (h, AQw)LQ(R.HH) = HA%

2
+ HAQU)HLQ(R_‘_;H) -

Lo(R4;H)
2

2
K 2 2
— 1Al = HA_ La(RysH > 700 [ 4% 1, ) >

> 7 () 4%, - (1)
Thus

2

7 (M) HA2wHL2(R+;H) < Allycry ) HAQU’HLQ (Ry;H)
ie.
HA2wHL2(R+;H) < 7_1 ()\0) ||h||L2(R+;H) : (12)

From the other side, from the inequality (11) it follows that for any e > 0:
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dw||?

A—
&

2 2
+7 (M) [|4 w“LQ(R+;H) <
La(Ry;H)
2 € 2 1,2 2
< ||h||L2(R+;H) HA wHLQ(R+;H) < 9 Hh||L2(R+;H) + 2% HA wHLQ(R+;H)'
We suppose in the last inequality € = %7_1 (MAo) and find that
2

dw L 1 2
”AE <37 Qo IRl - 19)

La(Ry;H)

As h(t) = f(t)e 2t w(t) = y (t) e~ 2%, then, taking into account the condition (8), from
(12) and (13) we have

1429115, oo <7 2O IF 17, s

2

dy K2 I _
A= + A7, rean < 77 QO IR ryn -
dt 4 ) 4

Lo, (R4 H)

From these inequalities, taking into consideration y (t) = (& + A)2 u (t) and the conditions

i
(2), we obtain

2 2 2
‘ A2d—g + 2 ‘ A3d—u +
dt Lo, (Ry;H) dt Lo . (Ry;H)
2 - 2
A"}, ey <7200 1F I, sy (14)
3 2 2 2
oot
dt Lo, (R4 H) dt Lo« (Ry;H)
du 1
A3— < = -1 A 2 . . 15
H 0t i~ 0 WMo (15)

As a result, from the inequalities (14) and (15) the following estimations are obtained:

ATy
‘ AJ dt47j S G4 (H) ||POUHL2!K(R+;H) 9 .7 = 17273747 (16)
Lo (R4;H)
where
c1(k) = ca(k) = 272 (M) sealm) = —mr 2 (M) vea (1) = 7 (M) -
2 ’ 2¢/2 ’

Taking into consideration the estimations (16) in the inequality (6), we have
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4 .
HP1P0712HL27K(R+, ZCJ ’A AT HH%H HZHLQ,N(R+;H)’
7j=1
Consequently
4 .
HPlP IHLM (Ry;H)— Lo o (Ry;H Z ‘A A HH—>H <1

and that’s why the operator E + P1P0_ is invertible in the space Lg.(R4+;H), and it
means that we can determine u (t) by the formula

-1

uty=P ' (E+PiPyY)  f(1),

moreover

‘|u||W§,K(R+,H) S HP(;lHLQ’K(R+;H)—)W24’N(R+;H) X

< |(B+ PRt~

Lo (Ry;H)— Lo x(Ry; H) WU csrny < const Ny s -

Theorem is proved.

Corollary 2. Let k = 0 and the inequality

1 . _ 1 _ .
5 11414 [A2 A7 |y + 5 14 A7 gy + [ AAT |y <

S —

o
is true. Then the operator Py + Py is the isomorphism from the space W24(R+;H ) onto
the space Lo(Ry; H).
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